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A REGULARIZED TRACE OF A TWO-FOLD DIFFERENTIATION
OPERATOR WITH NON-LOCAL MATCHING CONDITIONS ON A STAR
GRAPH WITH ARCS OF THE SAME LENGTH

In this paper, we study the regularized trace of a two-fold differentiation operator with non-local
matching conditions on a star graph consisting of arcs of the same length. We consider both the
integrable case, when the potentials belong to the space L, and the singular case, in which the
potentials admit more general features, including distributions. The main attention is paid to the
derivation of the asymptotic decomposition of the characteristic function corresponding to the
boundary value problem on a graph and the calculation of regularized traces using spectral theory
methods. The main goal is to calculate the first regularized trace of an operator, which is defined as
the limit of the sum of the differences of the eigenvalues of the operator and its modification. It is
shown that in the integrable case, the regularized trace is a linear functional of the potential
coefficients, whereas in the singular case (when the potentials are represented as generalized
functions), it acquires a nonlinear dependence. Explicit formulas for the regularized trace using
characteristic determinants and integral representation methods are derived. The results of this
work generalize the well-known formulas of regularized traces applied to operators on a segment
to the case of more complex structures such as graphs. The work is of interest to specialists in the
field of spectral theory of operators and differential equations on graphs.

Key words: Regularized trace, star graph, differential operator, Sturm-Liouville operator.
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Y3biHAbIFbI Oip/eit goranapsl 6ap rpad >KYJIAbI3BIHAAFBI JIOKAJIBIbI €MeC COUKECTIK HiapTTapbl
bap eki ecesenren auddepeHIaagay onepaTopblHbIH PeTTEeJreH i3i

Byn xymbicTa 6ipaeit Y3BIHABIKTATBI JTOFaJapAaH TYPATHIH Ipad->Ky/IIb3Iarbl JOKAIbIb eMeC
COMKECTEH Py IMapTTaphl 6ap exi perTik anddepeHImaigay onepaTopbiHbiH, PETTE/TeH 131 3epT-
teneni. [lorennumasmap L1 KeHicTirine *KaTaTblH HHTETPAJIIAHATHIH YKAFIAH /12, TOTEHITNAJIIap YiIe-
CTIpY/Ii KOCa aJIFaH 12, KaJIITbl epeKIeIiKTepre MyMKIH/IIK OepeTiH CHHIYJISPJIBIK, YKaFIail j1a Kapac-
TBHIPBLIAIBL. ['padrars! meTKi ecenrepre ColiKec KeJIETiH CUMATTaAMAJIBIK, (OYHKIIUSTHBIH ACHMITTOTH-
KaJIBIK, BbIJIBIPAYBIH aHBIKTAYFa YKOHE CIIEKTPJIK TeOpHs 9JICTEPIH KOJIJIaHa OTBIPBIN, PETTEJITeH 13-
Jepai ecenrreyre baca Has3ap ayaapbliaabl. Herisri MakcaT-omepaTop/IbiH, MEHIITIKTI MOHAEPIHIH, aii-
BIPMAITBLIBIKTAPBIHBIH, KOCHIH/IHICHIHBIH, ITIET1 KOHE OHBIH, MOTU(MDUKAIIASACH! PETiH/Ie aHBIKTAJJIATHIH
OTIepATOP/IBIH, OipiHII peTTesreH i3in ecenrey. HTerpaijanran *Kariaii/ia peTTe/rex i3 moTeHIu-
aJ1 K03 pUImeHTTEPiHIH, CHI3BIKTHIK, (DyHKITHOHAIBI OOJIBIIT TAOBLIAIbI, aJ1 CHHTYJISPJIBIK, YKaFIARIa
(moreHnmaIAp KaanbLIaHFAH (DYHKIUAIAD TYPIHJIE YCHIHBLIFAH KE3JI€) OJI ChI3BIKTHIK, €MEC TOYeJI-
Jnikke ue 60s1abl. CunaTTaMaJiblK, aHBIKTAYBIIITAP MEH HHTErPaJIIbl OeiiHe ey oicTepin KOIIaHa
OTBIPBITI, PETTE/ITEH 13re apHAJIFaH HAKThI (popMyIaIap MILIFapbLIIbl. Byl )KYMBICTHIH HOTHKeIePi
rpadTap CUIKTBI Kypesi KYPhLIbIMIAP *KarIalibIHIa KeCiHIiIeri onepaTopapra KO IaHbLIATHIH
perTesrer i3jep/in Oesriii dpopMmysasapbiH KUHAKTaW bl 2K yMBIC OnepaTopsiap/IblH, CIEKTPJIK
TEOPUSICHI YKoHe rpadTapaarsl uddepeHnnaIblK, TEHIEYIeD CaTaChIHIAFbl MAaMaHIAPIbI KbI3bI-
KTBIPa/IbI.

