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EXACT SOLUTIONS OF EQUATIONS OF THE TWO-PRIMARY-BODY
PROBLEM IN THE RESTRICTED THREE-BODY PROBLEM WITH
VARIABLE MASSES

This study investigates the translational-rotational motion of a non-stationary, axisymmetric body
of variable mass in the Newtonian gravitational field of two primary spherical bodies with variable
masses, formulated within the framework of the restricted three-body problem with variable
masses in a barycentric coordinate system. The masses of the bodies vary isotropically. The small
axisymmetric body may change its size and shape while remaining axially symmetric throughout
the process. The restricted formulation implies that the small body does not influence the motion
of the two primary spherical bodies with variable masses. The study focuses on the secular
perturbations of translational-rotational motion in the considered three-body system. Since the
exact solutions for the translational-rotational motion of the two primary spherical bodies with
variable masses in the barycentric coordinate system are unknown, the differential equations of
the two-body problem and those of the non-stationary small body are investigated jointly. Due
to the complexity of the problem, the translational-rotational motion of the three-body system is
studied using perturbation theory in analogues of Delaunay-Andoyer variables. Exact analytical
solutions of the differential equations for the secular perturbations of the translational-rotational
motion in the problem of two primary spherical bodies in terms of Delaunay-Andoyer variable
analogues are obtained. These exact solutions open the possibility of further investigating the
secular perturbations of the translational-rotational motion of a non-stationary, axisymmetric
body within the restricted three-body problem with variable masses.

Key words: Restricted three-body problem, variable mass, translational-rotational motion,
analogues of the Delaunay-Andoyer variables, perturbation theory.
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ITlekTesiren yuI JeHe Macejieci asicbIHAAFbI Maccajapbl alHbBIMAaJIbI €Ki Herisri geHe maceJieci
TeHAeyJIePiHiH HAKThI IIelniMaepi

Bya »xyMBICTa IIEKTeIreH VI JeHe eceDiHiH asChIHIa MaccaJapbl AifHBIMAJILI €Ki Heri3ri cdepasIbik,
JIeHEHIH HBIOTOHJIBIK, TAPTHIIBIC OPICIHIEr Maccachl alfHbIMAJIBI OeicTallnoOHAp OCTIK CUMMETPHSI-
JIBI KiImi JieHeHin OapUIeHTPJIIK KOOPAWHATTAD KyieciHmeri inrepigemesti-aifHaaMaIbl KO3FAIBICH
KapacThIpbLIaanl. Jlenesaep/iin Mmaccasapbl yaKbIT OOMBIHITA N30TPOITHI ©3r€PE/li, COHABIKTAH PeaK-
TUBTI KYIIITEp MEH PEAKTUBTI MOMEHTTED maii1a 60ommaitabl. Kiri ecTik cuMMeTpusiyIbl IeHeHiH, 01~
meMi MeH TiTTiHI yaKbIT OOUBIHING 63Tepe/li, OipaK opKallaH 6CTiK CHMMETPUJIbI KYHIH CAKTal b
[IexTenren ecenTiH KOMBLIBIMBI - Killli MaccaJsbl JIeHe €Ki Herisri cdepasiblK, JeHEeHIH KO3FaIbIChIHA
9cep eTHeNIri" cuuaTTaii/ibl. Byt XKyMbIcTa YIIT IeHeHiH Jie LIrepijgeMerti-aifHaJIMaIbl KO3FAJIBICHI-
HBIH, FACBIPJIBIK YHBITKYIaphl 3epTTeseai. Maccagapbl aifHBIMAJIBI €Ki Herisri cdepasblk JeHeHiH
OapUIEHTPJIIK KOOPIUHATTAP XKyieseri iarepimemeni-affHaaMabl KO3FAIbICHIHBIH, 191 MIeNTiMIepi
OeJirici3 GoJiFaHIBIKTAH, €Ki Herisri JeHeHiH »koHe OeficTarmoHap Kilni JjieHeHiH guddepeHiual-
JIBIK, TeHgieyJsiepi OipJiecint KapacThipbuiabl. MoceseHiH, Kypesiirine OailJlaHbICTBI VI JIeHeJ
KyiteHin irepinemeri-afinaamalibl Ko3rasbichl Jletone-Anyaiie aliHbIMAJIBIIAPBIHBIH aHAJIOTA-
PBIHIAFBl YHBITKY TEOPUsCHI 9icTepiMen 3eprresai. Hotmkecinme eki Herisri cdepasibik geHeHiH,
lIrepistemerti-affHaIMaJIbl KO3FAJIBICHIHBIH, FACBIPJIBIK YHBITKY TEHJIEYJIEPIHiH JI9/1 aHAJIUTUKAJIBIK
IIEITiM/IeP] AJIBIH/IBL.
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AJiblHFaH TIenniMJiep IIeKTeJIreH VI JieHe eceOiHIH asiChIHIa MACCAChl allHbIMAJIbI OeHCTAIMOHAD
OCTIK CHMMEeTPUSIIBI JICHEHIH, irepiieMeti-aifHaaMasIbl KO3FAIbICHIHBIH, FACBIPJIBIK, YIBITKYBIH 9pi
Kapail 3eprreyre MyMKIiHIIK Oepei.

