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RECOVERING A SURFACE IN ISOTROPIC SPACE USING DUAL
MAPPING ACCORDING TO CURVATURE INVARIANTS

The problem of recovering a surface according to its curvature is one of the fundamental problems
of differential geometry. Problems of recovering surfaces in various spaces by their total or mean
curvature have been widely studied in many works.Recovering of a surface by its total curvature
is equivalent to solving the Monge-Ampere equation of elliptic type; such problems are solved
in special cases. When the right part is given concretely. The Monge-Ampere equation is solved
using a dual mapping of isotropic space, in which the dual surface is a transfer surface. Also, some
special cases are used to find the surface equation.The connection between dual mean curvature
and amalgamatic curvature is studied.The equivalence of the problem of recovering by dual mean
and amalgamatic curvature is shown. In particular, the problem of recovering surfaces with total
negative constant curvature, the mean curvature of which is a function of one variable, is solved.
Furthermore, the problems of the recovering surfaces are solved according to their dual mean
curvature, amalgamatic and Casorati curvatures.

Key words: isotropic space, Monge-Ampere equation, dual mapping, amalgamatic curvature,
Casorati curvature.
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KucbIKThIK M”HBapUAHTTAPHI OOMBIHITIA AyaJib OeiiHesiey/li KOJIJaHy apKbLJIbI U30TPOIITHIK,
KeHicTikTe OeTTi KaJIbIHa KeJITipy

Berkeiii OHBIH KUCBHIFBIHA Kapall KaJjllblHA KeJTipy Moceseci — auddepeHnuaIblK, reoMeT-
pUSIaFbl HEri3rm MiHAeTTepAiH Oipi OoJbIll TabBLIAABL.OPTYPJl KeHicTikTepae OerTkeitepi
TOJIBIK, HEMECE OpTallla KUCHLIFbIHA Kapall KAJIbIHA KeJITIPy Mocesaeepi KOITereH eHOEKTepIe
KEHiHEH 3epTTe/IreH. BeTKeilli OHbIH TOJIBIK, KMCBHIFbIHA Kapall KaalubiHa KeJaTipy MoHK- AMuepis,
JUTUITUKAJIBIK TUTITEr TeHIeyiH memntyre TeH. MyHait ecentep Keibip »KeKeJiereH Karaaiaap/ia,
OH, KakK, 6eJIiri HaKThl OepiireH Kesze mernijired. MoHk—AMIep TeHeyl M30TPONTH KeHICTIKTerl
IyaJibJbl OeliHe ey apKbLIbI IIEIIIe i, MYHIa J1yasibiabl OeTkeil Oy kemry GeTkeiil OOJIbIT TaObI-
nagpl. Commaiiak GeTkeil Temmeyin Taby VIIiH Keibip Keke Karmaiiaap KOoamaHbLIraH./lyasrbabt
opTalia KUCHIFBIMEH KOHEe aMaJIbraMaJiblK KUCHIFBIMEH OaiiaHbic 3eprTesred. Jlyaabanl opraria
KHACHIK TI€H aMaJblaMaJbIK KHCHIK OOWBIHINA KAJIMbIHA KEeJITIPy MOCeJIeCiHiH SKBUBAJIEHTTLIIT
KepceTiired. Aran afiTKaHIa, TOJBIK TEPiC TYPaKThl KUCHLIKKA Me OeTKeMIep/i, oJapablH OpTala
KHCBHIFBI OIp aiffHbIMAJIBIFA, TOYe i OOJIFaH XKarmaiia, KaJmmbiHa KeJaTipy ecebdi mermiaren. CoHbIMEH
KaTap, OeTKeilyiep/ii Jyasbibl OpTallla KUCHIFBIHA, aMajblaMaJjblK, koHe Kacoparum KuCHIFBIHA
colfKec KAJIIIBIHA KeJITIpY ecenTepi Jie KapacThIPhLIFaH.

