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REDUCTION THEOREMS FOR DISCRETE HARDY OPERATOR ON
MONOTONE SEQUENCE CONES (0 <p<1)

In this work, we investigate the discrete Hardy and Copson operators acting on the cone of
nonnegative monotone sequences. It is established that the weighted inequalities of type I, — I,
for these operators, in the case 0 < ¢ < 00, 0 < p < 1, can be reduced to the corresponding
inequalities defined on the cone of general nonnegative sequences. The latter possess a broader basis
for proof, which significantly extends the possibilities for their analysis. Weighted inequalities for
the integral Hardy operator (in the continuous setting) on the cone of nonnegative nonincreasing
functions have been studied previously by many authors. Reduction theorems for inequalities
involving Hardy-type integral operators on the cone of nonincreasing functions to inequalities on
the cone of nonnegative functions are well established. In this paper, we provide several theorems
that demonstrate the equivalence between inequalities for discrete Hardy and Copson operators on
the cone of nonnegative nonincreasing sequences and the corresponding inequalities on the cone of
nonnegative sequences. Our proofs differ substantially from those in the continuous case. Methods
applicable in the continuous setting do not always work in the discrete setting. For the case p > 1,
analogous results were obtained by the authors earlier.

Key words: reduction theorems, discrete Hardy operator, monotone sequences, weighted
inequalities, Copson operator.
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MouoToHAbI Ti30eKTEep KOHYCBIHAAFbI AUCKPETTI Xap/u onepaTopbl YIIiH peayKIUIIbIK
reopemasiap (0 < p < 1)

By xxymbicTa 613 Tepic eMec MOHOTOHIBI Ti30EKTEp KOHYCHIHIAFbI JUCKPEeTTI Xapau xKoue Korcon
orepaTopsapbiH KapacTeipambl3. 0 < ¢ < 00, 0 < p < 1 KarjgafibIHIarbl MOHOTOHIBI Ti30eKTep
KOHYCBIHIAFDLI JUCKpeTTi Xapan xone Komcon oneparopraps! ymin I, — [, Typingeri caaMaxTel
TEHCI3IKTEPAl Tepic eMec Ti30eKTep KOHYCHIHIATBI COMKEC TEHCI3iKTepre KeaTipyre 00JaThIHBI
kepceriiired. COHFBLIAPBIH 9JIeljiey Herisi KeHipek, OyJI oJlapbl Tajiay MYMKIHIIKTEpiH aiiTap-
JbIkTail KeHeitreni. Tepic emec ecneiiTin pyHKIUIIAD KOHYCBIHIAFBI MHTEIPAJIIBIK, XapIu Oepa-
Topsl yinin (y3liiccls xarmaiija) cajiMakThl TeHCI3AIKTep Il OYPhIH KOITereH aBTop/iap 3ePTTEreH.
By makamazma Tepic emec ecreiiTin TizbekTep KOHYCHIHIAFBI AucKpeTTi Xapau koHe Komcon ome-
paTopJiapbl YIIMH TEHCI3MIKTEPIiH »KoHe Tepic emec Ti30eKTep KOHYCBHIHJAFbI TEHCI3MiKTepre 3K-
BUBAJIEHTTIJIINHE KATBHICTBI OPTYPJI TeopeMaJjap YCHIHBLIFAH. YCHIHBLIFAH JDJIE/Ieyep Y3IKCi3
JKarIaliJIaFblIap/IaH alTapJIbIKTall epeKiesiene . Y3/IKCi3 mapaMeTp/ie KOJJIaHbLIATHIH 9JIiCTeD
JUCKPETTI MapaMeTpie opKalllaH »KYMBIC icTeil 6bepmeiiai. p > 1 >KarmaifblHa yKcac HOTHYKEJIEPI
613 OYpBIH AJFaHOBI3.

Tyiiin ce3aep: peayKinsg TeopeMasapbl, JUCKPETTI XapaIn OmepaTopbl, MOHOTOHILI Ti30eKTep,
caJMaKTaJFaH TeHcizaikTep, Komcon omepaTopsr.
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! Eppasuiickuit HanuoHaapHbI yHuBepcuter uM. JL.H. I'yymuésa, Acrana, Kazaxcran
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PenykinmnoHnHbie TeopeMbl OJs AUCKPETHOTO omeparopa XapAu Ha KOHyCcax MOHOTOHHBIX
nocJsegoBaresibHOCcTElR (0 < p < 1)

