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CONVEXITY AND CONCAVITY IN SUBMAJORIZATION INEQUALITIES
FOR 7-MEASURABLE OPERATORS

We proved the following result. Consider a semi-finite von Neumann algebra equipped with a trace,
and let there be several T-measurable operators together with a nonnegative function defined on
the nonnegative real line. Suppose also that we are given positive weights whose total sum equals
one. If the function obtained by applying f to the square root of its argument is convex and if f
vanishes at zero, then the weighted sum of the values of f applied to the absolute values of the
operators is at least as large as a certain expression involving f evaluated at both the average of
all the operators and their pairwise differences. If the same function of the square root is concave,
the inequality reverses: the mentioned expression becomes no smaller than the weighted sum of
the transformed absolute values. This theorem yields a significant generalization of Clarkson-
type inequalities in the noncommutative setting and extends the result previously established by

Alrimawi, Hirzallah, and Kittaneh.
Keywords: Clarkson inequality, 7—measurable operator, von Neumann algebra, generalized

singular value function, submajorization inequality, convex function, concave function.
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T—eJIIIEM/Ii omepaTopJiap YIIiH cyOMakopJiaHFaH TeHCI3AIKTep/ieri oiibic *KoHe
neHec PyHKIOUSAIAP

Biz kemeci mormkeni mosengemik. 2Kaproinait akeipant ¢don Heiiman ajarebpachl KapacThIPBII-
CBIH, COHBIMEH KaTap, MYH/Ia OipHeIe T-eJIIeM Il OrepaTopap *KoHe HAKTbl CAHHBIH TepiC eMec
MOH/IepiHIe aHbIKTaFaH QyHKIus O6ap OGosicbiH. CoHJal-aK KOCBIHJBICHI Oipre TeH GOJIATBIH OH,
casmakTap Oepiyicin. Erep mesmeri moni Hesre TeH, f GyHKIUSICH ©3iHIH apryMeHTIHIH KBaJIpaT
TYOipiHe KOJIIAHBLIFAH Ke3/e OibIC 00JIca, OHA OIepATOPJIAPIbIH, MOLYJ/Ibaepine ocbl [ OyHKIH-
STHBI KOJIJIAHY APKBLIbI AJBIHFAH MOHJIED/IH CAIMAKTAJFAH KOCBIH/IBICHI OAPJIBIK, OEPATOPIAP/IbIH,
opraina MoHiHe YKoHe OJIADJIbIH albIPMAIIBIIBIKTAPhIHA KOJJIAHBUIFAH f (DYHKIUSIIAH KypaJraH
GesiriJii 6ip epHeKkTeH KeM 60jMaiiibl. AJl erep atajirad (QYHKIUsT KBaJApaT Tybipre KoJIaHbIIFaH-
Ja neHec GoJsica, oHja OyJI TEHCI3MIK KapaMma-Kapchl OAFbITTa OPBIHIAIAILI: KOPCETIITeH OpHEK
CaJIMaKTAJIFAH KOCBIHIBLIAH KeM eMec 060sapl. By HoTmke OeiffkoMMyTaTuBTIK opragarsl Kirapk-
COH THIITI TeHCI3miKTepai enpyip KeHeiireni kone Alrimawi, Hirzallah »xone Kittaneh enberimme
AJIBIHFAH HOTUYKEHI TOJIBIKTHIPAJIBL.

