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ON THE OPTIMAL RECOVERY OF FUNCTIONS
FROM THE CLASS W,

In this paper, the problem of optimal recovery of functions from the anisotropic Sobolev class W5
in the power-logarithmic scale by the values of linear functionals is solved in the Hilbert metric,
and the limiting error of the optimal computing unit is found. Thus, the following results are
obtained here: 1) The exact order of error of optimal recovery of functions f € W,'® by computing
units constructed based on the values of linear functionals defined on the class under consideration
has been established;2) The computing unit that realizes the established exact order is written
out in explicit form; 3) The limiting error of the specified optimal computing unit is found, which
preserves its optimality and can not be improved in order. The actuality of the problem studied
here is that, firstly, the class W5'® is a finer scale of classifications of periodic functions by the
rate of decrease of their trigonometric Fourier coefficients than the anisotropic Sobolev class in
the power scale W3, secondly, the set of computing units (Z(N ), p ~) with linear functionals is a
fairly wide set containing all partial sums of Fourier series over all possible orthonormal systems,
all possible finite convolutions with special kernels, as well as all finite sums of approximation used
in orthowidths, linear widths and greedy algorithms.

Key words: optimal recovery, optimal computing unit, limiting error, exact order, anisotropic
Sobolev class, trigonometric Fourier coefficients, linear functionals
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W,® knacel pyHKIMANAPBIHBIH, ONTAMAJIALI KAJIBIITACTBIPYBI TYpPAaJIbl

Byn xymbicra THABOEPTTIK MeTpHUKala [Ioperke — JOTrapudMIiK IMKAJaJArbl aHU30TPOIITHI
Cobones Wy™ kiachl QyHKIMAIAPBIH ONTHMAJ/Bl KAJIBIITACTBIDY ecebl INMenmiareH »KoHe
ONTHUMAJIJIbI €CelTey arperarTblHBbIH IIeKTIK Kareiri tadbuirad. CoOHBIMEH, MyHJa KeJjieCi HOTHU-
xkeqep anpiaran: 1) f € W,'” dyHKIUsIApbIH KApPaCTBIPBII OTHIPFAH KJIACTA AHBIKTAJPAH
CBHI3BIKTHIK, (DYHKITMOHAJIIAD MOHJEPl apKbLIbl KYPBLIFAH €CEITey arperarTapbIMEH OINTUMAJIIbI
KAJIBIITACTBIPYIAFbl KATEMIKTIH J191 peri raraiibingasran; 2) Tarafiblapairan 190 peri kysere
achIpaThIH eCcelTey arperarbl afiKplH TypJe Kasblibll Kesripiiren; 3) Kepceriiren onrumasiisi
€CerTey arperaTbIHbIH OHBIH, ONTHUMAJIBIFBIH CAKTAUTHIH KOHE peTi OONBIHINA KaKCapMaWThIH
mekTiKk Karesiri Tabpurad. OCbIHIa 3epTTENIl OTBHIPBLIFAH €CEITiH, ©3eKTLIr MBIHA KalTTap
apKbLIBl TYCIHIIpifei: OipiHImigeH, meproAThl (QYHKIUIAPIbI OJIAPIBIH TPUTOHOMETPUSLIBIK,
Oypre K03DDUIMEHTTEPIHIH, KeMy KbUITAMIBIFBI OOMBIHINA KJIACCU(PUKAIMASAIAL CUIATTAYIA
Wy® KIacel opezkestiK MIKATaIarbl aHu30TPONTHI W3 KIIACHIMEH CAIBICTBIPFAHIA JIOJI OPi TEPeH
IMKAJIAIAFbI KJIACC OOJIaJIbI, eKIiHIMIIEH, ChI3BIKTHIK, (DYHKIIMOHAJIAPTa CONKEC (l(N ), p N) ecerrey
arperaTTapbIHbIH KUBIHBI JKETKUTIKTI K€H >KUbIH OOJIBIT TaObLIa Ibl, OUTKEHi, OYJI 2KUBIH KypaMbIHA
0apJIbIK, MYMKIH OpTOHOPMAJIAHFaH XKyiienepre coiikec Pypbe KaTapaapbIHBIH OapJbIK jepbec
KOCBIH/IBLJIAPBI, apHAiibl ©3eri 6ap aKbIPJIbl KOHBOJIIOIUSLIAP, COHBIMEH Oipre, opTomuameTpJliepie,
CBIBBIKTHIK, IHAMETPJIEPIe YKoHe TPUIN aJITOPUTMIAEPIET] XKYBIKTayIapia KOJIIAHBLIATEIH OapIIBIK,
aKbIPJIbl KOCBIHJIBLIAP Kipe/Ii.
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O6 onTuMasbHOM BoccTaHOBJeHNU (yHKIMit u3 kiaacca W,

