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AN ELLIPTIC SELF-ADJOINT OPERATOR OF THE SECOND
ORDER ON A GRAPH WITH SMALL EDGES

This work is devoted to the study of a second-order elliptic self-adjoint operator on a metric
graph with short edges. The underlying structure is constructed by rescaling a given graph
by the factor e~ and attaching it to another fixed graph, where ¢ > 0 is a small parameter.
No substantial restrictions are imposed on the pair of graphs. On this combined structure, we
define a general second-order elliptic self-adjoint operator whose differential expression involves
derivatives of arbitrary order with variable coefficients and a non-constant potential. The vertex
conditions are taken in a general form as well. All coefficients, both in the differential expression
and in the vertex conditions, are allowed to depend analytically on the small parameter €. It was
previously established that the components of the resolvent corresponding to the restrictions of
the operator to the fixed-length edges and to the short edges are analytic in € as operators in the
corresponding functional spaces, with the restriction on short edges additionally conjugated by
dilation operators. Analyticity here means representability of these operator families by Taylor
series. The first principal result of the paper is a recursive procedure, reminiscent of the method
of matched asymptotic expansions, for determining all coefficients of such Taylor series. The
second main result provides a convergent expansion of the resolvent in the form of a Taylor-type
series, together with effective estimates of the remainder terms.
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IITarsia goracekl 6ap rpadTap GoiibIHAa aHBIKTAJIFaH ©3iHe-03i TyiiHaec
eKiHII peTTi 3IuNTUKAJILIK, AuddepeHnaaabiK orepaTop

By xxyMmbIc KbICKA J0oFrajapbl 6ap METPUKAJBIK, TpadTarbl eKiHIM PeTTi 3/INITUKAILIK, 63iHe-031
TyiiiHgec omepaTop/Ibl 3epTTeyTe apHaJraH. BacTalnKsl KypbuIbiM Oepiiren rpadTol £ 1 koadbdu-
[MeHTiHe Jiefiin MaciiTabray KoHe OHBI DacKa OekiTijreH rpadka Kajray apKbLIbl KYPbLIaJIbI,
MmyHparel € > 0 - kimi napamerp. ['padrapabis, xKyObiHa aliTap/IbIKTall IIEKTeyIep KOMbLIMAaii-
met. Ocbl GIpIKTIpiAreH KypbUIBIMIA €KIiHIM PEeTTi JUIMITHKAJBIK, ©3iHe-031 TyiliHaec omepaTop
AHBIKTAJIAIBI, TUMMEPEHITHANIBIK, OPHETT affHbIMaIbl KoM uImenTrepi 6ap TYBIHIBLIAD YKOHE
TYPaKTHl €MeC ITOTEHINAJ apKbIIbl aHbIKTaJIraH. ['padTeiH Tebenepinzeri maprrap Ja KaJilbl
Typae bepineni. JuddepeHnualiabiK, opHEKTE YKoHe TebesiepIeri mapTrapaarbl 0apJIblK, KOaddu-
[UEHTTEP Killll € MapaMeTpine aHAJTUTUKAJIBIK TOYE 1 60Ty bl MyMKiH. AJJIBIHFBI 3€PTTEYJIEP/IE OTle-
PaTOP/IBIH TYPAKTHI Y3bIHIBIKTAFBI IOFaIapIarbl 2KOHE KbICKA JIOFAJIAp/Iarbl MEeKTeyJIepiHe ColKec
PEe30JIbBEHTAHBIH, KOMIIOHEHTTED] € mapaMerpine KATBICTHI THICTI DYHKITMOHAJIBIK KEHICTIKTepIeri
OTIepaTOpJIap PETiH e AaHATUTUKAIBIK eKeH/IIr JosesieareH. COHBIMEH KaTap, KbICKA JOFajIapIarbl
IEeKTeyJIep KOCBIMINA TYP/Ie JTUIATAIUs OllepaTopIapbiMeH yitiectipiieai. MyHIarbl aHATUTHKA-
JIBIK, JIeTeHIMI3 - OChl oreparopJsiap ToObiH Teiljiop Karapbl apKbLIbl ©pHEKTEY MyMKIiHIir. 2Ky-
MBICTBIH, Oipinmii Herisri Hotmkeci - Teitsiop KaTap/apblHBIH OapJiblk KoadduimenTTepin Tabyra
apHAJIFaH, KeJICIJIreH aCHMIITOTUKAJIBIK, 2KIKTEeMeJIep 9/IiciHe YKCac PEKyPCUBTI Iporeaypa OoJIbIi
TabBLIaAbl. EKiHII Herisri HoTmKe pe30JIbBEHTAHbI TEHTOPJBIK THITEr KaTap TYPIiH/Ie *KIHAKTHI
KIKTey MeH KAJIJIBIK, MYIIIeIep/ iH, THIMI OaraayiapblH YChIHA/IbI.
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TyitiH ce3aep: rpad, auddepeHInali bk OIepaTop, Pe30JbBeHTa, IIIeKAPAJIBbIK IapTTap, Teiyiop
KaTapsbl.