Tvyitin ce3nep: Perrenren i3, rpad xkyiaeissl, quddepennuanast oneparop, Itypm-JInyBusib
OTIEPATOPHI.
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PerynsipuszoBanublii cjies; oneparopa JByX KpaTHOro JqudQepeHnnpoBanus ¢ HeJJOKAJIbHBIMU
YCJIOBUSIMU COIJIACOBAaHUsI Ha rpad-3Be3/ie ¢ AyraMu OJUHAKOBOM AJINHBI

B nammoit pabore wucciemyercs peryiaspU30BAHHBIN CJIET OIepaTopa IBYKpaTHOTO maudde-
PEHIMPOBAaHUsI C HEJOKAJBHBIMU YCJIOBUSIME COTJIACOBaHWS Ha Tpade-3Be3/e, COCTOSAIEM U3
JIyT OJMHAKOBOW JIJIMHBL. PaccMaTpuBalOTCs Kak HHTEIPUPYEMBbIH CiIydail, KOrja ITOTEHIHAJIbI
[IPUHAJJIEXKAT [POCTPAHCTBY L1, TaKk W CUHIYJISPHBIA CIydail, IpA KOTOPOM IIOTEHIIAAJIbI
JIOIIYCKAIOT OoJiee obIrie 0coOeHHOCTH, BKIIOYast pacupeenaennsi. OCHOBHOE BHUMAHUE YIEJIsIeTCs
BBIBOJLy ACHMIITOTHYECKOTO PA3JI0XKEHUS XAPAKTEPUCTUIECKON (DyHKINU, COOTBETCTBYIOIIEH
KpaeBoil 3a/1a4ue Ha rpade, U BBIUYUCIEHUIO PETYJISIPU30BAHHBIX CJIEJIOB C UCIOJIB30BAHINEM METO/IOB
crekTpasbHOil Teopun. OCHOBHOW IIEJBIO SIBJISIETCS BBIYHCJIEHUE IIEPBOIO PEryJsipU30BAHHOTO
cJIe/ia OIepaTopa, KOTOPBI OIPEIessIeTcs KakK MPEJIe] CyMMBbI PA3HOCTEH COOCTBEHHBIX 3HAYEHUIT
oneparopa u ero momudukanuu. [lokazaHo, YTO B MHTEIPUPYEMOM CJIydae Perysispru30BaHHBIN
ces SBJISIETCS JIMHEHHBIM (QYHKIIMOHAJIOM OT KO(DMUIMEHTOB NOTEHNMAasa, TOrJa KaK B
CHHI'YJISIDHOM Cjiydae (KOrja [OTEHIUAJbl IIPEeJICTABICHbl B Buje 0OOONIEHHBIX (yHKIuUii) oH
npruobpeTaerT HEeJIMHEHHYI0 3aBUCHMOCTDH. BbIBeeHbI siBHbIE (DOPMYJIBI JIJIsT PEryISpPU30BAHHOIO
cjesa, WCIOJIb3YIONIMe XapaKTePUCTUIECKUE OIIPEJIeJIUTEIM W METOAbl UHTErPAJIBHOIO IIPejl-
crapjieHusi. Pe3ysbTarhl JaHHON paboThl 0DOOIIAIOT M3BECTHBIE (DOPMYJIBI PEryJIsTPU30BaHHBIX
CJIe7I0B, IPUMEHsIeMbIe K OIlepaTopaM Ha OTPe3Ke, Ha CJydail 6ojiee CIIOXKHBIX CTPYKTYD, TAKUX
Kak rpadsl. Pabora mpejcraBiser nHTEpEC IJisi CHEIUAJACTOB B 00JIACTH CIIEKTPAJIBHON Teopun
orepaTopoB u guddepeHnnaaIbHbIX YpaBHeHUN Ha rpadax.

KuroueBble cjioBa: pery/isipu3oBaHHbI cell, rpad-38e3/a, auddepeHInaabHbli orrepaTop, ome-
parop Hlrypma-JInyBusiis.

1 Formulation of the Problem

In [1], the first regularized trace of the Sturm-Liouville operator B was calculated, generated
by the differential expression

) ==y @)+ (1o (z=F) == )y (@)

on the segment [0, 7] with Dirichlet boundary conditions. The eigenvalues of operator B are
denoted by A, for n > 0. Then the formula is valid

S0 -t = Ly caply = 2 ()

Further generalizations of A.M.Savchuk’s formula can be found in |23]. In this paper, the
formula (1] is generalized to the case of a differential operator on a star graph.