B nmammoit pabore B ruianbepTOBOi METpHKE peIleHa 3aJatda ONTHMAJbHOTO BOCCTAHOBJICHUS
dbynkuumit n3 anusorponnoro kiacca CoboseBa B cremeHHO — Jorapudmmyeckoil mxame Wy
10 3HAYEHUSIM JIMHEHHBIX (DYHKIIMOHAJOB U HalijIeHa IIpeje/ibHasl IIOIPEIIHOCTD OINTHMAJIBHOIO
BBIUUC/IATE]LHOTO arperara. TeM caMbiM, 37€Ch HOJIyYeHbI CJeLyIolue pe3yabrarsi: 1) Ycra-
HOBJIEH TOYHBINA MOPSJIOK TOTPENTHOCTH ONTUMAJIBLHOrO BOCCTaHOBJIeHus dynkmmii f € Wy
BBIYHCJIATEIFHBIMA ArperaraMu, HOCTPOECHHBIMH II0 3HAYEHUSIM JIMHEHHBIX (DyHKIIMOHAJIOB,
OLIPEJICJICHHBIX HA DpAaccMaTpPUBaeMOM Kjacce; 2) B sBHOM Bue BBIINCAH BBIYUCIATEIIbHBIH
arperar, peasju3yIONiii yCTaHOBJIEHHbIH TOYHBIN nopsoK; 3) Haiijena npejespHas HOrpenHocTb
YKA3aHHOI'O OIITHMAJBHOIO BBIYUC/IUTEIBHOIO arperara, COXPAHSONAs €ro ONTUMAJbHOCTb U
HeyJIydIaemMasi 1Mo NOpsiKy. AKTYaJIbHOCTh U3ydaeMoil 3/1eCh 3a/a41 3aKII0UaeTCsl B TOM, YTO BO
— mepBbIx, Kitacc Wy'® sBisercst Gostee TOHKOI MKaJI0i Kaccudukanmii mepromaecknx QyHKIHit
110 CKOPOCTH YOBIBaHWS WX TPUTOHOMETpHIecKuX Kodddurmentor Dypbe, deM aHM30TPOITHBIH
kjacc CobosieBa W3 B CTelleHHON INKaje, BO — BTOPBIX, MHOXKECTBO BBIYHCJIUTE/ILHBIX ArDeraToB
(IMN) N ) ¢ mumeitnbiMu yHKIHOHATAME SABJISETCS JOCTATOYHO MHPOKMM MHOXKECTBOM, COJIEp-
KAIMUM BCE YACTUIHBbIE CYMMBbI PsijioB Pypbe 10 BCEBO3MOXKHBIM OPTOHOPMUPOBAHHBIM CHCTEMAM,
BCEBO3MOKHBIE KOHEUYHBIE CBEPTKH CO CIIEIUAJHHBIMU $IPAMH, & TAKXKE BCE KOHEUHBIE CYMMBI
IPUOIMKEHNsI, UCIOJIb3YIONINECs B OPTOIOINEPEYHNKAX, JUHEHHBIX ITOIEPEIHUKAX U IKATHBIX
aJIrOPUTMaX.