Tyitia cesmep: Msorpontsr kenicrik, Momxk—Amuep Tenueyi, ayajib OeliHeley, aMajbraMaTUK
KUCBHIKTBHIK, KacopaTru KUCHIKTHIFHI.
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SBajiaua BOCCTAHOBJIEHUSI IIOBEPXHOCTHU 110 €€ KPUBU3HE SIBJISIETCs OJ[HOM M3 OCHOBHBIX 3aJ1a4 -
depeHnnaIbHOM TeoMeTprr. 38191 BOCCTAHOBJIEHUS [IOBEPXHOCTEN B PA3JINYHBIX ITPOCTPAHCTBAX
10 UX IOJIHON WJIM CpeJiHell KPMBU3HE IMIMPOKO M3YYaJMCh BO MHOrHX paborax. BoccranoBsenme
[TOBEPXHOCTH TI0 €€ TIOJTHONU KPUBU3HE SKBUBAJIEHTHO peIleHnio ypasHenust MoHKa- AMiiepa 3J11ut-
THUYECKOI'0 THUIIa, TaKHUe 3a/la9i pellleHa B YaCTHBIX CIydasx, KOorJia IIpaBasd 4acT JlaHa KOHKPETHO.
VYpasuenue MomxKa-AMilepa pelaercss ¢ IIOMOINBIO JIBOWCTBEHHOI'O OTOOpParKeHUsi M30TPOIIHOIO
IIPOCTPAHCTBA, B KOTOPOM JIBOHCTBEHHAS IIOBEPXHOCTH SABJISIETCS TTOBEPXHOCTBIO TTepeHoca. Takxke
JIJISI HAXOXKJIeHUE YPABHEHUIO TIOBEPXHOCTHU UCIIOJIB30BaHa HEKOTOPhIE YacTHBIE ciiydae. 3ydaercs
CBA3b MEXKJy JyaJIbHOW CpefqHell KPUBU3HON W aMajbraMaTHdecKoil kKpususHoi. Ilokazama
9KBUBAJIEHTHOCTDb 33/1a4ld BOCCTAHOBJIEHUS IIO JIBOHCTBEHHOMY CpeJlHeMy U aMaJjblaMaTHieCKOn
KpuBu3He. B yacTHOCTH, pelena 3a/7a1a BOCCTAHOBJIEHUs IIOBEPXHOCTEH C TIOJTHOM OTPHUIIATETHHOM
[TIOCTOSIHHOW KPUBU3HOMN, CpeJHsisi KPUBU3HA KOTOPBIX SBJISIETCH (DYHKIMEH OHON IIepeMeHHOA.
Kpome Toro, 3ajadm BOCCTAHOBJIEHUsI MTOBEPXHOCTEH PENIAIOTCsT B COOTBETCTBUU C WX JIBOMHOM
cpeJiHell KpUBU3HOMU, amMaJbraMaTndeckoil nu kpusuanoit Kacoparn.

Kurouesbie ciioBa: I13orponHoe npocrpancTso, ypasHerune Momxka-Amuepa, JyajabHOe 0Tobpa-
JKeHre, aMaJiblraMaThHiecKasi KpuBU3Ha, KpuBn3Ha Kacoparu.

1 Introduction

K.Strubecker studied the basic concepts related to isotropic geometry [1,2]. Currently, many
mathematicians are conducting scientific research on isotropic space. M.E. Aydin studied the
types of transfer surfaces by a given constant curvature in isotropic space [3,4]. Z.M. Sipus
found equations of transfer surfaces by a given constant Gaussian and mean curvature in
3-dimensional isotropic space.Also she studied transfer Wiengarten surfaces in this space [5].
M.Karacan ,B.Bukcu, D.Yoon and N.Yuksel investigated transfer and ruled surfaces satisfying
6,7
AJQJi = )\zxz

A.Cakmak, S.Kiziltug, M.Karacan found dual surface for the surface z = f(u)+g(v) satisfying
the condition
Azt = N\

in 3-dimensional isotropic space. Besides that they solved the recovering problem of the
transfer dual surface by given non-zero total and mean curvatures [8]. Several mathematicians
solved the Monge-Ampere equation for transfer surfaces in some special cases. In the article
[9], M.S.Lone,M.K.Karacan solved the problem of recovering a given dual transfer surface
with total curvature being constant. Sh. Ismoilov solved this problem by given total curvature
being the product of two functions with separate variables [10]. Moreover, in the article of
A.Artykbaev and Sh. Ismoilov [11,|12], the connection of total curvatures between the given
surface and dual surface is proved. In Euclidean space, A.D.Alexandrov solved the problem
of existence and uniqueness of a surface by a given external curvature [13]. I.Y.Bakelman
presented a solution to the Dirichlet problem for the elliptic Monge-Ampere equation related
to this geometric problem [14].

In addition to the problem of recovering a surface from its total curvature, one of the
important problems of differential geometry is also the problem of recovering it from its
mean curvature. In many works, the problem of recovering a surface by its total or mean
curvature was solved in different special cases. However, in addition to these geometric
characteristics, the problem of surface recovering can be considered by other curvature
invariants. In surface theory, there are the amalgamatic and Casorati curvatures, which are
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associated with principal normal curvatures that differ from the total and mean curvatures.
Amalgamatic curvature in Euclidean space was studied by Suceava and a calculation formula
was found [15]. Decu and Verstraelen investigated isotropic Casorati curvature [16]. The
problem of recovering a surface in isotropic space by amalgamatic and Casorati curvatures
was solved, where these curvatures are equal to zero and constant for surfaces with a total
curvature of —1 [17]. In this work, we find the surface equation by solving the Monge-Ampere
equation, in the case of that the dual surface is a transfer surface. Also, by studying the
connection between the amalgamatic curvature of a surface and the mean curvature of its
dual surface, we find the equation of the surface for surfaces with total curvature of —1 in
isotropic space, where the mean curvature is a differentiable function of one variable.

