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ON THE UNIQUE SOLVABILITY OF NONLOCAL IN TIME PROBLEMS
CONTAINING THE IONKIN OPERATOR IN THE SPATIAL VARIABLE

This paper studies a differential equation representing the differences of two operators. One of the
operators is generated by linear differential expressions that depend on time. The second operator
is the Ionkin operator with respect to the spatial variable. In this paper, the differential operator
with respect to time is generated by two-point Birkhoff regular boundary conditions. At the
same time, the elliptic operator with respect to the spatial variable does not satisfy the so-called
Agmon conditions. Moreover, the operator with respect to the spatial variable is not self-adjoint.
In the beginning, the solvability of the problem is proved. In the final part, the uniqueness of the
solution is proved. Direct application of the methods of the authors’ previous works to prove the
uniqueness of the solution to the problem is quite problematic. However, the authors managed to
modify the reasoning of previous works to prove the uniqueness of the solution to the problem.

Key words: elliptic operators, differential-operator equations, initial-boundary value problem,
solvability of the problem, existence of a solution, uniqueness of a solution, operator eigenvalues,
complete orthonormal systems.
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Kenicrik atinbiMasibliibl IOHKHH onepaTOpblH KAMTUTHIH yaKbIT OOWBIHIIIA
JKeprimikTi emec ecenTepiH Oipereii 1mentimMi TypaJibl

Bya xxymbIcTa €Ki onepaTopbiH aifbIpMachl OOJIBIT TaOBLTATHIH I dEePEHITHAIILIK, TEHIEY 3epT-
tesiesi. Oneparopsapabie OipiHImici yakbITKa TOYes i ChI3BIKTHIK, auddOepeHITnaIbIK 6PHEKTED
apKbLIbl TYbIHAA B, Omeparop/iap/iblH eKIiHIIICI KeHICTIK aitHbIMaJibira Toye i VIoHKuH omepa-
TOPBIH CUIIATTANAbI. By )KyMbIicTa yaKbITKA KATHICTHI Aud HepeHnnaabK, OIepaTop eKi HYKTe K
peryasapasl Bupkrod mekapasblk MmapTTapbl apKbLIbl KYPBLIFaH. Byl Karbinaiira KeHiCTIK aifHbI-
MaJiblFa ToyeJiai oneparop AIMOH mIapTTapblH KaHaraTTaHabpMaiiabl. COHbIMEH KaTap, KeHICTIK
affHBIMAJIBLIBL ortepaTop Tyhinmec Gonmaiiabl. 2KyMBICTBIH, Kipicriecisie ecemTiH, IerrieTinmiri
Jonenaeneai. KOpbITbIHABI O6JIiMIAe MENMIHIH >KAJFbI3ALIFLL JaJesaeneai. EcenTin menmiMinin
2KAJTFBI3JIBIFBIH JIDJIEJJIEY YIIIH aBTOPJIAPIbIH OYPBIHFBI €HOEKTEPIHIEr! 9JIicTep Il TiKeei KO IaHy
bIHFAliChI3. JlereHmMen, ecenTiy, menmiMiHiH KaJFbI3IBITBIH T9JIe//Iey YIIiH OYPBIHFBI €HOeKTepiHIeri
ITaibIM/IAYJIap/Ibl KOJIJIAHA AJIJIbI.

TyitiH ce3/ep: IIMNTUKAJIBIK OlepaTropJap, JuddepeHnaIIbiK-0IepaToOPIbIK, TEeHIeYIep,
06acTanKbI-IIEKTIK €Cell, eCENTiH IIelriMi, menriMinis, 60Iybl, MeniMiHIH KaJIFbI3IbIFbI, OIEPATOP-
JIBIH MEHTIIIKTI MOH/IEP], TOJIBIK, OPTOHOPMAJIAHFaH KYHesep.
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B nmamnoit pabore wnccienyercs nuddepeHInaIbHoe ypaBHEHNE, IPEJICTABIAIONEEe PA3HO- CTH
aByx omeparopoB. OJUH W3 0OIEpaTOPOB, MOPOXKIAETCS JIMHEHHBbIME U (OEPEHITHATb- HBIMI
BBIPAYKEHUSIMU, 3aBUCSIIIIMI OT BpeMeHu. BTopoit u3 omepaTropos mpejicTaiiser ore- parop VoH-
KWHA 10 IPOCTPAHCTBEHHOM nepemennoil. B nacrosimeit padore auddepeHmaibHblil OepaTop mo
BPEMEHU ITOPOXKJIAETCS JIBYXTOYEIHBIMY PEryJISPHBIMEU 110 BUPKTrody rpaHUIHBIME YCJIOBUSIMH.
B T0 ke BpeMsi /ITHITHIECKUIT OIepaTop M0 MPOCTPAHCTBEHHON IepeMEHHOI He yIOBJIETBOPSIET
TaK Ha3bIBaeMbIM ycjioBusM Armona. Bojree TOro omneparop 1o mpocTpaHCTBEHHON IepeMEHHOM He
SIBJISIETCsI CAMOCOIIPsI?)KEHHBIM. B HadaJie MOKa3bIBAETCsI PAa3PENInMOCTh IIOCTABJIEHHON 3a1aun. B
3aK/IIOYUTEIbHON JaCTU JTOKA3BIBAETCS €IMHCTBEHHOCTH pelnenus. HemocpeacTBeHHoe mpUMeHe-
HUE METOJIOB IPEIBIIYIIX paboT aBTOPOB JJIsl TIOKA3ATEbCTBA €IUNHCTBEHHOCTH PEIeHIsT 33/1a91
joctaTodno mpobsemuo. OTHAKO aBTOpaM ISl JJOKA3ATEIbCTBA €MHCTBEHHOCTH PEIeHNsT 3a/1a91
y/1aJ10Ch MOJIMDUIUPOBATE PACCY2KJIEHUS ITPEIbLIYIUX paboT.