Tyitiua cesaep: Kitapkcon Tencizuiri, T-esmem/ii oreparop, ¢poH Heiiman ajirebpachl, CHHIYIISIPJIbI
KaJrmbuiaMa (QYHKINs, CyOMazkopu3alius TeHCI3/Ir, goHec MYHKIMS, OUbIC (DyHKIUS.
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4 Convexity and concavity in submajorization inequalities for 7-measurable operators

Mp1 joka3am cienyonmii pesysabrar. PaccMarpuBaeTcs: 1MoJy-KoneuHas ajrebpa ¢pon Heiimana,
HECKOJIBKO T-M3MEPUMbIX OIIePATOPOB U HEOTPUIATE/IbHAsT (DYHKITHS, OIPEIeJIEHHAs] Ha HEOTPUIlA-
TeJbHOM ToJryocu. Tak»Ke 3aaHbl MTOJOXKUTEIbHBIE BEca, CyMMa KOTOPBIX paBHA eauHUIe. Kcam
dyHKIMsA, KOTOpas MOIYyYaeTCs MPU HpUMeHeHnn f K KBaJPATHOMY KOPHIO CBOETO apryMeEHTa,
SIBJISIETCS] BBIMYKJIOW W TPH 9TOM 3HadYeHWe f B HyJle PABHO HYJIIO, TO B3BEIIEHHAs] CyMMa 3Ha-
yeHuil pyHKIUN, TPUMEHEHHON K MOJIYJIIM OIIEPATOPOB, HE MEHbIIIE OIIPEJIEJIEHHOIO BhIPAYKEHUS,
IIOCTPOEHHOTO U3 3HA4YeHWil f, B3ATHIX Ha CPEJIHEM Oleparope W Ha MX IOMAPHBIX Pa3/INYIUsIX.
Eciin ke ykazannas (QyHKIWMS, IPUMEHEHHAS K KBaJIPATHOMY KODHIO apryMEHTa, sIBJISETCsI BO-
THYTO#, TO CIIPaBEINBO OOPATHOE HEPABEHCTBO: 3TO BHIPAXKEHNE HE MEHBINE B3BEIEHHON CYMMBI
cooTBeTCTBYyIONNX 3Hadennii. [loydennblii pe3yabTaT CyIEeCTBEHHO PACIIUPSIET HEPABEHCTBA TH-
ma KjlapkcoHa B HEKOMMYTATHBHOI Cpejle U JONOJHseT (GopMy, paHee ycTaHOBJIeHHY0 Alrimawi,
Hirzallah u Kittaneh.

KumroueBbie ciioBa: HepaBeHCTBO KiapkcoHa, T-m3MepuMblil oneparop, ajrebpa ¢dou Heiimana,
0000IEHHAS CHHTYIIpHAs (DYyHKITNS, HEPABEHCTBO CyOMaKOPU3AIINN, BBILYKJIas (DYHKIIS, BOTHY-
Tast PYHKITHAS.

1 Introduction

Let (M, 7) be a semifinite von Neumann algebra acting on a complex Hilbert space H,
where 7 is a faithful normal semifinite trace on M. The x-algebra S (7) of all T-measurable
operators affiliated with M provides a natural framework for extending classical inequalities
to the noncommutative setting.

An operator x € S (1) is said to be positive (denoted x > 0) if (z£,£) > 0 for all
¢ € dom(z). For two self-adjoint operators x,y € S (1), we write x > y if v —y > 0.

In this framework, unitarily invariant norms play a central role. We say ||| - ||| is unitarily
invariant if

[uzvl|] = [[|2[]]

for all z € S(7) and for all unitary operators u,v € M. Typical examples include the
generalized Schatten p-norms given by

1
|zl =7 (l2")"". 0 <p < oo.

A fundamental result in the theory of unitarily invariant norms is given by the classical
Clarkson inequalities in Schatten classes, which provide bounds for operator combinations
under p-norms. These inequalities have been studied and generalized in various contexts,
particularly in the setting of bounded operators on Hilbert spaces.

We now consider B(H ), the algebra of all bounded linear operators on a complex separable
Hilbert space H. This algebra is a von Neumann algebra under the weak operator topology
and forms one of the most important examples in functional analysis. Within B(#), the
positive operators are those x for which

(x£,&) >0 for all £ € H.