M. Konbipkymxaesa !, T. Ayzepxam 2
! Mesk TyHApOAHEIH YHEBEpPCUTET HH(MOPMAIMOHHLIX TexHogormit, Amvarer, Kazaxcran
?Kazaxckuit Hanmonambneiit Yausepcurer umenn Ann-Oapadu, Amvars:, Kazaxcram
e-mail: *m.konyrkulzhayeva@edu.iitu.kz
DIANNTUYECKUIT CAMOCONPSI>KEHHBIN OIIEPATOP BTOPOro IOPsSAKa
Ha rpade ¢ MajJgbIMu pebpammu

Jannast paboTa IOCBSAIIEHA HUCCJIEIOBAHUIO SJIUITUYECKOIO CAMOCOIPSIKEHHOIO OIIEpATOpa
BTOPOI'O TOpsiIKA HA METPUYECKOM rpade ¢ maybiMu pédbpamu. Vcxomaast CTPYKTypa CTPOUTCS
OyTéM MacITabHpoBaHus IAHHOTO rpada ¢ KOI(POUIMEHTOM £ ' W IPHCOETUHEHHS €ro X
npyromy ¢dbukcuposanuomy rpady, rae € > 0 - masbiii mapamerp. CyIeCTBEHHBIX OMpaHUIEHUN
Ha mmapy rpadoB He HakIagbBaeTcsa. Ha 3Toit KOMOMHUPOBAHHON CTPYKTYPE OMPeIeIsieTCsT OOt
SJUIUIITUIECKUN CAMOCOIIPSIZKEHHBIN OIIEpATOp BTOPOrO MOPSIKA, UM (MEPEHITUAIBHOE BhIPasKeHIe
KOTOPOT'O BKJIFOYAET MPOU3BOJHBIE ITPOM3BOJIBHOIO MOPSIKA C MEPEeMEHHBIMU KO3(hUIneHTaMu
U HEMOCTOSIHHBIM IIOTEHIIHAJIOM. YCJIOBHS B BEPIIMHAX TaKXKe 3aalTcst B o0rmieit dpopme. Bee
ko3 durmeHTsl - Kak B AuddepeHnnaabHOM BBIPDAXKEHUH, TAK W B YCJAOBUAX B BePINNHAX
- JIOIyCKAeTCs 3aBUCHMBIMU OT MAJIOTO IapaMerpa & aHaJUTHYecKuM obpaszoMm. Pamee Obu1O
YCTAHOBJIEHO, YTO KOMIIOHEHTBI PE30JIbBEHTBI, COOTBETCTBYIOIIHE OIPAHIMIEHUSIM OI€paTopa
Ha PEOpa (DUKCHPOBAHHOW JJIMHBI W Ha KOPOTKHE PEOpa, AaHAJUTUYHBI [0 € KaK OIepaTOpbI
B COOTBETCTBYIOIMMX (DYHKIMOHAJBHBIX MPOCTPAHCTBAX, IPU 3TOM OrpAHUYEHNE Ha KOPOTKHUX
pEOpax IOTMOJHUTEIBHO COMPSATACTCS C OIEepaToOpaMu JujaTarud. 1107 aHAJIUTHIHOCTHIO 371eCh
[OHUMAETCSI TIPEJICTABUMOCTh ITUX CeMeCTB omeparopoB B Buje psnoB Teiiopa.llepsbim
OCHOBHBIM DE3YJIbTATOM pPabOTHI SIBJISETCS PEKYPCUBHAS MPOIEAYPa, HATOMUHAIONAS METO/T
COIJIACOBAHHBIX ACUMIITOTUYECKHMX PAa3JIOXKEHUM, JIJIsi HAXOXKJIEHUs] BCeX KOI(DDUIMEHTOB TaKUX
psnos Teitopa. Bropoii riaBHBIN pe3yabTar TaéT CXOMSAINNCS PA3JIOXKEHNE PE30IbBEHTHI B BUJIE
psa TeHIOPOBCKOro Thia BMecTe ¢ 3(P(MDEKTUBHBIMA OIEHKAMY OCTATOYHBIX UJICHOB.

KuroueBbie cioBa: rpad, anddepeHInagabblii OepaTop, pe30JbBeHTa, TPAHNTHBIE YCIOBUSI,
psan Teitmopa.

1 Introduction

One of the actively developing areas of modern spectral theory of operators over the past
two decades is the theory of quantum graphs [1H6]. In this theory, special attention is paid
to perturbations caused by geometric features of the graph, in particular, the presence of
small edges. Early studies concerning Taylor series for resolvents of operators on graphs with
short edges were focused on the approximation of certain boundary conditions at vertices
using graphs of a special structure with small edges. Such an approximation was understood
as uniform convergence of resolvents of the corresponding operators on the original and
approximating graphs.

Questions of this kind were considered for Schrodinger operators on a number of simple
model graphs in [7,8]. In particular, in [7], a star graph of three edges was studied, one of
which was considered small, with §- or ¢’-type conditions imposed at the central vertex.
In [§], a graph of arbitrary structure was added to a graph including a loop and two
fixed edges, obtained by scaling the given finite graph with a coefficient 7!, where ¢ is
a small parameter. In these studies, it was found that the resolvents and spectra of such
operators depend on ¢ analytically, which was unexpected, given the singular nature of such
perturbations. Usually, for singular perturbations, it is possible to construct only asymptotic
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expansions for eigenvalues, while the questions of convergence of such series and, especially,
their analytical dependence on a small parameter remain open [9,10|. Advances in the analysis
of model operators became the motivation for studying more general operators on graphs
with arbitrary topology and small edges. An elliptic self-adjoint operator of the second order
with variable coefficients and general boundary conditions on a graph was considered, to
which another graph with small edges whose lengths were proportional to the parameter
€ was glued. Moreover, both the coefficients of the differential expression and the boundary
conditions could analytically depend on e. In this paper, we continue the study begun in [7,8|
and focus on the analysis of the resolvent of the general operator. The main result is the
construction of a recurrent procedure for the coefficients of the Taylor series of the resolvent
components. Based on the results of [9/10], a uniformly convergent expansion of the resolvent
in a Taylor series is obtained, and effective estimates of the remainders of this expansion in
various operator norms are given.