B namHoit cTaThe MBI paccMaTpPUBAaEM JIMCKPETHBIE oepaTopbl Xapau u Korcona Ha KOHyce HEOT-
pHUIIATEILHBIX MOHOTOHHBIX IOCJIeI0BaTeIbHOCTe. [loKa3aHo, 9TO BecoBble HEPABEHCTBA BUJA
I, = lq nosa qucKpeTHBIX omepaTopos Xapau u Korcona Ha KOHyce MOHOTOHHBIX ITOCTIE0BATEIBHO-
creit B caryuae 0 < g < 00, 0 < p < 1 MOryT OBITH CBEJEHBI K COOTBETCTBYIOIIAM HEPABEHCTBAM HA
KOHYCe HEOTPUIATEIbLHBIX MOCaea0BaTe bHoCTel. [lociename obaamaoT 6oJtee MUPOKOH OCHOBOM
JUTsT JTOKA3aTeJIbCTBA, YTO CYIIEeCTBEHHO PACIIUPSIET BO3MOXKHOCTH UX aHAJM3a. BecoBble HepaBeH-
CTBa JIJIs MHTEIPAIBHOrO oriepaTopa Xap/u (B HEIPEPHIBHOM CJIydae) Ha KOHYCe HEOTPUIATEIbHBIX
HEBO3PACTAIMNX (DYHKIUI paHee MCCIeIO0BAJNCH MHOIMMHU aBTOPAMHU. XOPOIIIO M3BECTHBI TaK¥Ke
TEOpEeMbI CBEICHWS HEPABEHCTB JjIs WHTErPAJbHBIX OIEPATOPOB TUIA Xapau Ha KOHYCEe HEBO3-
pacraronux GYHKINI K HEPABEHCTBAM HA KOHyCe HEOTPHUIATEJbHBIX dyHKnnil. B pabore mpuso-
JISITCST PA3JIMIHBIE TEOPEMBI, KACAIONINECs SKBUBAJIEHTHOCTH HEPABEHCTB JIJIsI JINCKPETHBIX Olepa-
topoB Xapsu n Korcona Ha KOHyce HEOTPHIATEIHHBIX HEBO3PACTAIONINX II0CJIEI0BATETLHOCTEN
U HEpaBEHCTB Ha KOHyCe HeOTPUIATEIbHBIX IOCjesoBaTebHoCTell. [IpeacraBiieHHbIE TOKa3aTE /b
CTBa CyIIECTBEHHO OTJINYAIOTCS OT JIOKA3aTe/IbCTB B HEIIPEPHIBHOM cJrydae. MeTombl, IpuMeHnMbIe
B HEIPEPBIBHON MMOCTAHOBKE, HE BCerjia paboTaioT B JucKperHoii. s ciaydast p > 1 aHajgoruanbe
pe3yJIbTaThl OBLIN paHee MOy YeHbl HAMHU.

KiroueBbie cj10Ba: peLyKIMOHHBIE TEOPEMBI, JIMCKPETHBII orepaTop Xap/iu, MOHOTOHHBIE TTOCJIe-
JIOBATEJIbHOCTH, BECOBbIE HEPABEHCTBA, oneparop Korcona.

1 Introduction

In this paper, we study weighted Hardy and Copson inequalities, focusing on their behavior
on cones of nonnegative and monotone sequences. We establish conditions under which these
inequalities hold and explore their relation to corresponding results in the continuous setting.

S (Set)) atm)) <o (S wtmpbomy) ()

DD zk) ) alm)] <C D x(m)b(m) (2)

m=1 \k=m m=1

for non-negative, non-increasing sequences x = {z(m)}. Here {a(m)} and {b(m)} are given
non-negative weight sequences, p € (0,1) and g € (0,00) are fixed parameters and the
constant C' > 0 is independent of z. The case 1 < p < o0 and 0 < ¢ < oo was
considered in the recent paper [1], for discrete cases, Sawyer’s duality theorem was obtained
by R.Oinarov and S.Kh.Shalginbaeva [2|, and using an effective method based on Sawyer’s
duality principle, which reduces inequalities (1) for non-negative, non-increasing sequences to
modified inequalities for non-negative sequences, they give a characterization of the inequality
of (1), in the cases 1 < p, ¢ < 0o, Sawyer’s duality theorem cannot possible to use in the case
when ¢ € (0,1). The corresponding problem for unrestricted, non-negative sequences {x}
was solved by the authors in [3|, [4] and ( [5], Theorem 9.2). In the continuous setting, this
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problem has been extensively studied over the last twenty years (see [6], |7], [8], [11], and the
references therein). Under the conditions 1 < ¢ < oo, and 0 < p < oo, an effective approach
is provided by Sawyer’s duality principle [12], which reduces inequalities (1) for nonnegative
non increasing sequences to modified inequalities for the same class of sequences.