A notable extension of Clarkson-type inequalities to this noncommutative setting was
established by Alrimawi, Hirzallah, and Kittaneh in [1|. They proved the following result:

Let ||| - ||| be a unitarily invariant norm, Ay,..., A, € B(H) be positive operators, and
let aq, ..., a, be positive real numbers such that Zyzl a; =1

Define the index set Sy = {1,...,n} \ {¢}. Then:
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1. If f is a nonnegative function on [0, 00) with f(0) = 0 and g(t) = f (v/1) is convex on
[0,00), then for every unitarily invariant norm,

|'|f <\/1_7a€ Ay — ]Zl% ) +];<S[f(\/TA nAk)
+f 3 A;

>
2. If f is a nonnegative function on [0, c0) such that g(t) = f (V) is concave on [0, c0),
then for every unitarily invariant norm,
A )

Zajf(mjy)‘ 'f( Az—zaj

+jkz€;£f(1/ O‘JO"“)|A Ak> (

foreach /=1,....n

PILT

DIl

This paper develops new norm inequalities for operators that generalize and refine the
classical Clarkson inequalities. Prior results on non-commutative Clarkson-type inequalities
for the symmetric norm of 7-measurable operators can be found in |7], while related
submajorization inequalities were established in [4}5].

The structure of the paper is as follows. Section [2| develops several key operator identities
on Hilbert spaces that form the foundation for our results. In Section [3] we establish the
main norm inequalities for convex and concave functions of 7-measurable operators.

foreach/=1,....n

2 Preliminaries

Throughout this paper, we denote by M a semifinite von Neumann algebra acting on a Hilbert
space H, equipped with a faithful normal semifinite trace 7. A densely defined, closed linear
operator x on H with domain D(z) is said to be affiliated with M if

w*ru =z for all unitary v € M’,

where M’ is the commutant of M.

An operator z affiliated with M is said to be T-measurable if, for every € > 0, there exists
a projection e € M such that e (H) C D(z) and 7 (e') < ¢, where et :=1—e.

The set of all T-measurable operators is denoted by S (7). This space forms a x-algebra
under strong closures of algebraic operations.

Let P (M) denote the lattice of projections in M. For €, > 0, define the sets

N (e,0) :=={x € S(r): Je € P(M) such that ||ze| <& and 7 (e") <4} .
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These sets form a neighborhood base at 0 for a metrizable Hausdorff topology on S (1),
called the measure topology. With this topology, S (7) becomes a complete topological
algebra (see [11]).

For x € S (1), generalized singular value function u (t;x) is defined by

p(t;z) == inf {||ze]| ;e € P(M), 7(e") <t}, t>0,

(see |9] for more details about the generalized singular value function).
If x,y € S(7), then we say that x is submajorized by y and write < y if and only if

t ¢
/ w(s;x)ds < / p(s;y)ds, te0,00).
0 0
See [23] and the references therein.

3 Main results
The next result is a restatement of |6, Lemma 2].

Lemma 1 Let x,- - :r;n 1 be T- measumble operators and let ag, - -+, a,_1 be positive real
numbers such that Zj “o ajr; =0 and Y7, Ja; =1. For each £ €{0,...,n — 1}, we have

n—1
;0
(1_a |9«“e| + Z j \:vj—:vk|2:Zaj B2
7=0

]kES{
where Sp = {0,...,n—1}\ {¢}.

Lemma 2 LetZ,O aj =1. Then for each { =0,...,n—1,

OZJQ% ) n—1 ) n—1
(1 "o [P ZO‘J% + Z ’35] | = ZO‘J' |2;]" — L
0) =0 =0 =0

7 kES@

In particular,

o n—1 n—1 n—1
=Y | <> eyl =) eyl
1 — o) , : :

with equality if and only if x; = xy, for all 5,k € 5.
Proof. Let

n—1
xr = E ija?j.
Jj=0

Define new variables:
n—1

y; = x; — T, so that Z a;y; = 0.
j=0
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Applying Lemma [I| to the y; (since they satisfy the same assumptions), we get:

(67 ) &]ak
T |ye|”™ + Z 2(1—|yy — |’ Z% [ (1)