1.1 Research methodology

The text does not specify the specific time, place, and conditions of the study, since the work
is of a theoretical and mathematical nature. The study was conducted within the framework
of mathematical modeling and analytical analysis, without involving experimental data or a
sample of subjects. Abstract graphs constructed by compressing one graph and then gluing
it to another, as well as the corresponding second-order elliptic operators, were considered
as the "material". The main research tool was the methods of functional analysis, operator
theory, and asymptotic expansions.

2 Research results

2.1 Statement of the Problem

The main object of the study of this article is a self-adjoint elliptic operator of the second
order on a singular perturbed graph. The essence of a singular perturbation is the presence of
small edges. A graph with small edges is obtained by gluing in a certain way a small graph to
a given graph with edges of a fixed length. The latter graph is denoted by the symbol I and
is a finite metric graph. This means that it contains a finite number of edges and vertices,
on each edge a direction and a corresponding variable are introduced. As a measure on each
edge, the standard Lebesgue measure is chosen. The graph I' is allowed to have edges of
infinite length. At the same time, we assume that this graph does not contain isolated edges
and vertices.

By v we denote another finite metric graph without isolated vertices and edges, and now
we assume that the graph v contains edges of only finite length. We compress the graph
by a factor of €71, i.e., we replace each of its edges e of length |e| with an edge ¢|e| while
preserving the rest of the graph structure. We denote the resulting graph by ~..

In what follows, we will often identify the original graphs I' and . with the corresponding
subgraphs of I'., for which the same notations will be used. The directions and variables on the
edges of I' and ~. are preserved after the described gluing. Therefore, each function defined
on the graphs I' and ~. is simultaneously considered to be defined on the corresponding
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subgraphs of I';. And vice versa, a function defined on I';, is considered to be defined on the
graphs I' and ~..
On the graph I'. we consider the elliptic operator H,. with the differential expression
~ d d d d
= =5 Pe—— | = € €7 ‘/57 1
HE) = = gpegy Tt aegy) + (1)

where 7 is the imaginary unit, and the coefficients are given by the equalities

D= {PF(-,é) on I 4 = {qp(-75) on I, V.o {VF(.75) on T,

Ssp’y('a 6) on e, : 6;1]77('7 6) on e, 8725&‘/’)/(3 6) on e,

Here pr = pr(-,e) € WL(T),qr = qr(-,e) € WL(T), Vi = Vi(+, ) € Lo(T) and
Py =py(,6) € WL(7),4y = ¢,(-,e) € WL(v),V, = V,(-,e) € Ly(y)-are some real functions
defined respectively on the graphs I' and v and analytic in € in the norm of the indicated
spaces S; : La(y) — La(7:)-is a linear operator, defined by the formula

x
(S.u)(x) == u(g>, T € e (2)
on each edge e. of the graph ..
The differential expression H(e) is considered uniformly elliptic: taking into account the
analyticity of the functions pr and p, with respect to €, we assume that the inequalities

pr(z,0) > ¢y on I',p,(£,0) > ¢y on vy

with some fixed constant ¢y > 0.

The boundary conditions for the operator H. are defined as follows. For an arbitrary
vertex M € I'. with degree d(M) > 0, we denote by e;(M),i =1, ...,d(M), the edges coming
out of M. We introduce a pair of d(M)-dimensional vectors

U1(M) %(M)
Un(u) := : , Un(u) = : , (3)
ua(ary (M) (M)

where x;-variable on the edge e;. The boundary conditions at the vertex M € I'. are specified
in the general form:

A (e)Ups(u) + B (e)Ups(u) = 0, (4)

where Ay (e) and By (e)-analytic matrices of size d(M) x d(M) in .

Strictly,H. is defined as an unbounded operator in Ls(I'.) whose action is described by
the differential expression (1) on the domain of definition composed of functions from the
space W (T'.) satisfying the boundary conditions ; here we use the notation
Wi(-) := @Wi(e), j = 1,2. All other operators that are used further in the paper are strictly
defined in a similar way based on their differential expressions and boundary conditions.

We restrict our consideration to self-adjoint operators, which means that it is necessary to
impose certain conditions on the coefficients of the differential expression and the matrix
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in the boundary conditions . The criterion for the self-adjointness of the operator H. is
the simultaneous fulfillment of the equality

rank(AM(O)BM(0)> = d(M) (5)
and the presence of self-adjointness of the matrix
Apr(e)Iy () By (e) + B (e)lly (€)On Ly (e) By, (o),

where

[1y(e) = diag{ﬂi(M)Pa‘ei(M)(M)}izl,...,d(M), (6)
Oun(e) = diag{ﬁi(M)qs‘ei(M)(M)}z':L...,d(M),

e;(M) are the edges emanating from the vertex M, and the numbers ¥;(M) are defined as
follows: e;(M) , if the direction on the edge e;(M) inward from the vertex M coincides with
the initially chosen direction on this edge, and 9;(M) := —1, if these directions are opposite.

The boundary condition , in essence, does not change when multiplying it from the
left by non-singular square matrices of size d(M) x d(M). Taking into account equality (),
we partially limit such freedom in the choice of matrices Ay () and By(e) by the following
condition. We denote r(M) := rankB);(0) and assume that the first (M) rows of the matrix
By (0) are linearly independent, and the last d(M) — r(M) rows vanish. We simultaneously
assume that the last d(M) — (M) rows of the matrix A,,(0) are not equal to zero.

The main goal of this paper is to describe in detail the dependence of the resolvent of the
operator H. on the parameter €. To formulate the main result, we need to introduce auxiliary
notations. This will be done in sections 2.2 and 2.3.