TyiiiH ce3aep: meKkTeNren yIi ene Maceseci, aifHbIMaJIbl Macca, aifHAJIMAJIbI-1IrepieMeti Ko3ra-
sibicel, emone- Anjyaite affHBIMAIBLIAPBIHBIH, AHAJIOTTAPBI, YHBITKY TEOPUSICHI.

M. /Ix. Munriubaes, b.P. Acan*
Kaszaxckuii HanmoHa/IbHBIN yHUBEpcUTeT UM. ajnb-Papabu, Anmarsr, Kazaxcran
*e-mail: assanbalnur@gmail.com
TounHble pellleHusi ypaBHEHHI 33a4YM JIBYX OCHOBHBIX T€JI B OTPAHUYEHHO! 3ajade TpeX TeJ C
mepeMeHHBIMU MacCaMu

B pabore paccMOTpeHO NOCTyIIaTeIbHO-BPAIATEIbHOE JIBUXKEHHE HECTAI[HOHAPHOIO MaJIoro
OCECHMMETPHUIHOrO TeJIa MEPEMEHHOM MaCChl B HHIOTOHOBCKOM IT0JI€ IIPUTSKEHUS IBYX OCHOBHBIX
cepudeckux TEJI € MEPEeMEHHBIMH MacCaMU B paMKaxX OIPAHUYEHHOW 3aJadll TpeX TeJ C
[IEPEMEHHBIME MAaCCaMU B OapHUIIEHTPUYECKON cucTeMe KoopAuwHaT. Macchl Tesl MEHSIIOTCS CO
BpPEMEHEM U30TPOITHO, IMOITOMY He IOSIBJISIFOTCSI PEaKTUBHBbIE CHUJIbI U PEAKTHUBHBIE MOMEHTHI.
MaJjioe ocecuMMETPUYIHOE TeJI0 MOXKET MEHSITh Pa3Mephbl M (DOPMbI IIPU 9TOM BCE BPEMsI OCTAETCs
ocecuMMeTpudHbIM. OrpaHuveHHas MOCTAHOBKA 33/a9M XapaKTEPU3YeTCs TEM, UTO MAJIOE TeJIo
HEe BJIMsIET HA JIBUIKEHUE JBYX OCHOBHBIX ChEpHUIECKHX Tejl ¢ HepeMeHHbiMEu Maccamu. Vccite-
JLyeTCsl BEKOBBIE BO3MYIIEHUs IMOCTYIATEHHO-BPAIIATELHOIO JIBUXKEHUS B PacCMATPUBAEMON
npobJjieMe Bcex Tpex TeJl. PellleHusi mocrynarebHO-BPAIlATeIbHOIO JIBUYKEHHUSI JBYX OCHOBHBIX
cdepruueckux TeJI ¢ IepeMeHHbIMI MaCcCaMy B OapUIIeHTPUIECKON cucTeMEe KOOD/IMHAT HEN3BECTHA,
moaToMy JuddepeHInalbHble yPABHEHNS 33 a9d IBYX OCHOBHBIX Tes u auddepeHInajibHbie
YPaBHEHUS HECTAIMOHAPHOTO MAJIOTO TeJIa UCCIeayeTcs coBMecTHO. [Ipobiema citoxnast, mosToMy
[IOCTYHATEbHO-BPAIATEILHOE JIBUZKEHNE CHUCTEMBI TPEX TeJl WCCJIEeLyeTCss MeTOJaMU Teopuit
BOSMyIILeHI/Iﬁ B aHaJIOraX IepeMeHHbIX ﬂeﬂOHe—AHﬂyaf/’Ie. BbIJII/I IIOJIy9€HbI TOYHBbIC aHAJIUTUICCKIE
pernenns auddepeHnraabHbIX YPABHEHIIT BEKOBBIX BO3MYIIEHUN IOCTYIIATEIbHO-BPAIATEBHOIO
JIBUZKEHUS 3aJIa9U JBYX OCHOBHBIX C(HEPUUECKUX TEJI B AHAJIOTax NepeMeHHbIX Jlejone- Anyaiie.
OTH pelieHnss OTKPLIBAIOT BO3MOXKHOCTH JTAJIBHEUINEr0 HCCJIeIOBAHNS BEKOBBIX BO3MYIIEHU
[MOCTYHATEHHO-BPAIATEILHOTO JIBUYKEHUsT HECTAIIMOHAPHOTO MAJIOTO OCECHMMETPUYIHOTO Tejia B
paMKax OrpaHMYEHHON 33/1a91 TPEX TEJI ¢ MEPEMEHHBIMU MaCCAMMA.