KittoueBbie cJji0Ba: 3JUIUITAYECKUE OMEPATOPHI, M QEpPEHITNAIBHO-0IEPATOPHBIE YDABHEHUS,
HavaJIbHO-KpaeBasd 3a/ia4da, pa3pelnMOoCThb 33/1a41, CyIIECTBOBAHNE PEIeHNs, € JMHCTBEHHOCTD Pe-
meHusi, COOCTBEHHbIE 3HAYEHUS OIIEPATOPA, IIOJHBIE OPTOHOPMUPOBAHHBIE CHCTEMBI

1 Introduction

Let 0 < T < oco. We introduce the differential expression

where p(t) € C*[0,T], k =0,1,...,2p — 2.
Let us consider in the domain Q7 = (0,1) x (0,7) the differential equation

I(t, %)u(x,t) —u(z,t)+ % = f(z,t), (z,t) € Qr, (1)

with boundary conditions on z for fixed t € (0,7)

8u(0 t)  Ou(l,t)
or  ox

u(0,1) =

with conditions on ¢ for fixed z € Q2

deu(z, 1) = “u(z, 1) o*u(z, t)
User(ulwr, ) = =5 57| _ +Z<a2§13 e R

i Je] s
Usze(u(z, -)) mu—(ac,t) o + Z (0425,5M‘ 525, (x ) t:T> =0,¢=1,...m,

ote =T = ots
0z, t) 0z, t)
Uomre(u(z,-)) = a2m+§,V5W —0 + 62m+§,V£W —
115—1
Fu(z,t) Fu(z,t) B B
Z <a2m+f,sT o + Bome, o t:T> =0, &=1,...r (3)
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Here 2m + r = 2p, and also in the next line (0 < j; < ... < j, <2p—1,0<1 < ... <1, <
2p — 1) there are no identical natural numbers. For the coefficients of the condition on ¢ the
inequalities are satisfied

’O‘2m+q,uq‘ + ‘ﬂ?m+q,uq‘ #0, q=1,...,r

The right-hand side f(x,t) is a given function. Note that conditions (3| are non-decomposable
boundary conditions for j =1, ..., 2p, i.e. they have the form

Uj(u(‘ra )) = Ujo(u(l‘, )) + UjT<u(x’ ))7 (4)

where for a = 0,7 the linear form Uj,(u(z,-)) represents a differential expression depending

on
ou(z,a) 0% lu(z,a)

ot 77 ot

According to the monograph by M.A. Naimark [1], boundary conditions of the form
are regular boundary conditions. In the work by G.M. Kesel’'man [2] it is shown that regular
in the sense of Birkhoff boundary conditions of the form can be normalized and reduced
to the form .

Boundary conditions with respect to the variable x were first introduced and studied
in the work of N.I. Ionkin [3]. An important distinctive feature of Ionkin’s conditions is that
the corresponding eigenvalue problem

u(zx,a),

—"(z) =Mv(z), 0<z<1

with boundary conditions has infinitely many associated functions. The latter fact
significantly influences the spectral expansions with respect to the system of eigen and
associated functions of the Ionkin problem.

The purpose of this work is to find out what requirements the right-hand side of f(z,1)
must satisfy so that problem f* is uniquely solvable?

We define the functional space of solutions V5"*(Qr) of problem (I)~(2)—(3) as the linear
space of functions u(x,t) belonging to the space Lyo(Q7) and having a generalized derivative
with respect to the spatial variable x and with respect to the variable ¢ up to the order 2p
inclusive, belonging to the same space, with a finite norm

r ou(-,t) 0
2 1 op gy = ol —3 1(t, = )u(-t),u(-,1))|| dt
Il gy = [ o)+ 175 oy + (e Gt )]

where

0 ! 0
(l(t,a—)u(-,t),u(-,t)) :/0 l(t,a)u(x,t)u(x,t)dx.

It is obvious that the space V,"*”(Qr) is a Banach space.
In the work of N.I. Tonkin [3]| the eigenvalue problem was considered:

V'(z)+ Av(z) =0, 0<z<l1 (5)
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v'(0) = '(1) (7)

which is not self-adjoint. The adjoint to problem f has the form

v (x) + Av*(z) =0, 0<uz<l, (8)
v(1) =0, (9)
v*(0) = v*(1). (10)

It is known [3] that problem (4)—(6) has eigenvalues
Me = (27k)?, k=0,1,.. (11)

The system of eigenfunctions of problem f is calculated in the work [3] and it has the
form:

vo(z) = x, vog_1(x) = x cos(2mk x), vor(z) = sin(2rkz), k= 1,2, .... (12)

Note that each eigenvalue A, for k& > 0 corresponds to an eigenfunction v (z) and an
associated voy_1(x). At the same time, for k = 0 the eigenvalue Ay = 0 is simple.

The system of eigen and associated functions of the adjoint problem to problem f@
is denoted by [3]:

vy(z) =2, 05 (x) =4cos(2mkx), vy (x) =4(1 —x)sin(2rkx), k=1,2,.... (13)

In this case, each A\, = (27 k)? with k > 0 corresponds to an eigenfunction v3, ,(z) and an
associated v3, (7).
In the work [3] the following lemmas are proved.

