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SOLVABILITY OF THE INITIAL BOUNDARY VALUE PROBLEM FOR A
NONSTATIONARY DIFFUSION MODEL OF AN INHOMOGENEOUS
FLUID

In this work, we consider the problem of the existence of solutions to the initial-boundary value
problem for a diffusion model of inhomogeneous fluids. For theoretical justification, the methods
of functional analysis and compactness techniques are applied, resulting in a priori estimates
and energy inequalities. The formulation of the problem takes into account the compatibility of
the initial and boundary conditions, as well as the boundedness and smoothness of the given
coefficients. This system of differential equations describes the motion of a two-component fluid
with components of different densities. A similar model of an inhomogeneous fluid medium was first
obtained in [13| under the assumption of a small diffusion coefficient and low mass concentration
of the admixture. A distinctive feature of these equations is that the unknown functions ¢ and p
(the velocity and density of the mixture) enter the system through higher-order derivatives and
in a nonlinear manner. This circumstance, when studying boundary value problems, forces one to
impose certain restrictions on the model parameters. However, these restrictions do not contradict
the assumption of a small diffusion coefficient adopted in the derivation of the equations. It should
also be noted that when A = 0, the obtained system of equations reduces to the classical model of
an inhomogeneous viscous incompressible fluid (the Navier—Stokes equations).

Key words: non-stationary model, heterogeneous fluid, Kazhikhov—Smagulov equations, initial-
boundary value problem, weak solution, strong solution.
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BiprekTi eMec cyibIKTapablH CTAIMOHAPJIBIK, eMec audPy3usiIbIK, MO YIIiH 6acTankbl -
IIeTTIK ecelTiH mIenriMmijiri

By xxymbicTa 6ipTekTi emec cyHbIKTapabIH A dy3usIbK, MO VITiH OACTAIIKEI - TIETTIK ecerl-
Tig mrerimMaepiniy 6ap 60sIybl Mocesesepi KapacThIpbLIa bl. TeOPUSIIBIK /1216l IeyJIep YIIH QyHK-
[UOHAJIJIBIK, TAJIJIAY 9JIiCTepi, KOMITAKTLIIK OIiCTePl KOJJIAHBLIBII AIIPUOPJILIK, Oarajaysap MeH
SHEPIreTUKAJIBIK, TEeHCI3MIKTED aJbIHAbl. KolbLIraH ecernre OACTAIKBI YKOHE IIETTIK IMapTTaPIbIH,
yitstecimistiri Mmen Oepinren xkoaddunmenTrepain 6erisai 6ip IIeHeJreHTIiri MeH TericTik KacueT-
Tepi eckepinmi. Byn muddepennusaniapik Tengeyaep XKyiteci THIFBI3ABIKTAPHI Op TYPJl €Ki KOoM-
MTOHEHTTI CYMBIKTBIH, KO3FAJIBICHIH cuTtaTTalabl. MyHmait 6ipTekTi eMec CYHBIK OpTa MO aJIFalll
per [13] xxymbicta auddysus koaddburpenTiHIH KoHe epiTIH/IHIH MACCATIBIK KOHIIEHTPAIUSICHIHBIH,
a3 OoJIFaH KarIalbIHIa aJIbIHFAH. ByJI TeHIeyIep/IiH epeKIne/Iiri — i3/1eeTiH ¢ KoHe p DyHKIH-
siapbl (apasiac CYABIKTHIH, YKbIIJIAMIBIFBI MEH THIFBI3/BIFBI) Kyiiere KOrapbl PETTi TYbIHIbLIAD
apKBLIbI YKOHE CBI3BLIKTHI €MeC TYpjie eHemi. Byir karmait meTTik ecenTepi 3epTTey Ke3iHge Mo-
JesTb TapaMerpJsepine Genrisii 6ip 1mmekTeysiep Korora MoxKOypseiimi. /lerenmen, Oys mexkTeysaep
ecenTi mbIrapy Kezimge kKaObLIIanran auddysus Ko3hDPUITUEHTIHIH a3/IbIFbl TYpaJbl KOpaMaJi-
MeH Kaiimbl keqamedini. Conpaii-ak, A = 0 OoJsiral Karmaiifa ajblHFAH XKylie TeHgeysepi 6ipTekTi
eMeC TYTKBIP ChIFBUIMARTBIH CyHbIKThIH Koaimri mogesine (Hasbe-Croke Tenueyiiep xKyitecine) aii-
HAJIATHIHBIH aTall OTKEeH KOH.