KurouyeBbie ciioBa: orpanwdeHHas 3ajada TPEX TeJ, EePEeMEeHHasi MacCa, MOCTYIIATeIbHO-
BpallaTesibHOe JIBUXKEHNE, aHAJIOrbl lepeMeHHbIX Jlesione- Arjyaite, Teopusi BO3MYIICHMUSI.

1 Introduction

The investigation of the impact of the variability of celestial bodies’ masses on the
dynamic evolution of gravitational systems is a relevant problem in modern astronomy and
astrophysics. In this paper, we investigate the celestial-mechanical formulation of the problem
of the translational-rotational motion of a non-stationary axisymmetric small body in the
Newtonian gravitational field of two primary spherically symmetric bodies with variable
masses and radius in a restricted formulation.

The masses of the bodies are variable, with the laws of mass variation being arbitrarily
prescribed functions of time - m; = mq(t), my = ma(t), mg = ms(t). In the general case, the
mass changes occur isotropically but at different rates

i (t) |, 1a(t) |, ma(t)
mi(t) © ma(t) © ms(t)

no reactive forces or reactive moments appear. A small axisymmetric body can change

its size and shape, has three mutually perpendicular planes of symmetry, and remains
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axisymmetric at all times. In this work, the restricted form of the problem is characterised by
the fact that the small body does not affect the motion of the two primary spherical bodies.

A brief overview of studies related to the present work is provided. The formation and
dynamical evolution of planetary systems is a central theme of modern astronomy. The
influence of single and binary stars on planet formation is of great importance, since nearly
half of all stars are found in binary or multiple stellar systems. One of the most effective ways
to assess this influence is to obtain an accurate picture of the population of binary stars. In [1],
an extensive database was created as a result of a comprehensive literature survey, in order to
carry out a complete census of all known binary stars hosting planets to date. The database
includes the characteristics (orbit or separation, stellar masses, dynamical stability, etc.) of
759 systems (including 31 circumbinary systems), which is nine times larger than the previous
complete census of binary stars with planets. Among the 728 S-type systems, 651 are binaries,
73 are triples, and 4 are quadruples.

Binary stars are considered key natural laboratories for the study of stellar physics, which
explains their inclusion in photometric space observations starting from the very first orbital
telescope launched in 1968. The review |2| follows the history of binary star observations and
the scientific insights gained, beginning with the early ultraviolet missions, moving through
the phase of mission diversification with various satellite projects, and reaching the present
stage of large-scale surveys focused on planetary transits. Over this time, detached, semi-
detached, and contact binaries have been studied, comprising stars at different evolutionary
stages—dwarfs, subgiants, giants, supergiants—as well as compact objects such as white
dwarfs and neutron stars, often accompanied by planets or accretion disks. Modern surveys
have uncovered a wide range of phenomena, including pulsating stars in eclipsing binaries and
systems that host transiting planets. Particular emphasis is placed on eclipsing binaries due
to their high scientific value, and on the most recent missions, which, owing to their extensive
sky coverage, provide unique opportunities for comprehensive astrophysical research.