Lemma 1 [5/. Sequences of functions and form biorthogonal on the interval (0, 1)
systems of functions, so that for any numbers i and j the following relation holds

1
(vi, v}) = / vi() vi () dr = 04,
0

here 6,5 is the Kronecker delta.

Lemma 2 [3]. The sequence vo(z) = x, vop_1(x) = x cos(2m k x), vor(z) = sin(2w k z), k =
1,2, .... forms a basis in the space of functions Ly(0,1), and for any function ¢(x) € Ly(0,1)
the inequalities of F. Riesz [J] with some constants are valid r1, r9, Ry, Ra, :

rll@lrao1) < ) lekl? < Rl Lo, (14)
k=0

ra | @lla01) < Y l0k” < Rall@llza01); (15)
k=0

*

where o = fo o(x)vi(x)de, ¢f = fol o(z) vg(z)dz.
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In what follows we denote by py = 1, poy—1 = por, = X/1+ (27k)? for k > 1 . Sequence of
numbers We denote {pg, &k > 0} by p.

If the right-hand side of the equation f(x,t) belongs to the space Lo(Qr), then we
introduce the sequences

1
flt) = [ flet) e, k=0, (16
0
1
filt)= [ ety uads, k=0 (17)
0
Let W3 (Qr) denote the space of functions f(x,t) € Ly(Qr) such that
0 )
% € La(Qr),

. O 2 . T 2 4 . 2 d 4 6f(7t) 2 d
1£C O a0,y + ILFC D Za000) + ; 117000 At + ; H—at 17.0,1) dt < 0.

The main result of this article is formulated in the following statement.

Theorem 1 Let p be an arbitrary natural number. Let the condition A(px) # 0 be satisfied
for all k > 0 (the characteristic determinant A(py) is introduced by formula (23)).
If the right-hand side f(x,t) belongs to the space Wy (Qr), then there exists a unique

solution u(z,t) € Vy**(Qr) of problem (I)-@)-), and the estimate

T ou(-,t) 0
{1000+ 1252 o)+ 10 ) ) <

M . 0)]2 . T2 ! )2 d ! M 2 d 18
1£C5 O Za0,) + 1LF G D 20000y + ; £ T000,1) dt+ ; | BN 2,01y 2t], (18)

where M is some constant independent of f(x,t).

In the works of N.I. Tonkin [3|4] a mixed problem for the heat equation was investigated.
Theorem 1 generalizes the results of N.I. Tonkin [3|4] when the differential part of the heat
conductivity operator with respect to the variable t is replaced by a differential expression
with respect to the variable t of order 2p.

At the same time, in the works of A.I. Kozhanov [6,/7], R.R. Ashurov [§], K.B. Sabitov [9,
10| similar problems were studied, when the differential part of the heat conductivity operator
with respect to the spatial variable x is replaced by more complex differential expressions
with respect to the variable x.

Note that an equation of the form (]), according to the terminology of A.A. Dezin [11],
refers to differential-operator equations. The issues of solvability of differential-operator
equations were studied in the works [12-17]. V.V. Sheluchin [18/19] studied the problem
of forecasting ocean temperature based on average data for the previous period of time,
which also belongs to the class of differential-operator equations.
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There are various methods of proving uniqueness. Usually, an effective means of proving
uniqueness is the maximum principle [20] and its various generalizations such as the Hopf |21]
and Zaremba-Giraud [22] principles. For problem (I))-(2)-(3), the above principles are not
satisfied. Therefore, when proving the uniqueness of a solution, we needed a toolkit other
than the extremum principle.

In the work of V.A. Ilyin [23| a fairly universal method for proving the uniqueness of a
solution for hyperbolic and parabolic equations is proposed. Under fairly general restrictions
on the domain 2, in the work [23| a theorem of uniqueness of a solution for hyperbolic and
parabolic equations is proved. The meaning of the requirements of V.A. Ilyin’s theorem [23|
is that the elliptic part of a hyperbolic and parabolic operator has a complete system of
eigenfunctions in the corresponding functional space.

We also note the work of I.V. Tikhonov [24], devoted to uniqueness theorems for linear
nonlocal problems for abstract differential equations. This work is interesting because 1.V.
Tikhonov proposed a new method for proving uniqueness theorems. I.V. Tikhonov’s method
of proving uniqueness is based on the "method of quotients"for entire functions of exponential
type. In the work of A.Yu. Popov, I.V. Tikhonov [25|, the class of unique solvability of the
heat equation with a nonlocal condition expressed by an integral over time on a fixed interval
was determined. They managed to give a complete description of uniqueness classes in terms
of the behavior of solutions for |z| — oo.

The differential equation ([1f) is the sum of two operators. One of the operators is generated
by linear differential expressions depending on time. The second operator is the Ionkin
operator with respect to the spatial variable. In this paper, the differential operator with
respect to time is generated by two-point Birkhoff regular boundary conditions. At the same
time, the elliptic operator with respect to the spatial variable does not satisfy the so-called
Agmon conditions [26].

Moreover, the operator with respect to the spatial variable is not self-adjoint. Therefore,
direct application of the methods of works [28-34] to prove the uniqueness of the solution
to problem —— is quite problematic. However, the authors managed to modify the
reasoning of works [28-30] to prove the uniqueness of the solution to problem f*.

Recall that for unique solvability, the mutual arrangement of the spectra of the two
operators indicated above plays an essential role. In the articles of the authors [28-30], the
method for proving the uniqueness theorem is a hybrid of the method of guiding functionals
of M.G. Crane [1,)27] and the method of V.A. Ilyin [23].