73,keSy

Note that:

ye=x0—7, |y;—ul’ = (x5 —3) — (2, — 3)|* = |2v; — @],

and
Z% ‘yj Zay ‘373_37’

:ZO‘J 2l —xm—xm]+|§:\2)

n—1 n—1
= Zaj |xj|2 — (Za] J> - Zoz z; + |:17|2204j
j=0 Jj= Jj=0

n—1
=> ajlaP -z - 'z + |2
=0

n—1

2 _12

=Y ajlzl* - |z
7=0

Substituting these into equation , we obtain:

(67107
|I€_I| + Z lj—oz _xk| ZCY] |x]|

7 k‘GS@

which is exactly the statement of the lemma.
The second part of the lemma follows from the nonnegativity of the second term on the

left-hand side: o
S W% s
J = U,
jes, 2 (1 —a)
with equality if and only if z; = x, for all j,k € S,.
We obtain the following result, similar to |9, Proposition 4.6] (see also |6, Lemma 3|).

Lemma 3 Letxg,..., T, 1 be positive T-measurable operators and let oy, . . . , a1 be positive
real numbers such that Z 70 a; = 1.

(1) If g : [0,00) — [0,00) is a convex function with g(0) = 0, then

1 (t;g (i ozjwj)> < p (t;i:ajg (%)) :
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(i) If h: [0,00) — [0,00) is a concave function, then

1 <t; iajh (9@)) <pu <t; h (i aj:cj>) :

We recall the following well-known result (see [8, Theorem 5.3]).

Lemma 4 Let for all xq,--- ,x,_1 be positive T—measurable operators.

(i) If g : [0,00) — [0, 00) is convex function with g(0) = 0, then

> o) =g (ij)

Jj=0

(i) If h: [0,00) — [0,00) is concave function, then

The following theorem offers a natural extension of |1, Theorem 3.8|.

Theorem 1 Let xg,...,x,_1 be T-measurable operators and «g,...,a,_1 be positive real
numbers such that ,

> a=1

5=0

Then for each £ € {0,...,n —1}:
(i) If f : [0,00) — [0,00) is a non-negative function with f(0) = 0 and g(t) = f(\/1) is

convezx, then
071677 o
f(\/l—ae >+szeszf(\/ )|x] $k|>
n—1
> g, ) =) o ().
j=0

+f(
§=0

(ii) If h(t) = f(\/t) is concave, then the reverse inequality holds:

> aif(lz) < f (\/ ] iwae Tg — Z%‘ﬂfj >
=0 :

+ 3 f( i kal)+f<

7,k€Sy

Ty — E ;5
7=0

iLj

) |
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Proof. Let f : [0,00) — [0,00) be a non-negative function. Define g(t) = f(v/t) and h(t)
f(\/1), depending on convexity or concavity of f(v/1).

We prove each case separately.

(i) Assume that g(t) = f(v/1) is convex and f(0) = 0.

Let
a 1 aQ
¢ O
Ay = Ty — E QT Byipr=./———|x; — ) |
Jj=0
Then

+ Z f(Bejx) + f(C) = g(A}) + Z 9 (Bi ) +9(C?).

7,kESy 7,k€Sy
By convexity of g and Lemma [4(i), we have
g( A+ Y g (B2x) +9(C*) =g (A? + > B+ 02) :
7,kESy 7,kESy

Note that by Lemma 2, we can write:
n—1

Az + Z szk + 02 = Zaj‘ij‘
k€S, 5=0

Hence,

n—1
Z [ (Bejx) + f(C ( ozj|xj|2).

J,k€Se j=0

Applying Lemma [3{i) (since g is convex and ¢(0) = 0), we conclude:

n—1 n—1
) (zajw) S asgllas) = 3 sl
j=0 Jj=0

7=0

)+sz€; f (,/ S )|$j—$k|)

+f< ) =Y f ().
=0 =0

,_.