A group of researchers from NASA’s Eclipsing Binary Patrol citizen science project [3]
has published a catalogue containing 10,001 eclipsing binary star systems. This discovery
significantly expands our knowledge of stellar physics and formation processes, and opens up
new opportunities for the search for exoplanets.

In [4], an interesting object was discovered 70 light years from Earth: the amazing world
of the v Octantis system, an exoplanetary system consisting of binary stars and one planet.
The main star there is slightly more massive than the Sun, and its companion is a white
dwarf. The planet, squeezed into a narrow space between the binary stars, not only exists
in a complex gravitational environment, but also has a retrograde orbit. The main star is a
subgiant, 1.6 times more massive than the Sun, and the second is an object with a mass of
about half that of the Sun. They orbit each other with a period of 1,050 days.

In [5], a unique planet was discovered in the 2M1510 system. The planet’s orbit is almost
perpendicular to the plane of the binary stars’ orbits. The shape of the planet itself is normal,
but it has an unusual orbit. There are three brown dwarfs in the system — too large to be
planets, too small to be full-fledged stars. Two dwarfs revolve around each other, while the
third, located further away, revolves around both of its companions. Planet 2M1510 b, which
has attracted the interest of scientists, is in a polar orbit around the two central brown dwarfs.

In [6], the classical dynamics of binary stars undergoing mass exchange between them is
studied. Assuming that one of the stars is more massive than the other, the dynamics of the
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lighter star is analysed as a function of its mass change over time. Within the framework of
approximations and mass transfer models, a general result is obtained which establishes that
if the lighter star loses mass, its period increases. If the lighter star gains mass, its period
decreases. Such non-stationarity in the dynamics of binary stars can significantly affect the
dynamic evolution of planetary systems around binary stars. We also note a two-volume
fundamental monograph devoted to close binary stars |7]. In the book [8], the evolution
of the rotational motion of a rigid body about its center of mass is examined under the
assumption that the body’s mass and dimensions remain constant. The rotational motion of
a triaxial satellite about its center of mass with moments of inertia close to one another is
analyzed, and several interesting results are obtained.

This review shows that the development of celestial-mechanical models of non-stationary
binary stars and planets is a relevant topic.

This work is structured as follows. Section 2 presents the formulation of the problem
of translational-rotational motion of a non-stationary axisymmetric small body in the
Newtonian gravitational field of two massive spherically symmetric bodies with variable
masses and radius in a restricted formulation and the equations of motion. Section 3 provides
exact analytical solutions for the rotational motion of two primary bodies in variable Eulers.
Section 4 provides exact analytical solutions for the equation of secular perturbations of the
translational motion of the centre of mass of two primary spherical bodies with variable
masses in a barycentric coordinate system. In Section 5, analytical expressions for the
coordinates and velocities of two primary spherical bodies with variable masses are obtained
based on exact solutions of the differential equations of secular perturbations. The conclusion
highlights the main result of the work and further prospects for research.

2 Formulation of the problem

In this work considered translational-rotational motion of three non-stationary celestial
bodies with variable masses. There, P, P, are the primary spherically symmetric bodies
with variable masses and variable dimensions, whose motion is determined by the problem
of these two bodies with variable masses.

The third body Pj is axisymmetric small body, and does not affect the motion of the first
two bodies. The body P5 has three mutually perpendicular planes of symmetry. The principal
axes of inertia of the own coordinate system are directed along the line of intersection of the
three mutually perpendicular planes, and this position is preserved during evolution.