2 Formal representation of the solution to problem ——

We seek the solution to problem (I)-(2)—(3) in the form

u(w,t) = yo(t ) + Z Yor—1(t) Vog—1(z) + yor(t) U%(:ﬂ)), (19)

Using the results of the monograph [1], we find the coefficients yy(t) using the formula

/ HtT)\k Folr) dr, (20)
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where fi(7) are calculated using formula (16]).
The formulas for the expressions H(t, 7, pi’) and A(p;?) are taken from the monograph [1
and will be given below.
For further calculations, it is convenient to denote by {w,} the roots of (—1) of degree 2p.
In this section, we assume that p is an even number. The results formulated for even p remain
valid for odd p. In this case, minor changes are required in the course of proving the results.
If p is an even number, then the numbering of the numbers {wi,...,ws,} can be
subordinated to the inequalities

Rew; < -+ <Rew, < 0 < Rewp1 < -+ < Rewyy,. (21)

Let pr, = /1 + 4m2k2. According to the monograph [1], we introduce a system of solutions
{y,(t, pr)} of the homogeneous equation I(t, 4y, (t)+ p;¥ y,(t) = 0, which has an asymptotic
representation

Yult, pi) = e - [1], (22)

where [1] = 1+ O(1/px) upu py — 0.
Now we can enter the characteristic determinant

Alpr) = det[U;(y,)];  J, w=1,...,2p. (23)

From inequalities and asymptotic representations we obtain an asymptotic
representation of the characteristic determinant for pp — oo

_ 201iteHim) ity pp(wpg1 e twap)T
A(pr) = py, L ePrlers DT A - (1], (24)
where
wi! Wit 0 . 0
J1 J1
0 Wit Wa,
A — wim . wym 0 . 0 20
V “ e V p+1 1/ . .. 2p l/
1 1 1 1
a?m—}—l,ulwl a2m+1,ulw1 /82m+171/1 wp.l,_l 62m+1,1/1 pr
1% 1Z 1% 1%
Qomtru, W1 Qomi1,0,W1" /32m+17wwp_11 62m+17yrw2;

Let W, denote the algebraic complement of the element y,(fp 71)(7’, pr) in the determinant
2p—1 2p—1
v ) ety ()
2p—2 2p—2
W(T) = | Y% g (T7 pk) y2pp (7—7 pk)
yi (7, pr) Yap(T; pr)

Let’s define the function

2p

1
g(t7 T, pk) = :l:§ Z y,u(t7 sz) Zﬂ(Ta Pk)>

p=1
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where

Wu(7)
2u(T, p) = %
Moreover, the sign < + > is taken when ¢ > 7, and the sign < — > when ¢t < 7.
From inequalities and representations it follows that

e~ PRWuT

2u(T, pr) = o T [1].
k

According to the monograph [1] we introduce the function

it oe) oyt oe) 9,7, o)
H(t, T, pk) _ Uy ('y1> Ui (EUQP) U (g) <T> :
U2p(y1) cee U2p(y2p) U2p(g) (7-)
where , )
Us(9) = =5 D2 U0 2u(7) + 5 3 Urlon) 5lr)s 5= 1,022

Let ¢t > 7. In the determinant H(t, 7, pr) we multiply the columns with numbers 1,...,p

by the functions %zl(T),...,2zp( ), and the columns p + 1,...,2p by the functions

—22p11(7), ..., —322,(7) and add them with the last column. As a result, we obtain the
relation
yi(t,pe) . yap(t,pr)  Ho(t, 7)
H(t, T, pk) _ Ul(yl) cee Ul (?2}7) H1(7‘—7 Pk:) ’
Usp(y1) oo Usp(yzp)  Hap(T, pr)
where

tT,Ok Zyu Zu

P
(7. pr) ZU]T Yu) 2u(T) — Z Ujo(Yu) 2u(7), G=1,...,2p.

p=p+1

From inequalities and asymptotic representations we derive the asymptotic formula

2(j1+---+jm)+V1+...+Vr epk(wp+1+~"+w2p)T

_ Py
H<t7 T, pk) - 2p p2p 1
epPkwit o eprwil ﬁo(t, T, Pk)
c. Hl(T pk)
’ 1
AO . [ ]7

ﬁ2p(7-7 pk)
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where
Hot’?’pk Zw ePren(t= T) 1],
_ +1 _
HQE 1(7’ pk 2525 1je— 1W,u p 1eplcqu T) _|_ Z (.U]& Pkqu[l]
p=1 p=p+1
2p
1
Hog(7, pr) Zw]ﬁ eI + Z Q¢ je — o prre T E =1, m,
p=1 p=p+1
2p
I/ +1 — +1 _
H2m+£ T, pk Z ﬂ2m+§ veW 5 epkw#(T T)[l] + Z 052m+£,1/§wl,:£ € pkwu‘f'[l],f = 17 s T
p=p+1

Therefore, for 0 < 7 < t < T the representation is correct

2p
H(t,T,,Ok) 1 ~ 1 ~
= - Hy(t, T, ———h(t, - Hy(7, pr), 25
Aw) 2pp2p 7 Ho(t, 7, pi) — A02pp2p rhs(t, pr) (7, ) (25)

where hg(t, pr) is the determinant obtained from the characteristic determinant A(\;) by
replacing its s-th row with the row

||ewlpkt[1]’ - ewppkt[l]’ e"-’p-ﬁ-lpk(t*T)[l] ew20Pk(t=T) [1]]].