N.P.Bondarenko [4] considers a star graph with more than two arcs. The lengths of the
arcs are considered equal to 7. In the article [4], the eigenvalue problem B for a twofold
differentiation operator on a graph is investigated

—y](?) (x) = Ay, (z),z € (0,7), j=1,m,
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with Robin conditions in the boundary vertices

yj(l) (O) - hjyj (O) =0, j = 1>m’

with continuity conditions in the inner vertex

Y; (Tr):yl (ﬂ-)a j:2am7

and the matching conditions in the inner vertex

Z (7 @+ [ 0@ wyac) =0

Here X is a spectral parameter, and nonzero numbers h; are complex numbers. In the
first part of the article, the functions p; (x) belong to the space Ly (0, 7). The eigenvalues of
operator B are denoted by [\,,n > 1]. Along with operator B, we also consider operator By,
which is obtained from operator B when p; (z) =0, h; =0, j = 1,m. The eigenvalues of the
operator By are denoted by {\ n > 1}.

The purpose of this article is to calculate the limit

i D (- ).
k=1

where are the sequences {ay} and {m,, } they are selected in a special way. Thus, the calculated
sum is called the first regularized trace of the operator B defined on the star graph. Formulas
of regularized traces for different classes of differential operators can be found in the works
of V.A. Sadovnichy and his students [5].

The work consists of two parts. First, we study the integrable case when the functions
p; (z) belong to the space Ly (0, 7). In the second part, we study the singular case when
the functions p] ( ) represent distributions. In this case, it is assumed that the generalized
primitive ¢; () = [p;(x)dz are functions of limited variation. It is proved that in the
integrable case, the regularlzed trace is a linear functional of the functions p; (z). At the
same time, the regularized trace in the singular case is a nonlinear functional of the functions

p; ().
2 The main result in the integrable case

It is convenient to introduce notation to formulate the results. Let

©=2 p@,  P@)=3 ki),  P)=) pj/f;),
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Theorem 1 (integrable case) . Let the nonzero numbers h; be complex, and the

functionsp; (x) belong to the space Ly (0, 7). Also assume that the function P (z) = ij (x)
=1

]7
satisfies the Dini condition at the point x = w. The, for m > 2, the formula for the regularized
trace is valid

71113;02 (A —AY) = P (7).
k=1

Here m,, is the number of eigenvalues of the original problem in the circle A plane of radius
(n + }1)2 centered at zero.

It was shown in [4] that the characteristic determinants of the operators By and B are
given by the equalities

Ay (2%) = —mzsin (27) (cos (27))" ",
AN =20 (M) A+ F ), (2)
where
o (7 ) 08 (21) . i . sin (2) . tg (zm)\" "
F(#) = /0 P )zsin(zw)d /0 i )ZQSiH<Z7T)d HQ( z )

—H, (tg f”))m_l/j P (x) %dx —H <@>m_l/oﬂp(x) %dm

In fact, the characteristic determinants Ag (\) and A (\) are integer functions of A. The
zeros of the integer functions Ag (A) andA (\) represent the eigenvalues of operators By and
B. Thus, the sequence {\2,n > 1} represents a sequence of zeros taking into account their
multiplicities of the whole function A (). Similarly, the sequence {\,,n > 1} it is associated
with the zeros of the whole function A (\). Their asymptotic behavior was clarified in [4].
Since the zeros of the whole function Ay (\) break up into series, the zeros of the whole
function A () also have an asymptotically serial structure (see Theorem 1.2 from [4]). Their
asymptotic behavior is clarified in the work [4].

Let us use 7, to denote a circle in the z-plane of radius n—l—% centered at zero. It is easy to

understand that the function tg (27) on the circles v, is bounded by a constant independent
cos(zx) sin(zx)
—=— and ——

sin(zm) sin(zm)
bounded by a constant independent of n. For sufficiently large n, the function In(1 + F'(X))
is holomorphic on the circle v,. Now let’s try to calculate the integral 5 § 2*dIn A (2%).
According to the principle of the argument, we have

of n. If x is fixed between zero and 7, then the functions on the circles v, are

L Zdln A (2%) =2 Z Ak (3)
k=1

271 T
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Here m, = 55 ¢ dInA(2%) = 5§ dln A (2?) for sufficiently large n. On the other hand,
the ratio (2)) implies

L 2 2 _Lj{ 2 2 L]{ 2 2
i %z dlnA(z)—Qm, %z dlnAO(z)Jrzm, %z dln(1+F(z ))
It is clear that
L 2 2\ _ — 0
s %z dln A (z ) = Q;Ak. (4)