Our main results are the discrete analogues of the theorems of A.Gogatishvili and
V.D.Stepanov [6].

The structure of the paper is as follows. In the next section, we formulate the main results
of the study. Section 3 is devoted to preliminary results, while the final section contains the
proofs of the principal statements concerning supremum operators with kernels. Throughout
the paper, we shall adhere to the following notation. The set of all natural numbers will
be denoted by N. We write A < B if there exists a positive constant C' such that A <
C'B. Furthermore, the notation A ~ B ill indicate that both A < B and B < A hold
simultaneously.

2 Main Results

We assume that {a(m)} and {b(m)} are sequences of non-negative terms throughout. Their
partial sums are denoted by

A(m) = a(k), B(m)=> bk), meN,
k=1 k=1
Theorem 1 Let 0 < ¢ < 00, 0 < p < 1. Suppose that {a(m)} and {b(m)} are given non-
negative weight sequences. Then, the following six conditions are equivalent.
(i) Inequality (1) holds for every non-negative, non-increasing sequence {x(m)}.
(ii) The inequality stated below holds true:

q

P

Z Z (Z y(k)) ” am)| <C (Z y(m)B(m)) (3)

m=1 =1 k=i

for every sequence {y(m)} consisting of non-negative terms,
(iii) The inequality stated below holds true:

g

> (Z 1 <Zy(k)>) : am)| <cC (Z y(m>B(m)> (4)

m=1 =1 m=1

for every sequence {y(m)} consisting of non-negative terms,
(iv) The inequality stated below holds true:

q

2 ( sup ¥ (ZM)) Cam) | <c (Zy<m>8<m>> (5)

1<i<m
m=1

=

for every sequence {y(m)} consisting of non-negative terms,
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(v) The inequality stated below holds true:

(Z (Z ( sup y(k:))p> a(m)) q <C (Z y(m)B(m)) p (6)

m=1 \i=1 \iSk<oo m=1

for every sequence {y(m)} consisting of non-negative terms,
(vi) The inequality stated below holds true:

(i <1§3<1f>m W (ijgooy(k))ya(m)); <C (g:l y(m)B(m)>; (7)

m=1

for every sequence {y(m)} consisting of non-negative terms.

Theorem 2 Let 0 < ¢ < 00,0 < p < 1. Suppose that {a(m)} and {b(m)} are given non-
negative weight sequences. Then the following sixz conditions are equivalent:

(i) Inequality (1) holds for every non-negative, non-increasing sequence {x(m)}

(ii) For any o > 0, the following inequality is satisfied:

q

3 =

o m

1 : a+1
2\ (ZB(k) W)) =

(i) sc<2y<m>3<m>)p ®)

for every sequence {y(m)} consisting of non-negative terms,
(iii) For any o > 0 the following inequality is valid:

(Z (Z L (sup B(k)a“y(k))p) a<m>)q <c (Zy<m>3<m>>p (9)

m=1 \im1 B(i) 7 \1<k<i m=1

for every sequence {y(m)} consisting of non-negative terms,
(iv) For any a > 0 the following inequality is valid:

Z (Z (Z ﬁ) B(i)aﬂy(i)) P a(m)] <C <Z y(m)B(m)) : (10)

for every sequence {y(m)} consisting of non-negative terms,
(v) For any a > 0 the following inequality is valid:

Z(SUP (Z%> ZB(k)”ly(/ﬂ)) a(m) | <C

o1 \I<ism \3Z B(k) »

VRS
NE

for every sequence {y(m)} consisting of non-negative terms,
(vi) For any a > 0 the following inequality is valid:

Z<sup (Z#) sup B(k)a“y(m)pa(m) sc(me)B(m))p’ (12)

1 \1<ism \'— B(k) » 1<k<i

for every sequence {y(m)} consisting of non-negative terms.
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Theorem 3 Let 0 < ¢ < 00,0 < p < 1. Suppose that {a(m)} and {b(m)} are prescribed
non-negative weight sequences. Then the siz conditions listed below are mutually equivalent:
(1) Inequality (2) is satisfied for every non-negative, non-increasing sequence{x(m)}.