2.2 Auxiliary notations and the main condition

For convenience and to simplify a number of technical calculations, we assume throughout
the paper that the directions on the edges e;,7 = 1, ..., dy, of the graph I', emanating from
the vertex M, are chosen inside the edges from the vertex M. If there is a loop among the
edges e;, then in order to ensure that such a condition is satisfied, we introduce an additional
artificial vertex on the loops, on which we set the standard Kirchhoff condition. Such a vertex
does not change either the operator H,., or its resolvent, or its spectrum.

We introduce another auxiliary graph 7., which is obtained by attaching edges of infinite
length e$°,i € J;,7 = 1,...,n, to the vertices M;,j = 1, ..., n, of the graph . The variable on
the graph v is denoted by &. An auxiliary operator H,, is defined on the graph H.,. This is
an unbounded operator in Ly(7,) with the differential expression

Hoo = _difp'y('vO)d% T i(d%qv(-,()) + %('70)%&) +V4(,0) on v,

A~

Heoo = —pi(O)% on e*, i€ J;, j=1,...,n, pe):= pp‘ei(Mo,a),
and boundary conditions

Ag\(/)[)UM(u) + B](\S)Uj\/[(u) =0 at the vertices M € 7.
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Here the vectors Ups(u) and Uy, (u) are introduced similarly to (3]) with the replacement

y dz The matrices AE&) and BJ(&) are defined by the formulas

o._( O © [ Ba(0)
Ay = <A]_V[(O)> , By = (dgjl (0)) )

where A,,(-) and Bj,(-) are the matrices composed of the last d(M) — r(M) rows of the
matrices Ap/(-) and By(-) and the matrix By;(-) is formed by the first r(M) rows of the
matrix Bjs. The operator H., is self-adjoint, and its essential spectrum is the semi-axis
[0, 00).

The fundamental condition imposed on the operator H. is expressed in terms of the
operator H:

of derivatives £“ on
i d.

(A) The operator Ho, has no embedded eigenvalues at the edge of its essential spectrum.
Equivalently, condition (A) can be reformulated as follows. Consider the boundary value
problem

Haooth = 0 0on Yoo, Ag\(/)[)UM(Q/J) + BJ(\S)UJQ(#J) =0 at the vertices M € 7. (7)

By virtue of the definition of the differential expression H. on semi-infinite edges e,
the solution of this problem on these edges is given by a linear function. Therefore, the
absence of an embedded eigenvalue on the edge of the essential spectrum of the operator
Hoo is equivalent to the absence of nontrivial solutions ¢ € W3 (v) ® W3,,.(e°) of problem
@, which identically vanish on all edges e°. At the same time, the presence of nontrivial
solutions that are constant on these edges and do not simultaneously vanish on all edges e,
is not excluded. In other words, the presence of a virtual level is allowed on the edge of the
essential spectrum of the operator H.

Let /), j = 1,..., k, be linearly independent solutions of problem , constant on the
edges €. By condition (A), these functions do not vanish identically simultaneously on all
edges e;°. It is clear that k£ < dj. If there are no such solutions, then we set k := 0.

For an arbitrary function u defined on the edges €°,7 € J;,7 = 1,...,n, at least in the
neighborhood of the vertex M; and continuous up to this vertex, we introduce the notation

Uy () = (u] (o))

e i€Jj,j=1,...n

We denote ¥V = U, (W),j = 1,..,k and we choose the functions ¥() so that
the introduced vectors WU) are orthonormal in C%. If k < dy, then we additionally
choose arbitrary vectors UU) € C% j = k4 1,....dy, so that the entire set of vectors
VO e ¢ j = 1,..,dy, forms an orthonormal basis in C%. This means that the matrix
U= (W g®gED gld)) s unitary.

An important role will be played by another auxiliary operator on yet another graph,
denoted by 7., and obtained by attaching unit edges ef*, 7 € J;, 7 = 1,...,n, to vertices
M;, j=1,...,n, of the graph ~. Vertices M; will be considered the beginning of edges €;°,
i.e., the direction on these edges is chosen inward from M. Vertices that are the ends of edges
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e:° will be denoted by M, 1 € J;, j =1, ...,n. The mentioned auxiliary operator is denoted

by He.(g) and is determined by the differential expression

Her(e) i= = gepa )k + i (0 )  ar (20 ) + Vi) on g 5

Her(€) = —pi(E)j—; + 2ieg;i(e) on e§*, i € J;, j=1,..n,
with boundary conditions
eAn(£)Un(u) + Bur(e)Up (u) =0 (9)
at the vertices M € v, and boundary conditions of the third type

HF,M() (E)U/

ex

(U) — iE@F7M0(€>Uex(’LL) =0

at the vertices M7*, where it is denoted

dul@‘fz Mex
a6 (M7*) u(ME*)
Usy(u) := o : y Ue (1) = : ,¢i(€) == 0i(Mo)qr|e, (Mo, €).
e (M) u(Mzy)

2.3 Parts of the resolvent and known results

Let Rr : Lo(I'.) — Lo(T') and R, : Lo(I'c) — Lo(7:)-restriction operators to subgraphs of T’
and 7., namely Rpf := f|p, R..f = f|,.. It is clear that

Ly(I'e) = Ly(T) @ La(7e), Rr @ R, = I, (10)

where Jr_- is the identity operator in Lo(T;).
Since the operator H. is self-adjoint, its resolvent (H.—\)~! is well defined for all A € C\R.
Therefore, we can introduce a pair of operators

Rr(e,\) = Rr(He = A\) N T @ S.), By(e,\) =S "R (He — N HTr @ S.),

where Jr— is the identity operator in Lo(I'). These operators are linear and bounded as
acting from Lo(T") & Lo(7y) to WZ(T') and WZ(v), respectively.