Assumptions and differential equations of the problem in the barycentric coordinate
system were obtained in [9]. The equations of translational motion of two spherically
symmetric bodies in the barycentric coordinate system are as follows

~- .
T = —fmi— + AT + BT, (1)
i
where, f - gravitational constant, m; = m,(t) = mv} = mi(t)/m* v; = m;/m,m =
my +mo, Ay = 20 vy, By = U Jv; — 202 [v? i # 4,5 = 1,2.
The translational- rotational motion of two non-stationary bodies can be conveniently
studied in analogues of Delaunay-Andoyer variables [10], [11].
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Rotational motion of two spherical bodies with variable masses will first be considered in
analogues of Fuler’s variables. Euler’'s dynamic equations are greatly simplified due to the
spherical symmetry of the bodies and take the form [12]

d d d
A = B.q;) = = 2
dt( i) =0, dt( ;) =0, dt(Cn) 0, (2)

Accordingly, Euler’s kinematic equations can be written as

pi = W sin 6 sin @; + 6; cos @;, q; = Py sinb; cos ; — O;sin g, 7 = i cos b + @5, (3)

The equations of translational-rotational motion of a small non-stationary axisymmetric
body P; have the form

7;‘3 = gmngU + 121237%2 + 323772, (4)
d oU oU | sin s oU
A As —C = |=— — 0 —
dt( 3p3) — (A3 3) q3T'3 O cos 3&)03 s +COS<P38937
d oU oU | cospy | oU (5)
A Cy— A = | =— —cosd _ =
dt( 3q3) — (C3 3) I3D3 s COs 3&03 sin 0 S 3 965’
d
C
i\ Csrs) =
P3 = 1/.}3 sin 6’3 sin @3 + ég COS (;?3, qs = 7#3 sin 93 COS Y3 — ég sin ©Ys, (6)
r3 = 1Pg cos s + @3,
0—f m1+ +f(C )1 1—37§1+1—37§2 (7)
- T31 392 5 2 ’l“%l 7“%2
2A B
A23 = —— ng = —— +4A
1 151 1
T, — — 21— 2
Y31 = Q13 ° 4 azsyl ° 4 - 3,
T ilx Y 3 z Tilz
V32 = 13 2 S 2 3+a32 3, (8)
32 32 32

In equations - @3, - (6)), the notation used in [9] is retained.

Solutions for the translational-rotational motion of two primary spherical bodies with
variable masses in a barycentric coordinate system are unknown [13|, [14], therefore the
differential equations of the two primary bodies and the differential equations of the non-
stationary small body are investigated jointly. The problem is complex, so the translational-
rotational motion of a three-body system is investigated using perturbation theory methods
[15], [16], [17] in analogues of Delaunay-Andoyer variables.
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3 Exact analytical solutions for the rotational motion of two primary spherical
bodies in analogues of Euler variables

Note that the rotational motion of spherical bodies P;, P, has a simple solution, since
throughout its evolution, a spherically symmetric body retains its spherical density
distribution and spherical external shape.

From equations we obtain

Aip; = const = Ajopio,  Bigi = const = Bijpqio,  Ciri = const = Ciorip, 9)

From this follows the module of the kinetic momentum vector f?io, of the body P; a
constant value

Alp? + Biq} + Cir? = A3 (pzz() + g + 7%'20) = const = K}, (10)

Let the vector K be directed along the OZ axis, then the following formulas can be
written |1§]

Aipi = Aipi = Kjpsin; sin Qi = Kioq,
Biq; = Aiq; = K,psin0; cos p; = Koy, (11)
Ciri = Air; = Kjpcos0; = Koz,

Since Cﬂ’i = Aﬂ'i = AiOTiO = Ki(] COSs 92 = KiOz;

Cir; Kio. Ajor; T
cosf; = = 0 _ > 0 02 == —= 02 — = const (12)
K; K Aion/Pio + Gio + o V Pio T %o T Tio
Therefore,
Substituting into equations , we obtain
pi = Uy sin 6, sin g, q; = Py sin 6; cos ¢, r; = cos 0; + ¢, (14)

From the first equation and the first equation , the following solution of W is
obtained

pi = 1 sin 6; sin ;, Aipi = Kjosin0; sin ¢;, (15)
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From the last equation , we find the solution ¢;. Let us substitute the solution ¥; and
obtain the following