2 Preliminaries

2.1 Geometry of isotropic space and duality

Let there be given an affine space Az with the coordinate system Oxyz. We consider
X A{x1,y1,21} and Y {xg, y2, 22} vectors in Aj.

Definition 1 If the scalar product of the two wvectors X{xl,yl,zl} and ?{IQ,yQ,ZQ} 18
defined by the following formula:

{(X, V), =mr+yiy: if (X,Y), #0
(X,Y), =212 if (X,Y);=0

then, the affine space As is the isotropic space and denoted by R3.

Two types of spheres are defined in isotropic space |1§]. The first is the metric sphere, which
is given by the following formula:

22 4y = (1)

where (0,0, z) is the center, r is radius.
The second sphere in isotropic space is defined as follows |18§]:

v+ =22 (2)

It is called the isotropic sphere. Consider a plane II in this space. Let this plane not be
parallel to the axis Oz. The section of this sphere by the plane II, forms a closed curve .This
curve is an ellipse and denote it by 7 [11]. Pass tangent planes to the isotropic sphere
through the points P € . We denote the set of these planes to points ® by {IT}. We get the
following;:

Theorem 1 All planes belonging to the set {I1} intersect at one point [11].

If the plane Il is as follows:
z = Aox + Boy + Cy (3)

then the intersection point of these planes belonging to the set {II} is (Ag, By, —Cp).
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Definition 2 The point (Ag, By, —Co) is a dual point to the plane (3|) with respect to the
isotropic sphere in the isotropic space [11).

Let there be given a plane z = T. And 7 be the section of this plane on the isotropic sphere.
Consider a surface ® that is given by the following:

®:{z=f(z,y)l (x,y) € D} (4)

And the curve  be the boundary of the surface (4). The surface () is convex and it is located
inside the part of the isotropic sphere bounded by the plane.

Let us pass a tangent plane IIp to the given surface ® at a point P (xo, 3o, 20). Let us
denote by P* the dual image of the tangent plane IIp with respect to the isotropic sphere
. If the given point P € ® changes on the surface ®, the dual image of this point forms a
surface ®*.

Definition 3 The surface ®* is called the dual surface to the given surface ® in the isotropic
space. If ® has the following form, i.e.:

2= f(z,y)
then the parametric equations for the dual surface ®* are:
. (u7 U) = fu, (u7 U)

*(u,0) = £ (u,0) (5)
* (U,U) =u- fu/(uav) +v- fv/ (U/U) - f(uvv)

The above equation is the dual mapping in isotropic space [10]. Following connection is
valid between the total curvatures for the given surface ® and its dual surface ®*

ST

Theorem 2 For the product of total curvatures K and K*, the following holds [11]:

K-K*=1 (6)
From this, the total curvature K* is equal to the following:
1
K= — 7
N (7)

The following equality holds for the mean curvature of a given surface and the mean curvature
of its dual surface:

H
H = 8
= 0
The question "Can the result obtained from the problem solved for the dual surface be applied
to the ® surface?"is considered important. If we apply a dual mapping to the dual surface
again, then we have the following theorem that the dual image of a dual surface is equal to

the given surface, that is:

Theorem 3 The dual image of the dual surface ®* coincides with the given surface ® [19):
o =0 (9)



108 Recovering a surface in isotropic space using dual mapping . ..

2.2 Transfer surfaces

M.E.Aydin classified transfer surfaces and found equations for these surfaces in the case that
their total and mean curvatures are constant [3|. M.S.Lone, M.K.Karacan found a dual surface
by a given constant total and mean curvatures of this surface |9]. Sh.Sh.Ismoilov solved in
the case that the total curvature for the transfer surface is the product of two functions with
separate variables for this class [12]. In general, the vector equation of the transfer surface
can be expressed as the sum of two isotropic planar curves in isotropic space:

7 (u,v) =p(u)+ 7 (v)

where, p (u) and @ (v) are the vector forms of these curves. The surface is one-valued projected
onto the Oxy plane. Let this surface not be parallel to the axis Oz in the isotropic space,
then we obtain the following:

7 (u,v) = ui+vj+ (f(u) + g(v)) k
where, p (u) = (u,0, f(u)) and 7 (v) = (0, v, g(v)).