Let us explain the action of the operators Rr and R,. For an arbitrary pair of functions
(fr, fy) € Lao(T') & Lo(7y), we construct a function f € Ly(I'.) by the rule f := fr on I' and
f = S.f, on 7. Next, the resolvent is applied to f and restrictions of the result to the
subgraphs of T" and 7. are considered, i.e., the functions Rp(H. —A)~'f and R (H.—\)"'f.
The first of these functions is the action of the operator Rr(e, ) on (fr, f,). To the second
restriction we additionally apply the operator 8- : the resulting function S-'R.,_ (H.—\) "' f-
is the action of the operator R (e, A) on (fr, fy). We also note the formula

(Mo =N f = (Br(e.) © SR, (2. 0) (R © 5.'R,,) (1)
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Next, we need another auxiliary operator on the graph I', considered as a separate graph.
This operator is denoted by H,, and it corresponds to the differential expression H(0) and
the boundary conditions

AE&)UM(U) + B](\E)Uj’w(u) =0 at the vertices M €T (12)

For M # My, the matrices Ag\(}) and BJ(S[) are introduced simply: Ag\? = AM(O)7B](\2) =
By (0). In the case of M = M, the description of the matrices Ag\% and B](\% is much more
cumbersome. Namely, these matrices are of size dy x dy and they have the form

. (Q@ 0 w1k O ox o I, 0\ ..
AM() = <O Idok) L “+1 (0 0 L @F,Mo(0)7 BM() = — 0 0 v HF,MO(O) (13)

where for an arbitrary d the symbol I; denotes the identity matrix of size d x d, and the
symbol 0 denotes the zero matrices of the corresponding sizes. The matrices Il 5z, and Or
are described by the formulas

HF,M0<€) = diag{ﬁi(Mo)pr ei(M()a 8)}z’=1 ,,,,, do>
Or.u,(€) = diag{ﬁi(MO)QF|ei(M076)}i:1 ..... do

where, recall, e¢; are the edges of the graph I' emanating from the vertex M, the numbers
U;(Mp) are defined as and in (). The matrix Q has the form

QM .. QWY
Qim | s ] QU =+ Y QY (14)
Q Q Meéevso

i d (1) () @ .d i
Q(]) = (Lg(vo)dﬁg 7d7fl§] >L2(W) + (%,Z%(,O)Qﬁ(])) +

+(Z'di;(.7 0)p ), 4 >L2m + ({dl( 0)(®), w(j)>L2(j)27(v> (15)

QN = (Lar(w?), Un(w)) = = (em @), 00w, ) - (16)
Lar() 1= Do (003, (919 — 22 0)030(00) + (Vo + L) ™ Pl (69, (17
eu() == 200 (A5 Uni () + B UL (), (18)
Uns = =Chi (Anr +iBar), Dar(-) := T (00U (+) = O5, 0 (0)Une (), (19)
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+
AW (AON ooy [ Z(0)
= dA~T 5 = 2 p— ’
o daM (O) . %dd];M (0)7

Iy a1, () := diag{vs(Mo)py
& a1 (¢) = diag{0i(Mo)g, .

where the matrix A}, (-) is formed by the first r(M) rows of the matrix A (+),e;(M) are
the edges emanating from the vertex M, the numbers v;(M) are deﬁned in (6), and the
functions p, and ¢, are extended to the edges e°, ¢ € J;, j = ,n, by the formulas
p’y('a e) = pile), qV('a €) = eqi(e).

By P, we denote the projection in C¥™) onto the eigenspace of the matrix Uy
corresponding to the eigenvalue —1, and we also set Pj; := Taonry — Pur-

Let’s define more spaces:

7(-) i= @ec C(€) N Leo(e), [lull+e) Z el 2 e

7'(1) = Bee. O (€) N Wio(e), [lullrie) = ZHUIle

Theorem 1 Let the matrices Ap(€), Bu(€) satisfy the above conditions. Then the operators
H. and Hy are self-adjoint. Let condition (A) also be satisfied. Then the operators H. and
Ho are linear and bounded as acting from Lo(T) @ Ly(7y) to WE(T') and WZ(v) and to 74(T")
and (7). For each A € C\ R there exists eg(\) > 0, such that for eg(\) > 0 the operators
Rr(e,A) and R, (e, \) are analytic in € as are the operators from Ly @ Lo(y) in WZ(T') and
W3(v) and in 7/(T) and 7*(v). In both cases the first terms of the Taylor series of these
operators are of the form

Rr(e,N) = (Ho — A) " Pr + 0(c), Re(e, ) = RVPr + O(e),

RIYNS 5= 300, (). en() s= (000 00) U (o= 2)'7). (20)

2.4 Main result

The main result of this paper describes all the coefficients of the Taylor series for the
operators Rr and R, as well as the analogue of the Taylor series for the resolvent of the
operator H..