Aﬂ'i COS 91'0 AiOTiO COS (91'0

Gi =13 — hycos0; = r; — TZO cos by = i = i , (17)
As a result, we obtain the following results
cos; = cosb;y = 0= _ const, 0; = 0,0 = const, 6, =0, (18)
i0

. K,

by = =2 £ const, (19)
A;

. Ajorio — Ko cos o o Aiorio — Ciorio _ Aiorio — AioTio —0

o A A A

o; =0, i = i (to) = @i = const (20)

Substituting solutions , and into equations , we obtain the following
equations

Kio sin 6,9 sin ; g = Kio sin 6, cos @; g = Ko
Ai 10 10 % Az 20 105 i AZ

D = cos by, (21)

Thus, in a non-rotating coordinate system, we get

wix = 0; cos; + ¢; sin b; sin Wy,
wiy = 0;siny; — ¢; sin 0; cos Py,

. (22)

wiz = ; + gicost;,
wix =0, wiy = 0, Wiz = %:7 (23)
w; = \/wa + W + w2, = 1; # const (24)

The solutions found for the differential equations of rotational motion retain their form
even in secular perturbations. They will be used in calculations of the total kinetic moment of
translational-rotational motion of a gravitational system when analysing dynamic evolution
within the framework of a restricted three-body problem in analogues of the Delaunay-
Andoyer variables.
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4 Exact analytical solutions of the equation of secular perturbations of the
translational motion of the centers of mass of two primary spherical bodies
with variable masses in the baricentric coordinate system.

4.1 Derivation of the perturbation function

Due to its complexity, so the translational-rotational motion of a restricted three-body
system is studied via perturbation theory methods in Delaunay-Andoyer type variables
and exact analytical solutions are obtained for secular perturbation equations of the
translational-rotational motion of two primary spherical bodies in analogues of Delaunay-
Andoyer variables.

Using perturbation theory based on aperiodic motion along a quasi-conical section [12],
we derive the perturbing functions from equations . We rewrite equations as

. 71 . 91 (g A
fe gl (Y [ YA
rto2\m1 m M2\ /) m
) - 1 ' .. 1 /7 . . .
F1+fﬁ11_;1),+— —i—% 1 — o ~_1+£ o 71 = Fipert, (26)
3 2\my M Mmoo 2\m1 m/m
. ~ . 1 2 . .
Flpe'rt - Blfl - l S @ + ﬂ ﬂ 7?17 (27)
Mmoo 2\m1 m/)m

The unknown arbitrary function 7, = = (¢) is defined by the following conditions

1 M ~ Uy

- — A, =22 28

2 (ml " 71) ! vy (28)
Then we get

i (to) ot Ayt ™o My
— t) = ¢ =< _° 29

Al '71( ) ml(t) e " Mgy M2’ ( )
Taking into account equations and from (27)), we obtain

ﬁlpert = BT (t) Fl; (30)

Accordingly, using v; we can formulate an explicit form of the function Bf

> g h
Br(t)=By— |- 4,0, 31
Ho=Bi- | 2o A 2 1)
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In the result, equation takes the form

A (i Y. [ L ) ]
'Fl—i-fml—;—i-— myn = SU Y A it 7 = gradg Uy, (32)
T2\ m Moo2\m1 o/ m

where, F:mrt = Bfﬁ = grady U, - perturbing force, U; - perturbing function
1~

Uy = 5Bl (3)

Similarly, we write the differential equations in a form convenient for using
perturbation theory for the body P;.

. R 1 ’ﬁ”L . . . 1 m . . B
T2+fm2—§+— ~—2+ﬁ To — B—— ,,—2—1-/)2 /E T’QZQTCLd,:‘QUQ, (34)
ry 2 \M2 Y2 Yo 2\m2 Y2/ 7o

where, ﬁgpert = B3(t)7 = grady,U, - perturbing force, U, - perturbing function
1 % 2
Uz = §B2 (t)r3, (35)

my m3

Bj(t) = By — {’B - flgﬁ} , Yo = 2(t) = (36)

- 9
2 2 mig m?