3 Solving the Monge-Ampere equation by using duality
The Monge-Ampere equation is generally as follows:

ZazZyy — ziy = p(2,Y, 2, 2, 2y) (10)

where the function ¢(x,y, 2, 2, 2,)— is the given function. In this paper, for
Raxlyy — Ziy = (22, ) (11)
we will find the solution. If a regular surface is given by the following form
z=z(z,y), (x,y) € D C Ry

in the isotropic space R, then the total curvature of this surface is expressed by the following
formula:

Zuatyy — 20y = K (12)

Where, K is the total curvature for the surface, the left side of the formula is the Monge-
Ampere operator. The problem of recovering the surface is equivalent to solve the Monge-

Ampere equation in isotropic space [3]. Equation (11)) can be solved for transfer surfaces if
the dual mapping of isotropic space is used.

Theorem 4 In the isotropic space, the Monge-Ampere equation is in the form (L1)), and the

function on the right side can be written in the form p(zy, z,) = m, then the general

solution of the transfer surface is equal to:

r,y) = - (df) +y- iy (rdy) - / zd (wﬁ (CZT—“T)) - / yd (" (rdy)) (13)

where, T— is const. zy, z, are first-order derivatives of z(x,y).
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Proof of the Theorem 4. Let us assume that the regular surface ® be given by the
z=z(z,y), (x,y) €D C Ry
in the space R2. The Monge-Ampere equation for this surface is as follows:
Raxlyy — Z?cy = (22, 2y)

Let the function on the right side be given in the form ¢(z;,z2,) = 7 We write

1
_ = GG
the Monge-Ampere equation of the dual surface respect to the given surface using a dual

mapping of the isotropic space, that is:

2 1
233 x Zy Yy (Zm Yy ) S0<l.*’y*> ( )
where, the dual mapping is as follows:
Tt =z,
Y=z, (15)

=Tzt Y 2y — 2

We solve the Monge-Ampere equation by the given formula for transfer surfaces for the
case where the total curvature of these surfaces is a product of two separate variable functions.
The vector form of the transfer surface is as follows:

Tt y) =iy (f (@) g () k
If we put it in the formula , we obtain the following:
fa:*x* : gy*y* = % (ilf*> ¢2 (y*)

From this,
Y1 (%) y*y*

T— const.
The above equations are second-order differential equations. By solving these differential
equations, we recover the given dual transfer surface according to its given total curvature.

fcc*:c* —
Ve =7

.f:c*a:*
Y (%)

Integrating again, we get the following:

=T :>faz*a:*:7—'1/}1(x*> éfx*:T/wl(x*)dx*
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=/ E/wz (y*)dy*}dy*

From this, we obtain the following equation for the transfer surface:

" : 2 (2% y) = f(a7)+g(y) /{ /wl dx]dx +/E/wz(y*)dy*]dy* (16)

If we apply the dual mapping (5| for the points of the surface ®*, we get the following:

From this,

T = 2.

wk ok

Y Sy
*k ok * *
M=ot 2yt Zyr — Z

The parametric equations of the surface ®** are as follows:

o =71 [y (2¥) da*
y* =1 [y (y*) dy*
=gt [ (@) dat +yt L [ (yh)dyt = [ 7 [ (@) dat] dat = [ [1 [ e (y7) dy*]dy
(17)

Finding the following expressions from the first and second equalities of the system (|17
above,

o= ()

v = 3" (rdy)
if we put it in the third equation, we get the following equation of the surface ®**, i.e

R (dx**)—f—y**'%_l(Tdy**)— / x**d<@/)f1 (dﬁ)) [ ray)

(18)

From the Theorem 3 above, the following holds for this surface:
O =@ (19)

From this, the surface equation @ is also calculated according to the formula and we get
the following for this surface:

o) =o vt (F) e vgt ) - [ (o (F)) = [va (05 ()

The theorem is completely proved.

Theorem 5 For the special case of the Monge-Ampere equation

ZuzZyy — ziy = 2, (20)

there is a solution in the family of transfer surfaces and it is as follows:
z—Cq

z(x,y) = gy ~Cypy+pe # +C

Where, p, Cy, Cy, C— const.
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Proof of the Theorem 5. Let there be given a regular surface ® and its equation is z =
2(z,y), (z,y) € D C Ry. Assume that this surface satisfies the special case of the Monge-
Ampere equation . We find the dual surface for the given surface by dual mapping :

* * * 2 ].
il ) e (21)
T
The vector form of the transfer surface ®* is as follows:
F(gj*’y*) — a:*?—i— y*j_‘_ (f (37*) + g (y*))%
FYOHI thls’ fm*z* . gy*y* — L

= fyepe - ¥ = —1— = §1. pu—const.