Let’s define a family of auxiliary functions - solutions to problems

(’H(O) — )\)191"1" =0, onT,

. (21)
AQU (1) + BOUL, (9:r) =0, in M # My, Uy, (0ir) = 00,

The application of Lemma 2 from Section 3 guarantees the unique solvability of these
problems. Let us consider two systems of boundary value problems. The first is introduced
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on the graph I', considered as an independent graph (p > 0):

. "1 dvH .
(’H(O) - A)ug =— E o den (-,0)u,_, in T, (22)
q=1

AQ U (0:r) + BOUL, (9:r) =

- 4 : (23)
_q;%<ddqu (0)Un (1) + %(@%(ugq)) MeT, M # M,
~ , p 1 dqﬁez X .
Her(o)up = (52pX’Yf’Y o Z a ded (O)X,Yup_q + /\X’Yup72 on Yez, P > 0, (24)

q=1

PyUy(u)) = =PyCug), Padw(u) + KyUn(u) = 2iChy (Uns + Ed(M))_ICMgga (25)

p

g5 =) (Aﬁf}UM(u;_i) + Bﬁ?U&(u}_Q),

=1
1 di’lf%(o) ldiBL(O)
Ay o= | GO a ),B;‘u::< il del >,Me%o
( () : 2 (0)

where we set u) := 0 for p < —1, x, denotes the characteristic function of the graph =, d,, is
the Kronecker-Capelli symbol and

(+1)! dett!

—1
The main result about Taylor series for the operators Rr and R, is as follows.

Theorem 2 Let all the above conditions on the coefficients of the differential expression
H(e) and the matrices Ap(€), By(e) be satisfied, and let condition (A) be satisfied. For
each pair (fr, fy) € Lao(I') @ Lo(7y) the Taylor series of the functions Rr(e, N)(fr, f,) and
R+ (g, N)(fr, fy) have the form

Rp(e’f, )\)(fr,f,y) = i apug, ug = (Ho — )\)_lfp
P ) | (26)
’R’W<€7 A)(ffaf'y) = z::[prZ, U’g = Zci<ff)w(l)a

i=1

and converge uniformly in ¢ in the spaces W3(T') and W3(v), as well as in the norms of the
spaces T2(T') and 7%(7).
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The coefficients of these series are given by the formulas

k k
= U,E,* + Z Ciptir, U; = U;* + Z Ci,pw(i)v p=1, (27)
i=1 i=1
where u . is the unique solution of problem (22} . . with boundary conditions
Unty (UQ*) = Uy (13.) (28)
and ] , is a particular solution of problem , with the boundary condition
U’;eac (u;7*> = UA;WO (ug_l)’ (29)

determined by the orthogonality conditions

D) —g i
(U.Y(ug,*),\lﬂ ><ch —0, j=1,..k (30)

The constants c; ,, p > 1, are given by the formulas

-1

Cip hip (Do (V,r), \p(l))(cdo oo (9(Fnr), \Il(l))(cdo
=11 =] L= (32)
Chp hip (Po(@1r), ¥®) - (Do(Wrr), ¥

3 (B v0) = ()
— Lo(vy La(v)

)
+51p(f'yaw )L2(7 +)‘( Up— 27w(j))L2 o (HF’MO(O)UMO( tp— 1*"Il(j))>(cdo_
+ )

()
. . -1 i
— Z ((PMgM,j7 PMUM(¢(]>)>@1(M) 22<(UM<O) + Ed(M ) P]\J/_[gM,ﬁ PﬁUM(ip(]U)@d(M))’

Mey

9 —PMCM<222(A§’2UM< ) B U (1) + AN Usi () + By Upy () >)),

Do(-) = Tp,agy () Ui, () = 4OT, Mo(0) Uty (-)
(33)

The second main result describes an analogue of the Taylor series for the resolvent of the
operator H..

Theorem 3 Let all the above conditions on the coefficients of the differential expression
H(e) and the matrices An(€), Ba(€), be satisfied, and let condition (A) be satisfied. For each
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function f € Lo(T.) the function (H. — X\)~'f can be represented by a series converging in
W2(T.) and 73(T.)

(He =N f =) Pup @87, (34)
p=0

where the functions ug and u}) are the coefficients of the series with
fF = Pl“f7 f'y = SEP'YEf'

For an arbitrary N € Z, the following estimates are valid:

N
—1
I(He =N f =D Pupllway < CVEV2 £l (35)
p=0
N
~1
I(He = A) " F =D Pupllrewy < CVENY2 fll o (36)
p=0
N
~1
I(He = A) " f =D &Sty ||y < CVENT2) Ly (37)
p=0
N
—1 .
I(He =) = D Sepllug < OV iy i = 1,2, (38)
p=0
N
-1
I(He = X)) f = Sty [l < CVTEVT2 fl e (39)
p=0
N
—1 _
I(He = A) " F =D ePSaupllrigry < OV Fl Ly (40)
p=0

where C' is some fixed constant independent of e, N and f.

3 Auxiliary lemmas

To prove the main result, we will need a series of auxiliary lemmas and facts, which are
presented in this section.
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Lemma 1 Suppose that condition (A) is satisfied. For an arbitrary family of vectors
gur € Py CM gy € Py CUM M € v, an arbitrary vector go, € C% and an arbitrary
function g € La(Yer) the boundary value problem

7:2 ( )u_g7 m Yex) HFMO(O)U/ ( ) Yex (41>
PMUM() gMapﬁM<>+K UM()—QMJ_?;TZME’}/OO

is solvable in W2(Yez), if and only if for all j = 1,...,k the equality holds

(quvzj( )>L (Yea) <961‘7U (w(j))) d0+
> <9M LU (¢ )><cd<M> (gM’ 19;; (w(j))><cd<M>' "

Mevoso Meys

Lemma 2 For an arbitrary family of vectors gy € C*™M) M € T, an arbitrary function
g € Lo(I') and each A € C\ R the boundary value problem

(7/—[\(0) — )\)u =g onT,

UMO(U) = OM, m M e F, M 7é M()

is uniquely solvable in WE(T).