KurouyeBbie ciioBa: onTuMajbHOE BOCCTAHOBJIEHUE, ONTHUMAJIBHBIN BBIYUCIUTEIBLHBIN Arperar,
npeJiesibHasl MOTPEIIHOCTh, TOYHBIN TOPSIOK, aHM30TPONHbI Kjaace CobosieBa, TPUrOHOMETPIYe-
ckre kodpdurmentsl Oypbe, TUHEHHBIH DYHKITTOHA

1 Introduction

The problem of optimal recovery of functions of class F' = {f(x) : z € Q} by the values
l;&)(f), . ,l](\]fv)(f) of linear functionals ZJ(VI) F—=C, ..., l%v) : ' — C consist in establishing
the exact order of quantity

6N(LN7F7 Lq) = inf 5N((Z(N)7SON)7F7 Lq)u (1)

(l(N)ﬁON)ELN
where L7 = L9() is a set of measurable functions on 2 with finite norm

1/q
[lf(@)|2de ), if 1<q<oo;
[flle = \&
sup vrai| f ()], if ¢= o0,
ISy

(1, ow), 1) = sup |£) = on () (1), 0715
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©n — an arbitrary function such that on(7,...,7n;2) € L7 as a function of z for any
T AN =1 = ), (), Ly = {199} x {en )

Here we note that by ‘establishing the exact order of quantity ’ we should understand
finding a positive sequence {¢n}n>1 such that for some constants A; > 0 and Ay > 0
independent of NV, the inequalities A1y < dn(Ly, F, L?) < Astpy are satisfied for all V.

Everywhere below, the pair (IV), ¢x) € Ly will be called a computing unit, and the pair
(l~(N ), Pn) € Ly that realizes the exact order of quantity , an optimal computing unit.

The quantity was first considered in [1| when recovering analytical functions in the
L? metric. Then the research of the paper |1] was continued in [2]. In [3], the relationships of
the quantity with the known quantities - the Kolmogorov width, the Gelfand width, and
the linear width - were studied. Further, in [4] - [§] the exact orders of (1)) were established
with an indication of the optimal computing units. Moreover, in [6] and |7], in addition to
establishing the exact order of , the limiting errors of the optimal computing units were
found (the definition of the limiting error is given below).

In [8], the Sobolev class W5'® in the power-logarithmic scale was considered for the first
time, and under certain conditions on the vector o = (a, ..., as), a theorem on the optimal
recovery of functions from the considered class in the metric of the space L?,2 < ¢ < o0
was formulated. Here we managed to remove these conditions on the optimal recovery in the
metric of L? and to find the limiting error of the optimal computing unit.

2 The definitions of the class W,* and of the limiting error

First, we agree on the notation used. As usual, [a] denotes the integer part of a number
a,m = (my,...,ms) € Z° |J| denote the amount of elements of a finite set J. Here and
throughout the text, for each vector r = (rq,...,7s) with positive components , we set

A=Ay, 1) = (1 4+ 1/r) "

For positive functions f(x),x > 1 and g(z),z > 1 the notation f(z) < g(z) will mean the
existence of some quantity C' > 0, independent of the variable z, such that f(x) < Cg(x)
holds for all x > 1. And the simultaneous fulfillment of inequalities f(x) < Cg(x) and
g(x) < Cf(x) is written as f(z) =< g(z). Everywhere below, the symbol [J will denote the
end of the proof.