Jy*y*

fac*ac* i~ :fz*::uln|x*|+01
We obtain the following:
f@)=p-2"(In|z*| — 1) + C1a™ + Cs

1
2) = H 1
y*
y*y* :; = Gy :;4—02
From this: )
g (") = ) Oy 1 O
2
2
Fr: 2@y )=f@)+gW)=p -2 (In|z*| - 1)+ Ciz* + Cs + (yzlu) + Coy* +Cy =
o * * * (y*)2 *
=Uu-x (hl’l" |—1)—|—Cll‘ +W+ng +C

where, C5 + Cy = C'— const. If we also apply dual mapping for the transfer surface ®*, the

following is valid:
z**_cl
e =p-Injz*|+C, =>at=e =
=040 =yt =ply” - G)

koK

z :.CE*'CL'**—FZ/*'y**—Z*

sk [ kk kk 20y B ok 1%
Sy = e T+ ST = Gy + D03 = C (22)

According to the Theorem 3 above:

From this, there exists a solution to the equation and we get the following by simplifying
the constant numbers:

Koo =
2(@,y) =5y = Co-py +pe v +C (23)

Theorem is proved.
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4 Amalgamatic and Casorati curvatures in the isotropic space

For investigating of the theory of surfaces, studying the connection between their total and
mean curvatures is important in solving many geometric problems. We know that in surface
theory, the problems of recovering surfaces with respect to their total curvature K and mean
curvature H were studied in many works [3-5,19,/10,/12]. In addition these characteristics,
studying the %, % ratios also reveals some new features of the geometry of surfaces. The
original idea can be found in the works of Weingarten [20}21]. This ratio % was later called
amalgamatic curvature. The amalgamatic curvature of the surface and the information about
it are given by B. Suceava [22|. The aim of studying amalgamatic curvature is to study
surfaces by analogue the ratio 7 of the torsion to the curvature of curves in higher-dimensional
geometric objects.

Now let us define amalgamatic curvature:

Definition 4 Let £ : G C R? — R2 be a surface given by the smooth mapping &. Then the
amalgamatic curvature at point p 1s:

_ 2kiky
kit ke

To study surfaces through a certain connection between the total curvature K and the mean
curvature H, the concept of Casorati curvature is presented in the following works [15]16},23),
24|. This curvature was introduced by Feliz Casorati in 1890 and is defined as follows [23]:

R+ k3

¢ 2

In isotropic space, the amalgamatic and Casorati curvatures of a surface are respectively as
follows [17]:

kit k H 2
Where, ki, ko— are principal curvatures. We know that the mean curvature of the dual
surface to the given surface is determined by [10]. The problems of surface recovering
using the dual mean curvature are discussed in detail by the authors in the following works
[8H10]. As can be seen from the formula for finding the amalgamatic curvature, it is inversely
proportional to the dual mean curvature. So, from this, we can conclude that the problem
of recovering a surface according to its amalgamatic curvature is equivalent to the problem
of recovering the surface according to its dual mean curvature. The solutions to all problems
when H* = x (u,v) are also the solutions to the problem of recovering a surface according to
amalgamatic curvature. From this, the following theorem holds:

2k k K k2 + k2
K2 021"‘ 2 _of? _ K

Theorem 6 The following connection holds for the amalgamatic curvature of a given surface
and the mean curvature of the its dual surface:

A:

— (24)
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Proof of the Theorem 6. We are given a surface F' and its dual surface F*. The amalgamatic
curvature of the surface I is as follows:

K
A=—
H
For the mean curvature of the surface F™*:
g
K

From this, equality follows. The isotropic Casorati curvature of a dual surface to the
given surface is equal to:

2
S ()

From this,

C

¢ =k

(25)

Thus, this equality shows the connection between the Casorati curvatures of a surface and
its dual surface.