The following auxiliary lemma guarantees the invertibility of the matrix ) + L from the
formulation of Theorem 2 (see (31)).

Lemma 3 The matriz Q) + L is non-singular.

We multiply the equation in by ¥, scalarly in Ly(T) and integrate by parts twice,
taking into account the boundary conditions from . Then we obtain that the matrix L —
tImAGr s self-adjoint, where Gr is the positive definite self-adjoint Gram matriz of the
functions ;1. Since the matriz Q is also self-adjoint, it follows from here that for all ¢ € C%
we have

m((Q + L)c, C><Ck = —]m/\(Gpc, C)Ck #0

which immediately implies the non-degeneracy of the matriz Q and completes the proof of the
lemma.

4 Taylor series for parts of the resolvent

In this section we prove Theorem 2. According to Theorem 1, the operators Rr and R, are
analytic in € as operators from Ly(T')® Lo (7y) in WZ(T') and W () and in T (F) and 7!(~y). This
means that for an arbitrary pair (fr, f,) € Lo(I') @& La(y ) the functions ul := Rr(e,7)(fr, f5)
and uf := R,(g,7)(fr, f,) are represented by series (26]) converging unlformly in € in the
norms 7!(T") and 7!(7). It also follows from formula that in the sense of decompositions

the equality

-1

(He=A) f=uw=u oS, f=[faSf (43)
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From this and from the equation for the resolvent (”Ha — )\)71 it follows that the function
u. is a solution of the differential equation (7?[5 — )x)flug = fr on the graph I' and
satisfies the boundary conditions at the vertices M € I'y M # M,. We substitute
the series for Rr from into this equation and the boundary conditions, expand all
the coefficients in Taylor series in ¢ and collect the coefﬁcients at the same powers of 5

Then we obtain a recurrent system of boundary value problems (22 . for the functions u

Our next step is to obtain similar boundary value problems for the functions w). To do
this, we first extend these functions from the graph + to the graph 7., according to the
following rule:

6) = 2 o (0 + o

Due to such continuation, equality and continuous differentiability of the function wu,,
we immediately conclude that the following equalities must be satisfied:

Uni, (ug) =U,(u)), p>1, (45)

W(My), i€ J;, j=1,...n. (44)

U () =0, UL, (05) = Usgy (1) P2 1, (46)

Yex

These relations are continuity conditions connecting the restrictions of the function u. to the
subgraphs I" and ~ on the edges e;; here we should keep in mind the replacement & = z;e7!,
connecting the variables on the edges e and e;. Further, we also consider these continuity

conditions as boundary conditions for the functions ug and u).

From formulas , the equation for the resolvent (7‘-[a — )\)71, the definition of the
operator H..(¢) in Section 3 and the continuation formulas (43)) it follows that the function
u) is a solution of the differential equation (’Hem(é) — 52)\)u = &2f on fy with boundary
conditions @ We substitute into this problem the series for R from ), expand all the
coefficients into Taylor series in € and collect the coefficients at the same powers of €. Then,
taking into account the continuation formulas and the definition of the differential
expression ﬁex(O) on the edges ef*, we obtain a recurrent system of boundary equations ([24])
for the functions w) with the boundary conditions

AU (u)) + BY Upr (u) = =7,
p .
gg:;(AgQUM( )+ BOUL (u) )),ME%O.

1=

We now investigate the solvability of problems (2 and . ([25), (4€). The
function uf is already defined in . Since problem . for ug is homogeneous,

its solution is a linear comblnatlon of functions @ : uj = ZZ C; mb . Due to the boundary
conditions for uj at the vertex M, and the deﬁmtlon of the vectors U@ i < k41 we

obviously have (U Mo (Uo) \II(Z)> =0 for j > k + 1. Consequently,
C2o

(47)

k
Co,i = ci(fr), UMO Uo Zcz fr)w
=1
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where the functionals ¢;(f) were defined in (20). This leads to the formula for u§ from (26]).
Let us now consider problem , , for u{. The right-hand side Uy, (ug) in the
boundary condition with p = 1 is a known quantity, since the function u is already

completely defined. This problem is a special case of problem with
f=—e(0)u], grer = HF,MO(O)UJ’\@ (u5)
gn = sPuen (1)), gmL = (UM + Ed(M)) Prien (ug),

where the operator EM is defined in . The solvability condition for this problem is given
by equality , which in this case takes the form

0=— <HF,M0 (O)UJI\/[O (ug)> U'Y (w(j))) + (%(O)U& (¢(j))> -

La(v)

- §<PM5M(ug),z9M(¢(j>)> + > ((UM+Ed(M)>1P]\Jj5M(u3),UM(¢(j))>

ME’YOO

caony  MEveo (M)
(48)
Using the obvious equalities
dyp® dH., , dHes (), (D) on,
=0, on ¥\ Ve, ——(0)9p1) = ¢ & (0 (7))
de de 0 on v\ Yex
and definition quantities Qgij ), by integrating by parts we verify that
(o) = (Feonn) -
Lo(v) La(Y)ex (49)
i dll,, i .dO.,, i i
=+ ¥ (TM(O)UJ’W(W ) = iS2(0) Une (), Uni (v@)
ME’YOO (Cd<M)

Taking into account the last relation and the definition of the function ug in (26)), it is easy
to see that the solvability condition of the problem for u] is equivalent to the boundary
condition at the vertex M, with matrices . Since this condition is satisfied, the
problem for u] is solvable and its general solution has the form

k
u’1Y - U’Y,* + Z ci,lqu)(i)v (5())
=1

where u] , is a particular solution of problem (24)), (25), satisfying the orthogonality
condition (30), and ¢;; are some constants that will be found later.