Let be given an integer number s > 2, vectors r = (rq,...,rs) and a = (aq,...,qs)
such that r; > 0 and «; € R for each i = 2,3,...,s. The anisotropic Sobolev class W, =
Wyt 1]% in a power — logarithmic scale, by definition, consists of all summable on
a cube [0,1]° and 1 — periodic by each variable functions f(x) = f(z1,...,zs), that satisfy
the condition

A 2
S || @ e 1) o 2 4 1) < 1,

mezZs

where f(m) = [ f(z)e >™™Ddz,m € Z* are the trigonometric Fourier — Lebesgue
[0,1]°
coefficients of the function f,m; = max{l;|m;|} for each j =1,...,s.
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For each f € F calculating the values l%)(f), . ,ZEVN)(f) of the functionals ZJ(VI) :F —

C,... ,l](VN) : ' — C, with few exceptions, cannot be exact. Therefore, for the optimal
computing unit (Z(N ), &), the problem arises of finding the error £y in calculating the values
[](\})(f), . ,ZE\],V)(f) functionals Z](\}) F — C,...,ZNEVN) . F — C, that preserves optimality
(I™), &) and cannot be improved in order. The definition of Zy was first given in [9] within
the framework of the study «Computational(Numerical) Diameters. There, the error £y
was called the limiting error of the optimal computing unit (I™Y), &y ). Further, in [10], an
equivalent definition of €y was formulated within the general formulation of the problem of
recovering the operator 1" : F' — Y, where F'is a functional class, Y is a normed space. Now we
present from |7] the definition of the limiting error, stated at T'f = fand Y = L9, g € [2, +o0].

The limiting error of an optimal computing (I(V ), ©on) is defined as a sequence £y > 0 such
that

AN(gN,<l~(N),§5N),F,Lq) ~= (5N(DN,F Lq) and
———An(nEn, (W), 3y), F, L9)

I
N o on(Dy, F, L9)

for any arbitrary slowly increasing to 400 positive sequence {ny}y>1, where
AN(‘€N7 (i(N)7 SEN)J F7 Lq) =

FO) = En @) +9Pen, - () + 28w )|

= +00

= sup sup

TeF i<t b <1

.....

for each positive sequence .

3 Formulations of the obtained results

Further, for the sake of brevity, we will use the following notations
On(Ln) = on (L, W5, L2), o5 ((I™), &) = on (17, &), W5, L),

AnEw, (N, 68)) = AxEn, (I, 8n), Wy, LP).
We have proved the following two theorems.

Theorem 1. Let the number s € N\1, vectors r = (ry,...,rs),r1 > 0,...,7s > 0 and
a=(a,...,as) € R® be given, and let \= (1/ry + -+ 1/r )"t > 1/2,

N; = N;(K) = [KM7i(In K)Me/rottes/ra)/ri(y [()=ei/ri) K > 2

foreachi € 1,...,5,N = N(K) = [[(2N; + 1). Then there exists a quantity Cy > 0 such
i=1

that for all integers K > Cy the relations

1

N (In N)Mea/rit—tas/rs)’ (2)

On(Ly) == On((I™), Zy)) ==

hold, here, the computing unit (Z(N), ©n) is defined by the equalities

N
() = FmD), 106 = FY) (e awi) = ) 2t

T=1
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where {mM,m® ... mMY is some ordering of the set
AK:{mGZS : |m1’ SNla"'7|mS| SNS}
Theorem 2. The quantity ey = NAH/Q(IHN)A(imﬁ..‘msm> is the limiting error of the
optimal computing unit
N
o ~ ~ 50 (N ~ (1) ,2mi () x
(™, n) = Bn(N (), - IR (i) = Y f(mD)emione),
T=1
1.€.
An(En. (N, 5x)) =< dx(Ly) (3)

and for any arbitrarily slowly increasing to +00 positive sequence {nyx)}k>1 the equality

AN(T]Ng]\ﬁ (Z(N)a [;EN))

li = 4
K1~I>n<>o 5N(LN) 00 ( )
holds.
Remark 1. Relations () under the conditions 1/ min{ry, r1+a; }+- - -4+min{r, ri+a,} <
2 andr;+a; >0 =1,...,s) on the vector a = (ay, ..., ) obtained in [8].
Remark 2. In the case oy = g = -+ = a5 = 0 the main results of the article [6] follow

from Teorems 1 and 2.