5 Recovering surfaces with constant negative curvature according to their
curvature invariants

Now we will present some properties of the curvatures of surfaces with a given negative
curvature in isotropic space: Let the surface F' be given as:

r(u,v) = (ry (u,v),re (u,v),rs (u,v))

In this,

Let the condition

Mg = f'a’ #0 (26)
be fulfilled and f;, g; € C?, i=1,2, also
fl/ f2/ T3u f1/ le T3u

g g 1| =0 |g" g 13 |=0 (27)
le fQH T3uu 91” 92” 30w

If conditions are valid, then the parametric curves will be asymptotic. From conditions
and (27)), the functions a (u,v) and b (u,v) are found one-valued through the rs (u, v)

raw = afi’ +bfs rs, =ag’ + 09" Tz =afi" + 02" 130 =an” + bg" (28)
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From solving equations , Ayy = by = 0 is valid. From this, a = ay (u) + 1 (v), b
ag (u) + B2 (v) are found. From the previous equation, for arbitrary functions oy, 8;, @ =1
we get:

2,

a'fi' o' fy' =0 Bilg) + Ba'ga’ =0
From this,
o’ =\ (u) o' ==X (u) fil B =96 (v) g2 Bl =0 (v) g1
Then,
rsw =0 (V) (g2 fi — 91" f2)  Tsou = A () (91" fo' — 92" 1)
If, we get A (u) = —0 (v) = const. = Ky

a=ry(fa—g2) + Koy b= —k1(fi —g1)+ ks

As a result, from these expressions
r3u = k1 (fi' fo — [ufo)) + k1 (f'gr — fi'g2) + ko fi' + Kafo

T3 = K1 (92'91 — g2g1") + K1 (91" f2 — 92" f1) + Kagi” + K3go'
T3uww = T3uu 1S valid. By integrating, we obtain:

r3 (u,v) = Ky {(f2/91 — fi'ge) + / (fi'fo— fifo) du+ / (92’91 — 9291") dv}*l-/’fz (f1 + 91)+ks (f2 + g2)+Ka
So, if k1 =1, Ky = k3 = kg = 0, the surface equation is:
r(u,v) = <f1 + 91, fo + g2, (fag1 — f192) + / (fi' fo= fufd) du + / (92'91 — 9291") dU) (29)

In equation ([29)),isotropic total and mean curvatures of the surface are as follows [17]:

A+ flg

f=-t = o' = fi'gd! (30)
Let the following conditions be satisfied in equality , that is:

hi=u fo=f g=v g=4¢ (31)
In this case, the equation of the surface is:

r(uv)=(u+v,f +4,2(f—g)+ v—u) (f+7)) (32)

By calculating the fundamental forms of this surface, the isotropic total, mean, Casorati, and
amalgamatic curvatures are as follows:

1 "o 21 "o1\2 inoorn
K=-1 H:%fgg// C=1+ Ef/;'__fgg)Q) A:1g+f/{.g//
From here, for the total and mean curvatures of the dual surface:
1 " 1
K= _1 H = 1+ 179"
"o f//

Now, let us consider the problem of recovering surfaces with total curvature —1 according to
their different curvature invariants:
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5.1 The problem of recovering the surface by the mean curvature

If H= ¢y (u)or H= ¢y (v) is an arbitrary continuously differentiable function, we consider
the problem of recovering of the surface given by formula by the mean curvature. In this

case, by simplifying the equation lfJ,r,f_l Igg,i/ = ¢ (u), we get:
f,/¢1 (u) —1 "
—————— =g =1 1 =const
[+ ¢1 (u)

We get two ordinary differential equations with separate variables. Solving these equations,
we find the following:

{ fw=[ [f —1;;’(71‘?)1&) du} du + cou + ¢, (33)
g ) = Z712’—2—|—d0v—|—dl

Even if H = ¢ (v), by using the same method we obtain the following expressions:

f(u):%%—cou%—cl
{ g(v) )

—_ ¢2(v)—1
—f|: %dv}dv—i—dov%—dl

Theorem 7 If the parameterization of the surface F' is defined by formula and the mean
curvature is given by H = ¢1 (u) or H = ¢o (v) arbitrary continuous differentiable functions,
then the functions f (u) and g (v) are found by expressions ([B3)) and (34), respectively.

5.2 Problems of surface recovering from amalgamatic curvature and dual mean
curvature

The amalgamatic curvature of a surface F' with total curvature —1 is:

1
A= _—— 35
H (35)
and for the mean curvature of the dual surface F* is:
1
H'=—=—-H 36
; (36)

Therefore, it can be concluded that if the mean curvature of the surface F' is given by the
arbitrary continuous differentiable functions in Theorem 7, then from formulas and
we will have solved the problems of recovering surface by the amalgamatic curvature and by
the mean curvature of the its dual surface.

5.3 The problem of recovering the surface according to the Casorati curvature

For the Casorati curvature of the surface given by ,

2(1 + f//g//)Q

C=1+
(f" —g")?