4.2 Unperturbed motion

In the case where F, 1pert = 0, ﬁgpert = 0 from equations , follows unperturbed motion
[12]

. 71 (s A\ - 5o (e A
ot i 4o (L B | (B
J,.3 J
Ty 2\my Vi 2 \my

The solution of the unperturbed motion is well investigated and has the following
form

B =0 37)

s

x; = y;p;j [cosu; cos Q; — sinu; sin Q) cos 4],
yj = Y;jp; [cosu;sin ) 4 sinu; cos €2 cos ;] , (38)

AP G SR S R SR e
zj = jpj [sinug sind;| , r; = x5 +yi + 27 = 7;p;

T = (ﬁ + &) xj + yjpiU; [—sinu; cos Q; — cosu;sin §2; cos 4],

Vi Pj

yj = Y fi Y + P05 [— sinw; sin Q; — cosu; cos Q; cos ;] , (39)
Vi Pi

Z.j = ﬁ + p—J Zj -+ vjpjuj [COS Uj sin ’LJ] s
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=12 (40)

where 6; is the true anomaly, and the parameters a;,e;,w;, 2;,4; are analogous to the
semi-major axis, eccentricity, inclination, longitude of the perihelion and longitude of the
ascending node of the P; and P, bodies.

1 .

pj=—5 @ej sin 4;, o = fmjo = const (41)
ViV P

: 1 \/Hjop;

uj = —3 ]2,0 -1y = 0+ w; (42)

[ s = e - o), (43)

1+ ecos)’

where ¢(t) is the antiderivative of the (1;/ Thiofyf)l/ ? function, and 7 is the time of passage
through pericenter.

4.3 Exact analytical solutions to the equations of secular perturbations of translational
motion in osculating analogues of Delaunay variables

The translational motion of the body P, in Delaunay variables can be written in the following
form:

. ouy . ouy . Uy
L1:_17G1:_17H1:_17
8[1 391 ahl (44)
i __8U1* . ouf i __(3U1*
T Ton T Tagy M T T oY
Accordingly, the Hamiltonian U; expression takes the following form:
~ 1/2 o ~ 1/2
* ma :ul() mig
U'= | = + | = Uf... 45
' (mmf’(t)) 2L7 (mﬂf(’f)) () (4)
where 10 = fmag
The perturbing part of the Hamiltonian:
1 % 2
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The quantity 77 is expanded into a series in terms of the small parameter e the eccentricity

2

2
ri = ipt = ~lal (%) =~la? [1 — 2e; cos M + % (3 —cos2M) + ... (47)
1

The relation between the analogues of the Keplerian elements and the Delaunay variables
is as follows:

L? H
a:%, 62:1—ﬁ, M =1, w=yg, Q=h, cosz':a (48)

If the above quantities are substituted, the perturbing function takes the following form:

1~ 1~ 2
U= §B>f(t)f? = §Bi‘(t)7fa% [1 — 2ey cos M + 62—1 (3 —cos2M) + ] (49)
By averaging over the mean anomaly M = [, we obtained the secular part of the

perturbation function in the analogues of Delaunay variables

1~ 1~ L? 3 G?
Upe = =B ()2 = =B ()L |1+ = (1- = 50
1()7"1 B 1()71%0 [ ‘1”2( L% ( )

Substituting the secular part of the perturbation function into equations —,
we get

Ll:o’ Gl:o? leoa
, U} 5 Bi(t)y? , oU; 3 B (t)y? : (51)
h=———1 - _ 71\ =1 _ TV he =0
1 oL, 5 M%o 15 (251 G, 5 /L%o 1 1 )
Hence it follows that

L1 - L1 (to) - L10 - COTLSt, Gl - Gl(t0> - G10 == const,
H1 = Hl(to) = HlO = const, hl = ]’Ll(t0> = th = const,

5L [~ 3G [* o (52)
b=l =h(to) ~ 5020 [ Biniode o=t - 500 [ Biondoa,

Hio Jig 2 150 Ji,

where according to — v = 71(t) = mam? /moym?, Bf = By — [f’h/fyl — A1 /|-

Thus, formulas , , , completely determine the coordinates and velocities
of body P; in a secular perturbation.

Similarly, we obtain the coordinates and velocities of the body P, using exact analytical
solutions of the equation of secular perturbations for the body Ps.