4 Auxiliary statements

Lemma 1 (see, Lemma 1.2.4 from [11]). For each v € R there exists a quantity Cy(y) > 2
such that for all integers K > Cy(v) the relation In(K In” K) =< 1In K holds.

Lemma 2. Let a number B > 2, vectors v = (r1,...,1r5),r1 > 0,...,74 > 0 and o =
(aq,...,05) € R® be given, and let v; = a1 /r1 + -+ 4+ as/rs — /X for each i € {1,...,s}.
Then there is an integer Ko > 2 such that for all integers K > max{C}(v;), Ko} the relations

In(BN;) »<InK ~<InN(i=1,...,s), (5)

hold, where N; = N;(K) = [KM7i(In K)MNev/nttas/r)/ri(ln K)=/"] for each i =
L,...,s, N=N(K)=J[(2N; +1).
i=1
Proof. Since for each i € {1,..., s} the equality

lim K7 (In K)MNe/rittres/m/ri(in [O)=e/m = fog

K—o0

is true, there exists some integer Ky > 2 such for all integers K > Kj the inequality
KA7i(In K)Mea/rit+as/rs)/ri(In )~/ > B holds. Therefore,

In(BN;) < In (BKM"(In K)Mer/mtteas/ra)/ri(y ) =ei/m) <
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2\
< 21In (KMri(In K)Mea/mttas/r)/r iy jO)=ea/7) < Z2 In(K In” K) (6)
T
It is clear that
A
In(BN;) > In (K7 (In K)Mew/rittas/ra)/ri(In 0)=ei/7) > = In(K In" K). (7)

T
According to Lemma 1, for all integers K > Ci(7;) the relation In(K'In" K) >< In K is
valid. Therefore, due to (6) and (7)), for all integers K > max{C(v;), Ko} the relation

In(BN;) =< InK,ie{l,...,s} (8)

holds. From the definition of number N; and the equality N = JJ(2N; + 1) the inequalities
i=1

K < N < 2%K easily follow, hence, taking K > 2 into account, we obtain In K < In N <
(2s +1)In K, which together with (8) will lead to the relations (f]). O

Lemma 3. Let be given numbers r > 0,8 # 0 and a positive, strictly increasing on
the interval (Cy,+00) function ¢(0), where Cy > 1. If for some C3 > 0 and Cy > 0 the
inequalities

C30" 10" (20) < (8) < C40" In(26), (9)

are true for each § € (Cy, +00), then there exist positive quantities Cs > 1,Cs > 0 and C7 > 0
such that the inequalities

0651/7. ]n_ﬂ/r(25) < o*(8) < 0751/r ln—ﬂ/r(25>7 (10)

are satisfied for all 6 € (Cs,+00), where ¢* is the function inverse to .
Proof. Let us prove the lemma for case 8 > 0 (in the case § < 0, analogous arguments
are carried out). Let

Cs = (rPCyHYr and  Cr = (rPCy 28V (11)
Since

JLim 5T In=P"(26) = 400, (12)

—+00

there exists a positive quantity Cs > Cy such that the inequality Cgd/" In™" / "(20) > Cy is
satisfied for all § € (Cs, +00). Therefore, by virtue of the right-hand side of (9], we obtain

C4CE51In~"(26)
B

©(CedY" In=P/m(26)) < In”(C5o1In~"(26)). (13)

Since lim In"?(20) = 0, then for some positive Cy > Cg the inequality In""(20) < Cy" is

d—+o00

satisfied for all § € (Cy, +00). Consequently, continuing , taking into account the first
equality from (1)), for all § € (Cy, +00) we have

Cs0" In=P/"(26) < ¢*(6). (14)
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According to ((12), there is a positive quantity Cjy > C3y such that the inequality
Cro/T lnfﬁ/r(%) > (5 holds for all § € (Cjp, +00). Therefore, by virtue of the left part
of @D, we obtain