Having found the function ], we can already determine the function u}. It is found as a

solution to problem (22), (23), (45]). According to Lemma 2, problem (24), (47), for u}

is uniquely solvable and its solution has the form

k
u’ly = u’1y7>k + Z Ci,lﬁi,Fa (51)
=1
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where ulf* is the solution of problem , with the boundary condition Uy, (ulf*) =
U, (u],).

Let us now study problem , , . We substitute formula into the right-
hand sides of equalities , , and we substitute equality into the right-hand side
of . The resulting problem is a special case of problem , the solvability of which is
determined by condition . Writing out this condition for this problem and taking into

account relations and —, we obtain

k

k
Z Qe + Z Cia (190 (Vir), \IJU))C% = hj1, (52)

i=1 =1

where the numbers h;; are defined by the equalities

297 o .
hja = (fv 3 s (0)xyud + Mg — B (0)] ¢(l)> -
La(v)

<HF,M0 (O)UIZMO (ulf,*) ) \I/(])> cdo -

-2 > ((UM(0)+Ed(M)>1PﬁCM(A Un (u],) + Bj; UM( )+

Me'}/oo

+AT U () + BS U (ud), PirUns (W))) -

Cd(M)

Yo <PMCM<A< Un (u],) + B U (4], +

+AG U () + B Uty (ud), Padag (9 >>>

In matrix form, equalities are rewritten to the equation (@ + L)c; = hy, and Lemma
3 allows us to uniquely solve this equation by finding the coefficients ¢; ;. This leads to

formulas (31)), with p = 1.

The remaining functions, ug and u}, are defined in a similar way. Namely, the function
uj is defined up to a linear combination of the functions V) With some coefficients ¢; , by
the formula from (27). Then problem (22} . . for the function w, is uniquely solvable and
its solution has the form . Now we can solve problem ., 6 . ) for up ,1,since all
the right-hand sides in this problem are expressed through the functions already found. The
solvability condition for the last problem is given by equality and leads to a system of
linear equations (@ + L)c, = h,, where the vector h, is from (32) with coefficients from (33).
This system is uniquely solved thanks to Lemma 3 and the solution is given by formula .
The described procedure allows us to determine all the coefficients of the Taylor series (26]).

Theorem 2 is completely proved.
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5 Analogue of the Taylor series for the resolvent

This section is devoted to the proof of Theorem 3. Equality follows immediately from

and ; it suffices to substitute the series into formula .

Since, by Theorem 1, the operators Rr(e, A) and Rr(e, A) are analytic in € and, according
to Theorem 2, their Taylor series are given by equalities , the following inequalities hold:

IRee, M) (fr, 1) Zepuruwz < 2R (I 2y + 1 rla)- (53)
[Re(e. M) (fr. 1) Zep DIz < O N2 ol oy + il ) (54)
IRee, M) (fr, 1) Zsu oy < O (el + Mfel) (55)
IRe(e A (e f2) Zep P2y < O (el + 1l ) (56)

where C'is a fixed constant independent of €, N, fr and f,. From definition (2)) of the operator
S, it follows that

d'S.u (|2 e d'S.u |2 L1 diu

: = : , . = : , 57

‘ dxt N Ly(ve) dxt 1Ly (y) ‘ dzr lr(ye) dxt () (57)
and, in particular,

58

‘f” L) f” La(7e) (58)

We also note that from formula follows the equality

N N N
(Ho=2) =3 erub @Sy = (Re(e, M) (fr, )= 3 el ) @S- (Rele, N (fr, )= 3 "3 ))
(59)

Then from , we have
H(’H ) Z ePuy, = HRF &N (fr, fy) — Z Py,

< 02N+2 2N+2(Hfr||L2(F) + ”fF”LQ(’Ys))

<

W3(T)
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and from here it follows . Similarly, using instead of , it is easy to prove estimate

(36).-
As above, applying inequality , the first formula in and equalities , (?7) we

obtain estimates , :

2 2
| <
W3 (7e)

W3 (ve)

([T S
p=0

. (Rr<e, NINSESy u)

2

< 51_2i
o W%('YE)

N
Re(e N(fe ) = S g < 2 (il + e il ),
p:

where i = 0,1,2, and for + = 0 for convenience we set Wi := L,. Reasoning as above and
using inequality instead of and the second equality in instead of the first, we
easily prove inequalities , (40)). Theorem 3 is completely proven.

6 Discussion

The results obtained show that even in the case of graphs with complex structure and
arbitrary boundary conditions, the behavior of the resolvent of an elliptic operator can be
accurately described using analytical methods. This is important for further study of the
spectral properties of operators on quantum graphs, as well as for applications in physics,
where such structures model real systems with small scales. The work develops and refines
previously known approaches, offering a more general and flexible analysis scheme without
strict restrictions on the graph structure or the type of coefficients. The results are consistent
with previous studies in the field of asymptotic analysis, but take a step forward due to
the rigorous description of the remainder terms. Prospects include extending the methods to
nonlinear operators, systems with variable scales, and numerical implementations for specific
applications.

7 Conclusion

In this paper, we study the behavior of an elliptic self-adjoint operator of the second order
on a graph with small edges, depending on a small parameter €. It is established that the
resolvent of such an operator is analytic in € and can be represented as a convergent series
with the possibility of exact calculation of all coefficients. An effective method, similar to the
matching of asymptotic expansions, is developed for constructing this series and estimates of
the remainder terms are obtained. The results confirm the possibility of a rigorous description
of the spectral properties of the operator as ¢ — 0 and open the way to further studies of
operators on graphs of complex structure.
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