(ii) The inequality stated below holds true:

q

am)| <C (Z y<m>B<m>>p (13)

m=1

55 (S)

m=1 k=m \i=k

for every sequence {y(m)} consisting of non-negative terms,
(iii) The inequality stated below holds true:

LSRN

om) | <c <2y<m>B<m>) p (1)

m=1

S (fj(z - m>py<z'>>

m=1 \i=m

for every sequence {y(m)} consisting of non-negative terms,
(iv) The following inequality is valid:

) ( sup (i — m>p2y<k>) “am)| <c (Zym)B(m))p (15)

m=1 m=i<00 m=1

for every sequence {y(m)} consisting of non-negative terms,
(v) The following inequality is valid:

(Z (Z sup y(i)i> a(m)) q <C (Z y<m)B(m)> ’ (16)

m=1 =m k<isoo m=1

for every sequence {y(m)} consisting of non-negative terms,
(vi) The following inequality is valid:

(Z( sup (i—m)P sup y<k>)pa<m>)q <c (Z y<m>B<m>)p (1)

m<i<o0o 1<k<oo _
m=1
for every sequence {y(m)} consisting of non-negative terms.

Theorem 4 Let 0 < ¢ < 00, 0 < p < 1. Suppose that {a(m)} and {b(m)} are given non-
negative weight sequences. Then the following six conditions are equivalent:

(i) Inequality (2) holds for every non-negative, non-increasing sequence{z(m)}.

(ii) For any a > 0, the inequality below is satisfied:

S

1

> BG)~ (Z B(/f)C“*ly(/f)) p a(m) | <C (Z y(m)B(m)> (18)

=1 = m=1

S =
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for every sequence {y(m)} consisting of non-negative terms,
(iii) For any o > 0 the following inequality is valid:

|

(? @ 505 (s B yn)

1<k<i

for every sequence {y(m)} consisting of non-negative terms,
(iv) For any a > 0 the following inequality is valid:

TR

o

> Z(ZB ) B(z’)“rfl;m)%(k)

m=1 i=m

for every sequence {y(m)} consisting of non-negative terms,
v) For any a > e following inequality is valid:
F 0 the following @ lity 1s valid

B =
Q=

Z sup B(i)™ 7 (ZB k)etly ) a(m)

m—1 m<i<oo

for every sequence {y(m)} consisting of non-negative terms,

(vi) For any a > 0 the following inequality is valid:

> ( sup (fj B(k)c‘f)p ( sup,B(foa“y(k:)))TZ

me—1 m<i<oo i 1<k<i

for every sequence {y(m)} consisting of non-negative terms.

3 Preliminaries

Lemma 1 (Fubini, see [])])

Z a(m) Z b(k) < oo if and only if Z b(m) Z a(k) < oo

m=1 k=1 m=1 k=m

D a(m) ) b(k) =Y b(m) > alk)

m=1 k=1 m=1 k=m

o) <

(24)
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Lemma 2 (Power Rule, see [15]) If 0 < p < oo, then

min(p, 1) 3 b(k) (me) s(ZW@) < max(p,1) Y b(k) (Zb@) - (25)

j=1

Lemma 3 (Power Rule for Tails, see [15]) If 0 < p < 0o, then

min(p, 1) 3 b(k) (Zb@) s(zba@) < max(p, 1) > b(k) (Zb@) . (26)

k=1 k=1 j=k

Lemma 4 (Generalized Partial Sums lemma, see [15]) Let N € N and 0 < p < 1.

(a) If .
k=1 k=1
then N ) N
p
Za(k):v(k) < sup (kal alk)) b(k =1,2,--,N)
1 1<m<N Dy b(K) —
and all non-negative non -ieasing sequences (x(1),x(2),--- ,x(N))
(b) If
N p N
(Z a<k>) S bk) (m=12-.N)
k=m k=m
then

v v N ak) &
(Za(k:)x(k:)) sup ( . > > b(k)a(k)?  (m=1,2,---,N)

k=1

4 Proofs of Main Results

Proof 1 Proof of Theorem 1. We have the following estimates

1 1
sup | su k < sup 1 < k
<1§i§pm (igkspooy( )>) 1<z<pm (Zy ) I (;M ))

< k(3) (Z (L))

The first two inequalities are trivial, and the last inequality follows from Lemma 4.

(27)
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We also need the following trivial inequalities,
sup ¥ su k < su k "< k . 28
(s o (sup vt > (s o) < > (Zm >> (28)
The equivalence

(i) < (i)

easily follows by taking x(k) = (> 5, y(z))% in (1) and use Fubini Lemma 1.
From the estimates (27) follow the following implications

(1ii) = (it) = (iv) = (vi),
and from the estimates (28)we have

(17) = (v) = (vi).
The tmplication

(vi) = (udi),

follows from [ [14], Theorem 2.8 and Theorem 2.4]. Therefore, we have all the implications.
Proof 2 Proof of Theorem 2.