—p
on(C70Y In P/ (26)) > C3C75i2 (29) In”(C261n~?(26)). (15)

Since 61im C';\/gln_ﬁ(%) = 400, then there is a quantity C1; > Cj¢ such that for all
——+o00

d € (C41,+00) the inequality CT VoIn™?§ > 1 is satisfied. Therefore, using and second
equality from we arrive to the inequality

C70Y" In P/ (26) > ¥ (6). (16)

Now, if we take C5 = max{Cy, C11}, then by virtue of inequalities and , the
inequalities are satisfied for all 0 € (C5, +00). O

Lemma 4. If A > 1/2, then the trigonometric Fourier series of each function f € Wy*
converges absolutely.

Proof. It is clear that for all 6 € [1,+00) the relations

In(1+ ) =< In(2) =< In(A9) (17)

hold, where A > max{2,e/m .. e~%/m} Using Holder inequality and the definition of
class W5 for every = € [0, 1]* we have

Y fmyem <y | f(m

mezs mezs

. 1/2
Z 2|2 — 2y 12 : (18)
TP Int(my + 1) + -+ + M In** (s + 1)

mEZS

Let wy(z) = (1/In® A)x™ In* (Az), ... ,ws(z) = (1/In* A)x™ In®(Az) for all x > 1. Then
by virtue of and we obtain

1/2
; 1
Z [Fm)] < (Z wz(m1)+~~+w§(ﬁs)> . (19)

mezs mezs 1

The functions wy,...,ws strictly increase on the interval [1,+o00). Indeed, for each i €
{1,...,s} we have

wi(z) = (1/In* A)(r; In(Ax) + a;)z" " In® ! (Az) >

> (1/In% A)(r;Ine™ /" + a;)a" " In% " (Az) = 0.

Further, denoting by w? the inverse of the function w;, for each p = 1,2,..., we define the
set X, ={m e Z°: |my| < wi(w(2p)),...,|ms| < w!i(w(2p))}, where w is the inverse of the
function w*(x) = wi(x) X - -+ X wi(zx) strictly increasing on [1, +00).
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For m = (mq,...,ms) € X,11\X, there is an index 6 € {1,..., s} such that
Mgl = w;(w(2%)) & wyllme]) = w(2).

Therefore, taking into account the inequality wi (M) +- - -+w?(Ms) > wj(My) and the relation
| X1\ Xp| =< 2P for all p=1,2,... we obtain

1 op
Z wi(m) + - - - + w2(7,) < w2(2p)’ (20)

mEXp 11\ Xp

p—1
If we put Xy = (), then according to equality X, = | (Xx+1\Xk) we have

1
Z W2(my) + -+ + w2(msy)

mezZs

p—1
1
= li .
D DD D ARSI

K=0 mEXK+1\XK
Therefore , by virtue of the inequality

1 <. 2K

> T T ) <<K§m (21)

mezs

is true. According to Lemma 3, there exists a quantity C5 > 0 such that for all integers
K > (5 the inequalities

(.U(QK) > 2)\K ln)\(al/rl—l-m—‘,-as/rs)(g . 2K> Z QAK(K + 1)/\(a1/r1+--.+as/7's)

are satisfied, whence,

2K 1
Z w?(2K) < Z 220 DK (K 4 1)2Maa/rit+as/rs) < o0, (22)
{K:K>C12} {K:K>C12}

since for A > 1/2 the last series converges according to D’Alembert’s criterion. As a result
of , the series KX—:O#;(K) converges. Therefore, due to and for A > 1/2 the

trigonometric Fourier series of each function f € W, converges absolutely. [J

Lemma 5 (see, Lemma A from [12|). Suppose we are given an integer s > 1. Then, for
each integer N > 1, the following assertion holds: for any set G = {m™, ... ,m(N/)} cC Z°
such that N' = |G| > 2N and |G| =< N, and for arbitrary linear functionals ly,...,Ix
defined at least on the set of all trigonometric polynomzals with spectrum in G, there exist

complex numbers {c;, satisfying the condztzons ck > N ck 2 = N, moreover, if
P k 1 ying 3

x(z) = 2 o™ D) then 1, (x) =0, ..., In(x) =0 and ||x||z~ > N, x|z = VN.