PIRRED)

The expansion of the determinant hs(t, px) over the s-th row has the form

2p
s(t, px) Zh ekt 1] + Z hs e D] s = 1,...,2p.

pw=p+1

In this case, hs,,s = 1,...,2p are numbers representing the corresponding algebraic
complements.
The asymptotic relation remains valid for 0 < ¢t < 7 < T. As a result, equality ,

taking into account and , will take the form

S,

u(a:,t)——vo / Ho(t, 7, po) fo(7 dT——Zh tﬂo/ H(7, po) fol )dT]

1 v
_Z—Qk%ll / Ho(t, 7, por—) for(7 dT__Zh (t; pai—s / H,(7, pois) fora (7 )dT]

2]9 k=1 Pok—1

1 ng

% e 1 / Ho(t, 7, por) for (7 T——Zh t, pak) / H,(7, por) for(T )dT} =
k=1

! 2p1 / Ho(t,, pi) fiolT dT——Zh tpk/ Hy(7, pr) fulT )dT] (26)

2]) o pk
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Let us introduce the following notations

t T
I (1) = provy / et fi(r)dr, T (1) = pr / ereon =) fi(7)dr,
0 t

T T
T (1) = e o / e T f(rydr, IO (1) = e pan, / eTPT f(7)dr,
0 0

[(5)

T T
k,us(t) — epkw“(tT)pkws/ ePkws(T=) fk(T)dTa Ilﬁi?s@) — ePkwu(tT)pkws/ e PkWsT fk(T)dT
0 0

(27)

Now let us take into account the asymptotic representations of the functions Flo(t, T, Pk)s

EIS(T, Pe)s S = 1,...,2p. As a result, from , using the notation , we have the
following representation

1 & k()
2p§ Pi
where
- 1) = (2)
== mo- > o+
n=1 p=p+1
ii 5 9D SIFEWIVNESTIIRS b SR PRV CICS
Ao 26—1,uP26—1,5¢— 1 kus 26-1,p%s LEys
é=1 p=1 s=1 p=1 s=p+1
- W (5) - (6)
S
hag—1,uP2e 1,5 . ]k:,us + ) Z A G
u=p+1 s=1 p=p+1 s=p+1
p P () P wg* @
3 4
hog S T (8) + ) Z hag utag je-1—— o Lys(t)—
pn=1 s=1 p=1 s=p+1
d (5) - 5_1 (6)
Z > " hog W I0 (1) + Y Z hag Qo je i ]k,w(t)>—
p=p+1 s=1 p=p+1 s=p+1 P
- S - (@)
( Zh2m+€ uﬁgm+§7ygwjélkﬂs +Z Z h2m+€ ua’2m+5 VgCUs Ik,us(t)
&=1 pn=1 s=1 pn=1 s=p+1

p 2p 2p

2p
6
S Y homsenBomsen S Tob D+ DD hamseutamsenF LD |
s=1

p=p+1 s= p=p+1s=p+1
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Remark 1 If, when solving problem -—, we use the expansion in the biorthogonal

system v (x), then we would obtain a representation of the solution u(x,t), similar to the
representation (28)

*

1 o0
_p kz:: 7 (29)

where
= [0~ 3% e
p=p+1
p P ) P
( hog—1,1B2¢-1,j¢— o ‘]Ig,us B Z a1 i T (£)—
{:1 pn=1 s=1 p=1 s=p+1
w} 5
Z h2£ 1215~ o d k(:u)s Z Z hae 1,4k Ty (t)—
p=p+1 s=1 p=p+1 s=p+1
9 (¢ W
j
Zzh% wwst T ( +Z Z o uOvag je—1——— T () —
p=1 s=1 p=1 s=p+1 Pk
2p 2p (.UJ e—1
(5) s (6)
Z Zh%uw Ton )+ > > hoeuone je1—— Jkus(t))_
p=p+1 s=1 p=p+1s=p+1 Pk
r p
( h2m+§ MﬁZm-&—&,ugwg k,us +Z Z h2m+§ pO2m+g, VgWS J]gu)s(t)
£=1 pn=1 s=1 p=1 s=p+1

2p
Z Z h2m+§ u52m+5,u§ws k,w Z Z h2m+§ ua2m+5,l/&w3 J( ) (t)>] m

kus
p=p+1 s=1 p=p+1 s=p+1

Here we introduced the functions J,S}(t),. ,J,ii)s(t), which were obtained  from

I,(CL)(t), ...,I,gi)s(t) as a result of replacing fi(7) with fi(7), i.e

t T
J0() = prw / ePnt) p2(r)dr, IO () = py / =) f2(1)dr,
0 t

T
Tin(t) = emnt pres, / e 10 fr(mydr, Tt

T
p ks () = epkw”t/)kws/ e T fi(T)dr,
0 0

T T
Jlgi)s(t) — epkw“(t_T)Pkws/ ePrws(T—T) fI: (T)dT, Jlgi)s(t) - epkw”(t_T)Pkws/ o PRWsT f;(T)dT.
0 0
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3 Some auxiliary statements
In this section we will prove the following lemma.

Lemma 3 Let v = sin QLP and p be an even number. If f(x,t) is differentiable with respect to
t, then for allk > 1 and t € (0,T) the following estimates hold:

t
|f/$3(f)|§\fk(t)|+|fk(0)|€'””“t+/ [fule D dr - for p=1,....p;
0

T
P 0] < | fiol®)] + | fioT) e 7oT0 4 / D) @D dr for  p=p+1,... 2p;
t

T
[T (B)] < 1fe(T) €77 4 | fo(0) e 71+ 4 gmmnt / [fu(r)| e D ar,

0
fO?" Sy = 1»---717;
T
|I]gi)s(t)| < folT)|e 7T | £ (0)]e~PrE + e—vpkt/ fL(7)] e dr,
0

fors=p+1,....2p, pu=1...,p;
T
[IELO] < [F(T) 07T 4 | f(0)]e704072T) oy ret=T) / | fi(m)| e dr,
0

for s=1,....p, pu=p+1,...,2p;

T
O] < [P0 4 RO 4 om0 [y eo ar
0

for s,p=p+1,...,2p; (30)

Stmilarly, similar estimates also hold for integrals J,i/t) (1), J,gi)(t), J,Ez)s(t),i =3,4,5,6.