In (1) consider decreasing sequence:

1 k atl_; . 00 ' %
x(k) = T B(z) » b(1
. <2£;1 D D) D y@))

. Using the following estimate,

w(k) > (Z’f b(i);(i)a;ll > (Z B(z’)af‘lb@)) y(j)) ~ ( 105;1 ZB(j)“ply(j))

j=1 \i=1

and (25) and (26) we obtain

-
10e
-
I
N
&
=
@‘i
T™-
oy
=
»:‘EE
Ny
=
N————
N——
/@\ S
32
N———
A
N
hE
N
NE
B
=
N———
/@\ S
2
N——
Q=

Q
PO
1Me
VR
N
slk‘
=

%u —
=
\;/‘Q
L
%
=
i
AN
=
NE
=
<o
~
=
2
N———
B =
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Hence (8) follows.

11 b ot N g
B(}f)apll‘(k) < (a+1)PB<k)ap+1 (;B(J) b(J)I(J)) :

Using this estimate, (8) for sequence y(j) = B(j)7*b(j), we get

() )

k=1

<(a+1)

NE
]

Q=

(ﬁ > B(j)%(j):c(j))

VAN
Q
Q
_|_
=
3=
R
gk
=
&)
8
S
s}
N~
|

B =

1<k<e

S 1 ! a+1
(22 (E5am) g oer)

N AT
§<Z (ZB<k>> oo y@) |

The first two inequalities are trivial, and the last inequality follows from Lemma 4(b).
We also have the following trivial estimates:

(29)
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From the estimates (29) follows following implications
() = (i1) = (v) = (vi).
From the estimates (30) we have
(11) = (idi) = (vi),
The tmplication

(vi) = ().

Follows from [ [14)], Theorem 3.2 and Theorem 2.4]. Therefore, we have all the implications.

Proof 3 Proof of Theorem 3. We have the following estimates:

(- (s 00))' = (o 6 (S0) )

(31)
The first two inequalities are trivial, and the third inequality follows from Lemma 4(a), and
the last equivalent follows by using (24).

We also need the following trivial inequalities,

(mi?foo <i<szilfooy(k>>> = im ( j;lfooy(/f)>; < i (i y(k))é . (32)

The equivalence

(i) < (i)

D=

easily follows by taking x(k) = (32, y(z))% in (2).
From the estimates (31) follows the implications

(13i) = (i) = (iv) = (vi).
From the estimates (32) follows the implications
(17) = (v) = (vi).
The tmplication
(vi) = (i),

follows from [ [14], Theorem 3.2 and Theorem 2.4]. Therefore, we have all the implications.
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Proof 4 Proof of Theorem 4. The equivalence (i) < (ii) follows same way as in the proof
of Theorem[3. As in the proof of the Theorem[3, we have

1
oS p P
1
su —— | sup B(k)*y(k
(mqgm(E B(k)af) Sup B(R)™y( ))

k=i

< ( sup (Z %) ZB(k)aHy(/f)>p

msisoo \ 4= B(k) 7

[\
[~
VR
3
[S—
Q
~
kS
N
@
< —
Q
A
=
=
Q
£
=
=
S m

which gives the implications
() = (it) = (v) = (vi).

Using the trivial estimates

p

SIS

00 1 oo 1 %
sup ZE sup BeTy | < Z oI (sup B,‘jﬂyk)
msisoo \ 1 B, 7 1<k<i Topor \1<k<i
o 1 i %
1
<>t (Sarn)
i=m Bi P k=1

We are obtaining the implications:
(17) = (i1i) = (vi).

The implication
(vi) = (),

follows from [14, Theorem 2.3 and Theorem 2.4].

5 Conclusion

In this paper, we establish that weighted inequalities of the type I, — [, for discrete Hardy
and Copson operators on the cone of non-negative monotone sequences can, in the case
0 <q<o0,0 < p <1, bereduced to the corresponding inequalities on the cone of non-
negative sequences. This approach makes it possible to employ a broader range of proof
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techniques and significantly simplifies the analysis of the inequalities under consideration.
The equivalence theorems relating inequalities for discrete Hardy and Copson operators on
the cone of non-increasing sequences to those on the cone of non-negative sequences emphasize
the intrinsic differences between the discrete and continuous cases. It is shown that methods
successfully applied in the continuous case do not always prove effective in the discrete one.
The results obtained complement previously known statements for the case p > 1 and broaden
the theoretical framework for studying discrete Hardy and Copson operators in weighted
spaces.
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