Applying the piecemeal integration formula allows us to write the ratio

L 2 2 __L 2
s %z dln(l—l—F(z ))— 22m' %zln(l—kF(z ))dz

Let m > 3. For sufficiently large n, we rewrite the last equality as

L 2 2\\ _ Lj{ 2
5 %zdln(l—i—F(z ) = 25— %zF(z)dz—i—o(l). (5)

It is taken into account here that for n — co on the circles 7, the function F (2%) = o (1),
since the functions p; (x) belong to the space L, (0, 7). It remains to calculate the integral

1

7 P, 2 (2?) dz using the deduction theorem. When n — oo we have

L zF(zQ)dz—L z —/P(a:)mdx dz+o(1)

zsin (z7)

:_]p(x> (%i %dz) dz + o (1)

— —%/P(m) (1 +22(—1)k cos (k:x)) dr +o(1). (6)

0

Thus, it follows from the relations —@ that for m > 3 the formula of the regularized trace
has the form

Tim 3" (= A) = P (). (7

Now consider the case of m = 3. For sufficiently large n, equality can be written as

L 2 2
5 %z dln(l—l—F(z ))

1 7r 1 m—1
P N O _/p(a;)L('m)d;p dz+2H22—i7{z(tg(w)) d + of1).
T
0

2mi J,, zsin (zm) o z
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2
We need to calculate the integral ﬁ fw z <tg(m)> dz using the deduction theorem:

1 t 2
— z < & (Zm) dz =0
271 o z

2
Thus, the contribution from the integral 5= 997 z (tg(”)> dz in the sum is missing. In

z

the case of m = 3, the formula ([7)) is preserved.

3 The singular case

In this paragraph, the generalized primitive ¢; (z) = [p;(x)dz are functions of limited
variation. In particular, the case when the generahzed prlmordlal q; (x) represent the jump
functions is studied in detail. In this case, the Stieltjes integral is calculated using the formula

| v@de@ =3 taw),

where dQ () = P (z) dx.
Then

"\ cos(zxs)  ~—_ sin(zzg) tg (zm)\""
F() ==Yty S, ()
s=1 s=1

zsin (27) 22 sin (27) 2

o (te (zm)\™ it cos (2149) o (te (zm)\™ it sin (zx,)
! z — *2 2 sin (27) ! 2 = *22sin (zm)’

In this case, the ratio will be written as

L, 22dIn (1+F(z2)) = —2% zln (1—|—F(22))dz

27 J,, m
1 "\ cos (zx) sin (zz41)
o PRy, P, M s d
27m']{ Z; zsin (zm) * 2#27{ Z "22sin (2m) ©
1 t ml
+2H2—.]§ B (M) dye
2mi ), z
1 L cos(eay) )
cos (2x
S te— d 1), — Q.
2mi J., - (Z zsm(z77)> @ +o(l) e
n s=1
It remains to calculate the required integrals using the deduction theorem:

1 - CoS zx cos k:c 1
2— 2 d =2 2 ), 1 ts,
i 3o 23 (23 )
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sin (zz41) — ok sin (kza)
j{ Z1581:528111 zwd _22t81( (=1) km )’

k=1

2 2
1 "\ cos (zx) 1

— S S ) =23 (S tcos (k
5 %z <S:1 e (m)) z 2] <s:1 5 cos ( xs))

Thus, in the singular case, the regularized trace formula has the form

- - "L cos (kx,
i {350 -3 (a3t 1)

k=1 s=1 k=1
= —Zthts (C (ry + x5) + C (24 —:ES))—i—ZtSlAS, (8)
w=1 s=1 s=1

oo . 1 o
where A; = x;l + 22 (-1 M, C(z,) = 3 Z %}fl’s)‘ Since A; = 0. Then (8)

i
—
B
Il

—

will take the form

gzg{fw*%— T (22%*1”

k=1 s=1

== Y tuts (C (2 + 23) + C (2 — 7)) (9)

w=1 s=1

Let requirement 1 be fulfilled: for an arbitrary continuous function y (), the integrals satisfy
the equalities

/O”y@)d@(:c):;tsy(xs),
| v@da Ztsly ra)

where dQ () = P (z) dx and dQ; (z) = P, (x) dx.

Theorem 2 (the singular case) Let the nonzero numbers h; be complex, the set of
functions {pj(x)} is subject to requirement 1. Then, for m > 2, the formula (@ is valid
for a reqularized trace.

Thus, from formula @ we see that the regularized trace in the singular case is a nonlinear
functional from jumps {t,}. At the same time, from the theorem [1| we see that the regularized
trace in the integrable case is a linear functional of the functions {p;(z)}. A similar effect
in the case of differential operators on a segment was noted in [1, 2, 3|. In this paper, it is
shown that the A. M. Savchuk effect is also preserved for second-order differential operators
on a star graph.
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