The proof of Lemma 3 follows from the fact that for p — even the following inequalities hold:
Rew; <--- < Rew, = —y <0 <7 =Rewp1 < -+ < Rewyy,.

For example, let us prove an estimate for |I ,SL) (t)|]. The following identity holds

t t
d

]]E;L) (t) = pkwu/ epkum(t—T) fk(T)dT —_ _/ fk<7-> d_epkwp,(t—T) dT —
0 0 T

t
—fi(t) + fi(0)em " + /0 FL(7) ePrentt=) g,

This implies the required estimate for |/ ,SB (t)]. The other statements in Lemma 3 are proved
similarly.
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Lemma 4 There is an estimate for the integral
TP < (D + 1fu(0) + / [filr)Par. (31)
For other quantities |I,gi)s(t)|2,j = 1,5, similar estimates hold. Similar estimates also hold

for quantities |J,§i)s(t)\2, j=1,6.

Proof 1 For s > p and u > p we write out the value using relations (30))

T 2
‘[lgi)s(t)P < <’fk(T)‘€7Pk(t*2T) + ’fk(o)‘ewk(t*T) + e1Pe(t=T) / | (1) e 7PeT dT) <

0

< 3(|(T)Pe 20 4| f(0) P -D) 4 el / ()] e dr)?).
Since 0 <t < T, then (t —2T) < (t —T) < 0. Therefore, the following estimates are valid
|fu(T) P2 < | (TP,

| fi(0)[e®7+ 1) < | £ (0)]?,
T T
[ an? < (1l any

T T 1 — e~ 2T T
/0 () Pdr / e gy = 17 / ilr)far <~ / fu(r)Pdr.

29py,

This implies . Lemma /4 is proved. Other quantities |I,§i)s(t)|2,j = 1,5 are estimated
simalarly.

4 Proof of solvability of problem ——

In Section 3, formal representations of the solution to problem f* are obtained. The
solutions to problem f* have representations and . Now we will justify the
convergence of these representations.
From Lemma 3 and representation follow the necessary estimates for ||u(-, t)H%Q(o,w
Ou(-
175

I 0,0-
Flrst, let us evaluate the expression [|u(-, 1)[17, o) +1175:~ ot )||L2 (0.1)- To do this, let’s consider

ou(-,t ! Pu(z,t), ———
Ol + 175 o = [ (ulnt) = 55 it

ox 2

From it follows that

u(z,t) — % = %ka(x) - Ag(t).
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We multiply the last expression by as a scalar. As a result, we have

I Do + 125 M = [ 55 wte)- 4u00) 5 (3 5507 50 =

2p 2p P;
1 == 1 . ! 1 — 1
yo SN A - ANt - [ vp(x) - i (@) do = W Z p Az (t).
k=0 j—0 Pj 0 =0 Pk
Thus, we get
ou(-,t) I < 1 _
2 ) 2 *
luls )20 + 1= o) = o g p—ipAk(t) AL (). (32)
From (32)) we obtain the following upper bound
I &1 1 L ARy AR
2 A AOI < 15 Y S (IR + 1521) <
4p2 e pip 4p2 kzzo 92 pi pi
1 < 2 AR 2
3 [Ax(®)]" + [AZO ). (33)
8p
k=0

Taking into account , we estimate the expression from above

2p PP
PROESTS [Zu,w OF+ 3 15 OF+ Y S 0P+

pn=p+1 p=1 s=1
oS (4) ( ) S
5
)P DATHICIESD S I ITEED S SRt (34
p=1 s=p+1 pn=p+1 s=1 p=p+1 s=p+1

From Lemma 3, as well as from Lemma 4, the following inequality follows

AP < M{ROF + ROF + AT+~ [ 1fi(r)Par] (33)

Summing both parts of inequality over k, we have

S 1A < MRG0 B on) + 17O+

k=0

of
Do+ 5 [ 1L ] (36)
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Here we use the inequalities from Lemma 2.
Using the statements of the second part of Lemma 3, we have a similar estimate for the

expression

D IA4OF < Mp? [Ilf(-,O)lliQm,l) HILFC O 00+

f (7)1
1D o+ 5 [ 1L ] (37)
As a result, from inequalities (32 , (134)—(35)—(36)—(37) we obtain the estimate
ou(-,t)
s D1za0.) + 15z a0.) < M- [Hf<'70)”%2(0,1) LGOI 00+
af(,
1D+ 2 [ 128D ] (38)
7 Jo
Scalar multiplication of the expression (¢, g) (-,t) by u(-,t) we get
0 ! 1
0 Dy ) = [ [Flt) = = 3 @) - A, u(enh)] do =
ot 0 2p =~
(39)

/ Flo, ) u(z,t) dm—%z p—ipAk(t)-A;(t).