(37)
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is valid. If the Casorati curvature is given by positive continuous differentiable functions
C' = 0, (u) or C = 6y (v), then for the functions f(u) and g (v) of the surface given by
equation (32), we find the following equalities: In the case C' = 6, (u), 6; (u) > 1

/01 (u)—1
f (u) — f |:f 1+7;1(1;)_12n du:| du + cou + ¢

g('U):nTvQ—{—do’U—Fdl

f(u) = T~ + cou + ¢
n 92(1;)*1_1
g (U) - f f 92(1))—1+n dv d/U + dov + dl

Corollary 1 The following equality holds for the Casorati curvatures of a surface with total

curvature —1 and its dual surface:
cr=C

Because, from equality , the problem of reconstructing surfaces with total curvature —1
according to the Casorati curvature is equivalent to the problem of recovering its dual surface
by this curvature.

6 Conclusion

In this paper, in the first part of the main results, the application of the dual mapping
of isotropic space to the theory of surfaces makes it possible to solve the Monge-Ampere
equation in a special case. We know that this equation has applications in various fields.
Namely, in the theory of surfaces in differential geometry, the recovering of a surface according
to its total curvature coincides with the solution of this equation. Moreover, the problems of
recovering surfaces according to other curvature invariants are also important in the study of
surfaces. Therefore, in the second part of the results obtained in this work, problems of surface
recovering from curvature invariants are considered. In addition to mathematical problems,
in physics the connection between the Hamiltonian and Lagrange functions is studied using
the dual mapping mentioned above. Putting the energy to the Lagrangian function can be
used to solve extremal problems [25].

The problems solved in the article are a generalization of the problems considered in the
works of M.E.Aydin [3], M. S. Lone and M. K. Karasen [9], A. Artikbaev and Sh. Ismoilov [10].

References

[1] Strubecker K., "Differentialgeometrie des isotropen Raumes 11", Math. Zeitschrift 47 (1942): 743-777.
[2] Strubecker K., "Differentialgeometrie des isotropen Raumes III", Math. Zeitschrift 48 (1942): 369-427.

[3] Aydin M.E., "A generalization of translation surfaces with constant curvature in the isotropic space", J. Geom. 107:3
(2016): 603-615.



A. Artykbaev et. al. 117

[4]

(5]

[6]

(7]

(8]

(]

[10]

(11]

(12]
[13]

[14]

[15]

[16]

(17]
(18]
[19]

[20]

[21]

22]

23]

[24]

25]

Aydin ML.E., "Classification of translation surfaces in isotropic geometry with constant curvature", Ukrainian Math. J.
72:1 (2020): 329-347.

Sipus Z.M., "Translation surfaces of constant curvature in a simply isotropic space" , J.Period. Math. Hungar. 68 (2014):
160-175.

Bukcu B., Yoon D.W., Karacan M.K., "Translation surfaces in the 3-dimensional simply isotropic space I§ satisfying
Ay, = Nx;", Konuralp J. Math. 4:1 (2016): 275-281.

Karacan M.K., Yoon D.W., Yuksel N., "Classification of some special types ruled surfaces in simply isotropic 3-space" ,
Annals West Uni. Tim. Math.and Comp. Sci. 1 (2017): 87-98.

Cakmak A., Karacan M.K., Kiziltug S., "Dual surfaces defined by z = f(u) + g(v) in simply isotropic 3-space 3",
Commun. Korean Math. Soc. 34:1 (2019): 267-277.

Lone M.S., Karacan M.K., "Dual translation surfaces in the three dimensional simply isotropic space I% ", Tamkang J.
Maith. 49:1 (2018): 67-77.

Artykbaev A., Ismoilov Sh.Sh., "Surface recovering by a given total and mean curvature in isotropic space R§ " Palastine
J. Math. 11:3 (2022): 351-361.

Artykbaev A., Ismoilov Sh.Sh., "Special mean and total curvature of a dual surface in isotropic spaces", Int. Elect. J.
Geom. 15:1 (2022): 1-10.

Ismoilov Sh.Sh., "Geometry of the Monge-Ampere equation in an isotropic space", Uzbek Math. J. 65:2 (2022): 66-77.
Alexandrov A.D., Intrinsic Geometry of Convex Surfaces (Chapman-Hall CRC Taylor-Francis group London, 2006): 430.

Bakelman 1.J., Convex Analysis and Nonlinear Geometric Elliptic Equations (Springer-Verlag Berlin Heidelberg, 1994):
510.

Brubaker N., Camero J., Rocha O., Suceava B., "A ladder of curvatures in the geometry of surfaces" , Int. Elect. J. Geom.
11:2 (2018): 28-33.

Decu S., Verstraelen L., "A note on the isotropical geometry of production surfaces", Kragujev J. Math. 37 (2013):
217-220.