k=1
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5 Proof of theorem 1

Next, we will consider integers K > Cy = max{C1(71),...,C1(7s), Ko}. Since

9’5]\7 (Z](\}) (f) l(N ) Z f 27rz(m(") Z 27rz(m @) )

cAk
then according to Lemma 4 the equality
f(z) — N <l~§\})(f), LI ) S fm)eteion) (239
mGZs\AK

holds. For any m € Z°\ Ak there is a number v € {1,..., s} such that |m,| > N,.. Therefore,
taking into account the monotony of the function w,, we have

1
m%rl In2* (ml 4 1) et mzrs 1n2os (ms n 1)

<

1 1 1
< < < : 24
wi(my) + - +wi(m,)  wi(m,)  N2vIn’*(AN,) (24)
Due to the definition of the number N, and the relation the inequality
N7 In® (AN,) > N*(In N)Mea/rittas/rs)
is true. Therefore, continuing the inequality we obtain
! <
my In®* (M + 1) 4 -+ -+ W2 In®* (M, + 1)
1
b (25)

N2\ (In N )2\ @ /mtras /)

From , by virtue Parseval equality, the definition of the class under consideration and
the equality , follows

= (i 7N)(fy. 1
|70 =& (@, B0 ) |, < e (26)
wherefrom we have
1
j(N
5 ((l 7SON)) N)\ (ln N) 041/T1+~~+O¢5/’r‘5) ‘ (27>
Let the function on(z1,...,2zn;y) : CV x [0,1]* = C and linear functionals lj\} ,...,l%v)
defined on class W5'® be given and let Gy = {m € Z* : |my| < [Mi],...,|ms| < [M;]}, where

M; = NM7mi(In N)Mea/rittas/rs)/ri(In N)=/m for each i = 1,2,...,s. Since the inequality
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|Gn| > 2N and the relation |Gy| =< N are valid for Gy, then by virtue of Lemma 5 for

linear functionals l%), e ,l%v) there are complex numbers ¢,,, m € Gy such that
> leml =N, (28)
meGN

moreover, if [[y(z) = 32 ¢me™ ™) then I{([Ty) = 0,..., 1" () = 0 and

meGN

1L,

Let’s consider the function

L VN. (29)

1
gN(ZE) - N)\+1/2<1n N))\(a1/7"1+~~+as/r5) HN(:E)

Taking into account the definitions of the numbers M;,i € {1,...,s} and equality we
obtain

ST (g (m)? (M W @ 4 1) - (w4 1)) <

meGN
< L E lem)? < 1
N " '
meGN

Therefore, for some Ci3 > 0 the function fy(z) = Cizgn(z) belongs to class Wy, Further,
using the equality , we find

1
[fnllze > N (In N),\(al/r1+~-+as/rs)' (30)
. r;a (1) _ (N) _
Since fx € Wy and I’ (fn) =0,...,15y '(fv) =0, then
swp [ £0) = en (), )|, 2
fewy® L
1
2 U ) = om0 00l e + (=) () = (0, 05) ) 2 (vl e
wherefrom, taking into account , we obtain
1
On(Lyn) > (31)

N (In N)Mer/mt-Fas/r)”

Consequently, by virtue of the inequalities o5 (Ly) < dx((I™), @y)) and (27) the relations
hold. [J
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6 Proof of theorem 2