Next, using the above estimates, we obtain
=1

1 -
u( )] < flu ) llzan - 1 G D 2a00,0) +%Z g |A(t) - Az ()] <
k=0 Pk

(1 Doy + 17D o) + 2 -3 (140 + TADT). (40)

9 K :
k=0

Summing up inequalities and ( ., we get as a result
3u( t) 12 3}
STz 0 + G (1), (1) <

(- Ol Za00)

0
[ Oy + 1Mo 1 Ty + & [ N2ZE2 ] a1

Now it remains to integrate both parts of inequality over t from 0 to T'. As a result, we
have - (1
ou(-,t 0
| [ 0B + 1752 oy + 1 gt 00 )] e <

T
0
M [ Oy 1 Do+ [ W70t [ 1L ] (a2

As a result, for the solution u(x,t) we have the required estimate.
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5 Proof of the uniqueness of the solution of problem 77

In the previous section, sufficient conditions for solvability on the right-hand side f(z,t) of
equation (|1)) were found.

Now we will prove the uniqueness of the solution u(x, t) of problem f*. To do this,
we denote by A the operator corresponding to Ionkin’s problem —@—. We also introduce
the operator B, defined by the differential expression I(t, %) according to the formula
d

Bu(t) = I(t, 2 )uw(t), 0<t<T

on the domain of definition
D(B) = {w(t) € WP(0,T) : U;j(w) =0,j = 1,2, ..., 2p}.

Let us introduce for s = 1,...,2p solutions r(t, 1) of the homogeneous equation

d
l+(t7£> %s<taﬂ>zu'lis<t)ﬂ)7 0<t<T

with inhomogeneous conditions
U]*<%S<7/’l’>> = Ojs—1 A*(,u)7 j = 1772p

Here the expression [*(¢,4) is the adjoint differential expression to the expression [(t, 4).

The set of linear forms U7y, U, ..., U3, defines the domain of the adjoint operator B*, that is
D(B*) = {w(t) € W(0,T) : Uj(w) =0,5 = 1,2, ..., 2p}.

Here A*(u) is the characteristic determinant of the operator B*. Note that all solutions
&5 (t, 1) represent entire functions of p.

Let po be the zero of the characteristic determinant A*(u) and its multiplicity be my.
Then for any s = 1,...,2p in the ordered row

1 gt

10
|:K;s(t7 MO): ﬂa_/l"is(t) /JJ(])’ T (mO — 1>‘ 8[1/m0_1 "is<t’ MO):| (4?))

the first non-zero function represents the eigenfunction of the operator B*, and the subsequent
members of the row give a chain of associated functions generated by it.

Finally, for the sake of completeness, we present the Lagrange formula [1|. For any two
functions w(t) and R(t) from W;*(0,T), the identity holds

/Ol(t,%)w(t)mdt—/o w(t)l+(t,%)R(t)dt:

> [Ui(w) Ulpji1(R) = Ujpap(w) - U]*(R)}a (44)
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where the linear forms Usyiq(:),...,Us(-) are chosen so that the system of 4p forms
Ui(),...;Ug(+) is a linearly independent system of linear forms. According to the results
of the monograph [1], the set of linear forms Uy (-), ..., U} (+) is determined uniquely by the
system of forms U;(-), ..., Us(+).

Now we proceed to the proof of the uniqueness of the solution to problem ((1)—(2)—(3).
Consider u(z,t) the solution to the homogeneous boundary value problem f* for
f = 0 and show that u(z,t) = 0 for (z,t) € Qr. For a fixed x € (0,1) we introduce the
function

Fy(a,p) = / ule,t) e (Tt (45)

t is not difficult to see that

Feop) — s Eon) = [ (utant) - o) -
/Tl(t O e, t) - T (46)
| (b gl t) - s(t )t

According to the Lagrange formula (44) we have

Fao) = g5 Puen) = [ w140 w70t = Unsay(ul, ) 5

i [l ) T = Vesayfuta. ) B

= (2, 1) = Uspop(ulz, ) A* (). (47)

Note the connection between A(\) and A*(\). For all complex A the identity holds
A(N) = A*(N).

Therefore, for s = 1,...,2p, equality can be rewritten as
d2

Fy(w, 1) = =5

By 1) = iy, 1) — Upsaplu(e, ) A" (1) (18)
which is valid for all € (0, 1) and all complex .

If po is zero of the characteristic determinant A(X) of multiplicity myg, then for all s =
1,...,2pand all x € (0,1) from the equalities follow
d2
dr —— s (z, po) = poFs(, p1o),

10 0? 10

ﬁa_/L(FS(ZL"M) 8 2 ($ M)) ‘,U:MO = MOF@(FS(I, 'u>‘,u:u() + Fs(x’ M0)7

FS('%?MO)
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1 gmo—1 o2
(mo — 1)' a/ubmo—l (Fs(l’, 'u) o @FSCC? N))‘

p=Ho

1 oMo Fy(z, p) } 1 0" F(x, 1) ‘
mo — 1)' 8[[17”’071 H=H0 (mo _ 2)' alulm072 u:,u,o'

= Hog (49)
Since, according to the condition of the theorem, A()\;) # 0 for all £ > 0, then no Ay can
coincide with the eigenvalue 1. Therefore, from relations it follows that for all x € (0,1)
the equalities are satisfied

1 OF(z, p)

1 oM Fy(x, )
Fs(#, 10) =0, ﬂa—,u‘uqm T (me — 1) Qumot |N=#0 =0 (50)

Thus, for all z € (0, 1), the complex number i is a zero of the function Fy(z, p) of multiplicity
no less than my.