Nurkan S.K., Gurgil I., "Surfaces with constant negative curvature", Symmetry 15 (2023): 1-12.
Artykbaev A., Ismoilov Sh.Sh., "The dual surfaces of an isotropic space R% " Bull. Inst. Math. 4:4 (2021): 1-8.
Ismoilov Sh.Sh., "Properties of a dual surface in a multidimensional isotropic space" , Phys. Math. Sci. 3:1 (2022): 47-59.

Weingarten J., "Uber eine Klasse auf einander abwickelbarer Flachen", J. fur die Reine und Ange. Math. 59 (1861):
382-393.

Weingarten J., "Uber die Flachen, derer Normalen eine gegebene Flache beruhren", J. fur die Reine und Ange. Math.
62 (1863): 61-63.

Suceava B., "The amalgamatic curvature and the orthocurvatures of three dimensional hypersurfaces in E4" | Publicationes
Mathematicae 87:1 (2015): 35-46.

Casorati F., "Mesure de la courbure des surfaces suivant ’idee commune.Ses rapports avec les mesures de courbure
gaussienne et moyenne" , Acta Math. 14:1 (1890): 95-110.

Decu S., Haesen S., Verstraelen L., "Optimal inequalities involving Casorati curvatures", Bull. Transylv. Univ. Brasov.
Ser.B 14 (2007): 85-93.

Zia R.K.P., Redish E.F., McKay S.R., "Making sense of the Legendre Transform" , American Journal of physics 77 (2009):
614-622.



118 Recovering a surface in isotropic space using dual mapping . ..

Aesmopasap mypaisvl MIAIMET:

Apmuoikbaes Abdyaraasus — Tawkenm MmMemiekemmirx KoAlK YHUBEPCUMEMIHIK, HCOBAPLL MATNE-
mamuka douenmi (Tawrenm, O36excman, srexmpondur; nowma: aartykbaev@mail.ru);

Hemounos Ilepszodoer (koppecnondenm asmop) — Tawkenm memaexemmirx Koaik YHUGEPCU-
MEMiNiY, JHCo2apbl. Mamemamuka Kageopacoinviry Kayvmoacmupuiszar npopeccopu, (Tawrenm, O3-
bexeman, anexkmpondur; nowma: sh.ismoilov@nuu.uz);

Xoamypodosa I'yanosza — Tawkenm MemMAeKeMMIK KOAK YHUBEPCUMEMIHTH, HCO2GPLL MaME-
mamuxka  kapedpacoinoty wezizei dokmoparmos  (Tawkenm, Osbexcman, 24eKMPOHIbE NOWMA:
zolmurodovagulnoza3@gmail.com).

Cesedenus 06 asmopax:

Apmuwikbaes Ab60yanaazus — npogeccop ragedpv, evcwet mamemamuru Tawxkenmexozo 20-
cydapemeernozo mpancnopmnozo ynusepcumema (Tawxkenm, Ysbexucmar, 24eKMponnas nowma:
aartykbaev@mail.Tu);

Hemounos Llepsodber (koppecnondenm asmop) — doyernm kagedpor vicwet mamemamury Taw-
KENMCK020 20cydapcmeenozo mpancnopmmozo yrusepcumema (Tawkenm, Ysbexucman, snexmpon-
naa nowma: sh.ismoilov@nuu.uz);

Xoamypodosa yanosa — Basoswvili doxkmopanm xagedpwr svicuseti mamemamury Tawxenmckozo
eocydapemeernozo mpancnopmuozo yrusepcumema (Tawxenm, Yabexucman, saexmponnas nowma:
zolmurodovagulnoza3@gmail.com).

Information about authors:

Artykbayev Abdullaaziz — Professor at the Department of Higher Mathematics, Tashkent State
Transport University (Tashkent, Uzbekistan, email: aartykbaecv@mail.ru);

Ismoilov  Sherzodbek (corresponding author) — Associate Professor at the Department
of Higher Mathematics, Tashkent State Transport University (Tashkent, Uzbekistan, email:
sh.ismoilov@nuu.uz).

Kholmurodova Gulnoza — Basic doctorate at the Department of Higher Mathematics, Tashkent
State Transport University (Tashkent, Uzbekistan, email: xolmurodovagulnoza3@gmail.com).

Received: May 2, 2025
Accepted: June 8, 2025



	Introduction
	Preliminaries
	Geometry of isotropic space and duality
	Transfer surfaces

	Solving the Monge-Ampere equation by using duality
	Amalgamatic and Casorati curvatures in the isotropic space
	Recovering surfaces with constant negative curvature according to their curvature invariants
	The problem of recovering the surface by the mean curvature
	Problems of surface recovering from amalgamatic curvature and dual mean curvature
	The problem of recovering the surface according to the Casorati curvature

	Conclusion