For arbitrarily given numbers |7](\;)| < 1(r =1,...,N) the inequality

|76 = @@ + 988w, D + 88w )|, <
N
~ (71 (N T)\~ wi(m (™).
< | rO = En @, WD)+ DA (32)
=1 L2
holds. It is clear, that
al 1
Nz 2w
Z( N JEne < N,\<lnN),\(al/m+~--+as/rs)‘
=1 2
Therefore, according to inequalities and , we have
|£6) = v @) + Ve, B0 + V8|, <
1
< NI NP @t taafr)
wherefrom, due to the arbitrariness of the numbers 7](\;) (r =1,...,N) and the function f
follows
~ AN) ~ 1
DG, (I, 5w)) < (33)

N (In N)Mer/mtFas/re)”

Since oy (Ly) < On((I™M, &x)) < An(En, (I, By)), then using and we arrive to
(3)-

Further, for each integer K > Cj we take Sk = min{ny,In N} and define the set
Hyig ={me Z°: [i] < |mq| <2[J1],...,[Js] < |ms| < 2[Js]},

where N = N(K),ny = {nn)}r>1 is a positive sequence arbitrarily slowly increasing to
+00,
Jy = NMri(In N)Mea/nttas/r)fri(yy Ny=es/rig Wi =1 g).

Since Klim Bx = 400, there exist some quantity C4 > Cj such that for all integers K > C4

——+o00

the inequality

Bk >1 (34)

holds. For an arbitrary vector m = (mq, ..., ms) € Hg the inequality

In*(Am;) < In® N, (35)
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is true, where «; € R and m; = max{1l;|m;|} for each i € {1,2,...,s}. The validity of the
last inequality is established using Lemma 1 and inequalities In™"/" N < B;{l/ " < 1. Using
for any vector m = (my,...,m,) € Hx , we easily obtain

My In® (Am;) < N (In N)Mea/rtas/ra) g1, (36)

Now, for each K > C14 we consider the function hx(z) = Brenx Y. €™ Due to
meH g

inequalities |Hg| < N - 8>, 1/A > 0, and (34) we have
N7 e (m) P 2 ([ + 1) + - I (7 + 1) <

mEHK
1
<<— Yol g <L
mEHK /B

Therefore, for some Cy5 > 0 the function tx(z) = Cishk(z) belongs to class Wy, It is clear
that

1 1-1/(2) (37)

”tKHLQ > N’\(ln N)/\(al/r1+---+as/rs) K

Let

~(T tk m<T) (1 _gK m(T)
o )

ENTIN ENTIN
v =A™ on) () = FmD), 17 (F) = fm™)y

for each integer K > (4. Since

AP <1, 0] < 1k (m™) + v 7Ven = 0, (=) (mD) + q7 P e

for any 7 € {1,..., N}, then for every computing unit (I'"), py) € ®x we have

en=0

sup sup
FEW WP I<1, ey §Y|

f(m““) A -)] >

L2

> maX{HtK(‘) — on(tr(mY) + %(\})UNSNN, ot (m™)) + FunnEn; )’

Y

L2
(=t = en((=t) D) + 7w, (<)) + 78 mwEws )| ) =
= max {[[tx(-) = on (0., 0 )2, [[(=t) () = on (0, 05)[ o} = It o (38)
Comparing inequalities and , for any computing unit we obtain
An(nven, (™, o)) > on(Ly) - B . (39)
Since 1 — 1/(2)) = &1 > 0, then hm Bl V@Y = 400, Therefore, due to , for each

(IN) py) € ®y we have

HAN(UNgNy (Z(N)a ‘PN))

K—o00 5N<LN)

Since (I™), Gy) € dy, then from (40) the equality (4) follows. [

= +00. (40)
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7 Conclusion

When considering the class W,'® in problems of optimal recovery of functions and finding
limiting errors, in contrast to the multidimensional Sobolev classes with a dominant mixed
derivative SW, Korobov E and the isotropic Sobolev class W both the exact order
and the limiting error €y do not depend on the number s of the variable functions
f(x) = f(x1,...,25) € W5 (see, for example, [4], [13], [14]). Therefore, the theorems
formulated and proven here are important results in approximation theory, numerical analysis
and computational mathematics.
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