Since Fy(z, pt) is an entire function of y and each zero i of the characteristic determinant
A(p) of multiplicity my is also a zero of Fy(z, ) of multiplicity not less than myg, then the

% is also an entire function of . According to the methodology of V. A. Ilyin 23|

ratio
we multiply the function Fs(x, u) scalarly by the root function vy (z), & > 0 of the operator

A and denote them by

1
Gse(p) = / Fy(z, p)og(z)dz, k>0, 1<s<2p. (51)
0

The multiplicities of zeros in p of the functional G (p) are not less than the multiplicities
of zeros of the functions Fs(x, 11). We also introduce the functions

0uel) Gg’zfjg)z / (@) / u(x,w%dtdx, (52)

which also represent entire functions of .

Further analysis of entire functions Qg (u) is based on the technique of estimating the
orders of growth and types of entire functions. Note that the entire function Qg () does not
depend on the choice of the fundamental system of solutions of the homogeneous equation

d

I*(t, E)R(zf) =pu-R(t), 0<t<T.
Let p1 = p?. Let p be an arbitrary complex number from the sector Sy = {p € C|0 <
arg p < 2%} Let us enumerate the numbers wy, ws, ..., wsy, in the following order
Re(pwi) < Re(pws) < -+ < Re(pw,) < 0 < Re(pwpi1) < - -+ < Re(pway), (53)

when p lies strictly inside the sector Sp.
Let us choose a fundamental system of solutions of the homogeneous adjoint equation

d
I (t, E> h(t) = —p®-h(t), 0<t<T,
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so that the asymptotic relations are satisfied
It p) = e L+ O(U/p)],... . hult, p) = e [1 + O(Up)], p € So, p— 0. (54)

As a result [1] for any p from the sector Sy we have an asymptotic representation of the

characteristic determinant A(p) for p — oo, written through the fundamental system of

solutions {hi(t, p), ..., hep(t,p)}.
In the work [2| the conjugate linear forms Uy (-),...,U; () are written out explicitly.
Taking into account their representation for p € Sy, p — oo we have for j <p

Us,(hi) = (poy) == [1],

Uspi(hg) = (pwy) >~ 1=0[0],

U2*p—2m+2(hj) = (pwj)@p_l_wm)[lL
Us—om1(hy) = (pw;) P~ 1=1m)[0],
Uy (hy) = (pwy) P~ @],

U (hy) = (puy) P~ [@].
Similarly, when j > p for p € Sy, p — oo we have

Usy(hj) = (puoy) == T0],

Usp(hy) = (puoy) @1 mer 1],

Uz, omya(hs) = (puoy) PP~ meriT 0],
U;p—2m+1 (hj) = (pwj)(Qp—l—Wm)epUJjT [1] )

Uy (hy) = (pw;) PP~ =m)ers T3],

Uy (hy) = (pwy) =7 err TG ],

Here it is designated for brevity [a] = a + O(1/p).
We substitute all these expressions into the characteristic determinant

R (1) = det(U; (hy)) = o7 erlrn ot Ay, (5)
where

a=22p—1-m+.+22p—1-v|+2p—1-w)+...+2p—-1-1,),
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The number 6 is nonzero, since according to the work of [2] the conjugate linear forms
Us,(-), ..., U (-) are also Birchhoff regular.

For any p from the sector Sy the asymptotic representation of HTl(t, p) for p — oo has the
following form, written in terms of the fundamental system of solutions

1
ﬁl(tv p) - (

ST
p

0l (56)

where & is some numerical determinant. o
We obtain similar asymptotic representations for ry(t, p) for s > 1.
From this it follows that

= 1 Tl?l(t’mux vp(x) do =
Q1k(ﬂ)—/0 (/0 X"(p) (7t)dt> K(z) de =

/O /(; (pwp>2i[’£_a<1]_’71 [08} U<x, t) Uk(l') dt dzx. (57)

Using Riemann’s lemma ( [19], p. 496), we easily obtain

lim Qlk(:u) = 07 pE SO'
lp|—o00
It immediately follows from this

lim Qui(n) =0, pe€ Sp.

p—00

Thus, along all rays p € Sy and p — oo we have the limit equality
lim Q11 (p) = 0.
pP—00

We obtain similar asymptotic representations for Qg (p) for s > 1 and for all £ =
0,1,2,....

Exactly the same analysis can be carried out for the sector p € S, where S; = {p €
Cl3, <argp <7}

Therefore, according to the Phragmen-Lindelof and Liouville theorems ( [20], p. 203) for
functions of finite order we obtain that

Qs() =0 npuBecex p € C.

From here for any £ =0,1,2,... and for any s = 1,...,2p we have

1
/ vg(x)Fs(x,p)de =0, VYueC.
0

Then from the completeness of the system {vi(z), k =0,1,2,...} in Ly(0, 1) it follows that

Fyx,p) =0, Vre(0,1), VueC, s=1,...,2p.
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Therefore, we have

T
/é?g(t,ﬁ)u(a:,t)dtzo, Vre (0,1), VpeC, s—=1,....%.
0

It follows from this

1 0
vlop”

T
//%;(t,ﬁ)u(x,t)dtzo, Ve e (0,1), VueC, s=1,...,2p, VYv>0. (58)
0

Now, instead of i in equality , we substitute u, — an arbitrary eigenvalue of the operator
B. The multiplicity of the eigenvalue pu, is considered equal to m.,. Let the parameter v in
formula take the values 1,2,...,m,; — 1. Then, by virtue of , from we obtain
that for any fixed x € (0,1) the function u(z,t) is orthogonal to all eigenfunctions of the
operator B*. Since the system of eigenfunctions of the operator B* is a complete system in
Ly(0,7), it follows from this that

u(z,t) =0, Vte (0,T), xe€(0,1).

Thus, the uniqueness of the solution to problem —— is completely proven.
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