L2 = Lg(to) = L20 = CO’I’LSt, G2 = Gg(to) = G20 = COTLSt,
H2 = Hg(to) = H20 = CO?’LSt, h2 = hg(to) = h20 = CORSt,

2 L20 ! % 2 . 3 G20 ! % 2
ly = l2(t) = ly(to) — 5 2 B; (t)'YQ (t)dt, g2 = 92(?50) — 5 2 B; (t)’Yz (t)dta

(53)
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Where, according to B;(t) =By — [%/Vg — 1212%/72] ;Y2 = Yao(t) = mym3/migm?.
Formulas , , , completely determine the coordinates and velocities of
body P; in a secular perturbation.

5 Analytical expressions for the coordinates and velocities of two primary
spherical bodies with variable masses based on exact solutions of differential
equations of secular perturbations

Consequently, taking into account the formulas of unperturbed motion, which retain their
form in perturbed motion, coordinates and velocities in the equations of secular perturbations,
in analogues of Kepler’s variables, appear as follows:

T/ 3 3 ) ) .
Tjsec = Vi —5¢€ | cosw; | cos Q; — —5¢ | sinw; | sin Qj cosiy|,

1/ 3 . 3\ . .
Yjsec = Vj; —56 cosw;j | sin§2; + —56 sinw; | cos {2 cosi; |, (54)
stec = ’Yjaj —56 sin (A}j sin Zj:|

e .
T jsec = P J ( /10p; (sinw; cos Q; + cosw; sin 2 cos ;) — 3a;7; (sinw; sin Q; + a;y; cosw; cos QJ)) ,
a;y;
¢
Ujsee = 2—3 ( /Iiop; (sinw; sin ; — cosw; cos €2 cosi;) + 3a;7; (sinw; cos ; — a;y; cosw; sin QJ)) ,
a;v;
e . / - .
Zjsec = —] —M coswj + 3a32~7j sinwj | sinij,
2a; v;

(55)

Further, formulas (54)) — (55 will be rewritten in analogues of Delaunay variables using
known transformation formulas , which will be used in the study of translational-
rotational motion of a non-stationary small axisymmetric body.

In equations — @ of translational-rotational motion of a small non-stationary
axisymmetric body Ps, the values 7 (z;,y;,2;),7; (£;,9;, %) .7 = 1,2, according to the

formulas - found above, are already known functions of time.

Thus, the problem of investigating secular perturbations of the translational -rotational
motion of a non-stationary small axisymmetric body of variable mass in a Newtonian
gravitational field of two primary spherical bodies with variable masses within the framework
of a restricted three-body problem with variable masses in a baricentric coordinate system
is reduced only to finding the coordinates x3,ys, 23 and velocity Z3, s, 23 of a small non-
stationary body.

6 Conclusion

In this paper, we investigated the problem of translational-rotational motion of a non-
stationary axisymmetric small body in the Newtonian gravitational field of two primary
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spherically symmetric bodies with variable masses in a restricted formulation. We studied
secular perturbations in analogues of the Delaunay-Andoyer variables.

In general, the solution to the problem of translational-rotational motion of two primary
spherical bodies with isotropically varying masses is unknown, so the problem is investigated
by jointly considering the differential equations of the problem of two primary bodies
with variable masses and the differential equations of motion of a small non-stationary
axisymmetric body. The problem is complex, so the problem investigated using perturbation
theory methods.

As the main new result of this work, we have found exact analytical solutions to the
equations of secular perturbations of the translational-rotational motion of two primary
spherical bodies with variable masses.

Due to the results obtained in this work, the problem of investigating secular perturbations
of the translational-rotational motion of a non-stationary small axisymmetric body of variable
mass in the Newtonian gravitational field of two primary spherical bodies with variable masses
within the framework of a restricted three-body problem with variable masses in a barycentric
coordinate system is summarised as finding only the coordinates 75 (23, y3, 23) and velocity
73 (&3, U3, 23) of a small non-stationary body.

Thus, the investigation of secular perturbations of the problem considered is greatly
simplified, as in the classical restricted problem, in the following only the motion of a small
non-stationary axisymmetric body will be investigated.
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