Therefore,

[ Qu
f( 1—@3

n—1

Ty — E ;T4
Jj=0

E :Oéj%‘

(ii) Now assume h(t) = f(1/1) is concave.
Then using Lemma [3{ii) and (2),

n—1 n—1 n—1
> aif(lz) =D aih(lz;?) < h (Z %‘|%‘|2> =h (Aﬁ + > B+ 02> :
=0 j=0

J=0 JkeS,
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Then by Lemma (ii) and concavity of h, we get:

h| A7+ Y B +C* | 2h(A]) + Y h(BE;) +h(C?)

7,k€S) 7,k€Sy
= f(A)+ D f(Buga) + £(O).
7,k€S)
Thus,
n—1
> aiflz) =< f
=0

This completes the proof.

4 Acknowledgements

The work was partially supported by the grant No. P23484600 of the Committee of Science

of t

(1

2]

(3l

(4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

he Ministry of Science and Higher Education of the Republic of Kazakhstan.

References

Alrimawi F., Hirzallah O., Kittaneh F. Norm inequalities involving convex and concave functions of operators, Linear
and Multilinear Algebra. 67:9 (2019), 1757-1772.

Bekbaev N.T., Tulenov K.S. The non-commutative Hardy-Littlewood maximal operator on non-commutative Lorentz
spaces Journal of Mathematics, Mechanics and Computer Science. 106:2 (2020), 31-38.

Bekbaev N.T., Tulenov K.S. One result on boundedness of the Hilbert transform in Marcinkiewics spaces Journal of
Mathematics, Mechanics and Computer Science. 113:1 (2022), 17-24.

Bekjan T.N. , Dauitbek D. Submajorization inequalities of T—measurable operators for concave and convex functions
Positivity. 19:2 (2015), 341-345.

Bekjan T.N., Dauitbek D. Submajorization inequalities of T—measurable operators AIP Conference Proceedings. 1611
(2014), 145-149.

Dauitbek D. Submajorization inequalities for T—measurable operators involving convex and concave functions Kazakh
Mathematical Journal. 24:2 (2024), 16-27.

Dauitbek D., Tleulessova A.M. Non-commutative Clarkson inequalities for symmetric space norm of T—measurable
operators International Journal of mathematical analysis. 7:17-20 (2013), 883-890.

Dodds P.G., Sukochev F.A. Submajorisation inequalities for convex and concave functions of sums of measurable
operators, Birkhauser Verlag Basel. 13:1 (2009), 107-124.

Fack T., Kosaki H., Generalized s—numbers of T—measurable operators, Pac. J. Math. 123:2 (1986), 269-300.

Gumus I.H, Hirzallah O, Kittaneh F. Estimates for the real and imaginary parts of the eigenvalues of matrices and
applications, Linear Multilinear Algebra. 64:12 (2016), 2431-2445.

Nelson E., Notes on non-Commutative integration, J. Funct. Anal. 15 (1974), 103-116.



D. Dauitbek 11

Asmop mypaav, Masimem:
Hoyimbex, locminex — PhD, Mamemamuka sHcone Mamemamuraivlk, MoOeab0ey UWHCIUIMYMbl-
HouH, bac 2viavimu Koizmemrepi (Aamamol, Kazaxceman, saexmpondos nowma: dauitbek@math.kz);

Ceedenus 06 asmope:

Layumbex Jlocmuanex — PhD, eaasrviti nayunouli compyonux Uncmumyma mamememury u ma-
memamuyeckozo modeauposarus (Aamamu, Kazaxrcman, ssexmponnas nowma: dauitbek@math.kz);

Information about author:

Dostilek Dauitbek — PhD, Principal Researcher at the Institute of Mathematics and Mathematical
Modeling (Almaty, Kazakhstan, email: dauitbek@math.kz);

Received: October 10, 2025
Accepted: November 28, 2025



	Introduction
	Preliminaries
	Main results
	Acknowledgements