Kinr ce3mep: cramuoHapIIblK eMec MOJIEJIb, TeTePOreH i CyHbIKThIK, Kaxkuxos—CMaryJioB TeHJe-
yaepi, 6acTAKBI-IIETTIK eCell, dJICI3 TIeTiM, DJI/Ti TIeITiM.
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HEO/THOPOHBIX >KUIKOCTEMN

B mamnoit pabore paccMaTpuUBaiOTCs BOIIPOCHI CYIIECTBOBAHUS PENIEHUI HAYAJIbHO-KPAEBOil 3a/1a-
qau A8 AudGy3nOHHON MO/ HEOTHOPOIHBIX KUAKOocTel. JIIst TeopeTmdeckoro 060CHOBAHUS
MIPpUMEHAI0TCA METO/IbL q)yHKLH/IOHaJIbHOFO aHaJIn3a U METO/Ibl KOMITaKTHOCTHU, ITOJIYYI€HbLI allpuOop-
HBIE OIIEHKHU U YHepreTuveckrue HepaBeHCTBa. B IocTaHOBKE 33/1a4i yYNTHIBAETCS COTJIACOBAHHOCTD
HaYaJbHBIX W I'PAHUYHBIX YCJIOBUIA, & TAKXKE OIPAHUYEHHOCTH W IJIAJIKOCTh 33 JaHHBIX KOI(h UIn-
eHTOB. JDTa cucreMa AudHepeHnnaIbHbIX YPABHEHUI OIMNCHIBAET JIBUKEHUE JIBYXKOMIIOHEHTHOM
KHAJKOCTH C PA3JIUYHBIMU IVIOTHOCTSIMU KOMIIOHEHTOB. 110/100Has MO/1€71b HEOIHOPOMHOMN KU IKOH
cpeJibl BIiepBbIe Oblia nosyvena B pabore |13] npu mamoctn kosddunuenra muddysnm u Maccosoit
KoOHIeHTpanuu npuMecu. OcoOeHHOCTBIO 3TUX YPABHEHUIT SIBJISIETCS TO, YTO UCKOMbIe (DYHKIUU U
u p (CKOPOCTh U IJIOTHOCTb CMECH) BXOJAT B CUCTEMY 4epe3 HPOU3BOJAHBIE BBICIIUX IOPSJIKOB U
HEJINHEHHBIM 00pa30M. DTO 0OCTOATETLCTBO IIPU HCCJIEIOBAHUN KPAEBBIX 33J[a9 BBIHYK/IAET Ha-
KJIAJIBIBATD OIIPEIEJIEHHbIE OMPAHNYIEHNsT HA [TAPAaMeTPhl MOjed. 1eM He MeHee, [TaHHble OrPaHu-
qeHusI He TTPOTUBOPEUAT MPEINOMOKEHNIO O MaJTOCT KodddurmenTta auddy3un, IPUHITOMY ITPU
BbIBOJIe ypaBHeHuii. Cjie/lyeT Tak»Ke OTMETHTb, 94TO Ipu A = ( IOoJIydYeHHas] CUCTEMa ypPaBHEHU
[IEPEXOJIUT B OOBIYHYIO MOJIEJIb HEOJIHOPOHOM BA3KOM HECXKMMAEMOIl XKUJIKOCTH (CUCTEeMY ypaBHe-
nuit Hasbe-Crokca).

KitioueBble cJioBa: HECTAIMOHAPHAS MOJIEJb, MeTePOTeHHas KUJIKOCTh, ypaBHenus Kaxkmxo-
Ba—CMarysoBa, HaIaJIbHO-KpaeBas 3ajada, cjaboe pelleHne, CHIHLHOE pPelleHne.

1 Introduction

Let Q C R? be a bounded domain with smooth boundary 9. Denote by 'y = 9Q x [0, 7]
the lateral surface of the cylinder Qr = Q x [0,T], T > 0. We consider the problem of
determining the functions (v(x,t), p(x,t), p(x,t)) in Q7 that satisfy

P %+(5~V)U —)\[(VpV)U—l—(17~V)Vp]:uAU—Vp—i—pf_Vw’k—z,U’ k1, (1)

div ' =0, % + div(p?) = A\Ap. (2)

These equations describe the motion of an incompressible fluid together with the
corresponding state equation. They are supplemented with the boundary conditions

p

Gn‘FT =0, (z,t)ely, (3)

U|FT - 0,

and the initial conditions

Ui=0 = Uo(z), pli=o = po(z), = €Q. (4)
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Here, v(x,t) denotes the velocity of the fluid, p(z,t) is the pressure of the fluid, p(z, 1)
is the density of the fluid and p is a positive constant representing the kinematic viscosity
coefficient of the fluid. The vector function f describes the density of external forces.

Moreover, viy(z), po(z), and f(m, t) are given functions. The constants A, ; i, ; v are known
positive numbers.

7 = (ny,n2,n3) is the outward unit normal vector to I'r.

The function py(z) is a positive bounded function:

0 < ess m&npo(x) =m < po(x) < M = ess mgxpo(x) < 00, (5)

This restriction on py(x) is due to the physical meaning of density. The sought function
p(x,t) must also remain positive and bounded.
Let X(Q) = {7 : ¥ € C§°(Q),divy = 0} be the set of infinitely differentiable, finitely
supported, solenoidal continuous vector functions. The closures of R(Q2) with respect to the
norms of Ly(Q) and W, °(Q) are denoted respectively by H and V

2 Reviewed works

In the scientific literature, the system of equations f is also referred to as the
Kazhikhov—Smagulov system. From the physical point of view, such a system describes the
flow of an incompressible viscous non-Newtonian fluid.
ov . I . 7

p E—F(U-V)U —AN(VpV)T+ (V- V)Vp| = uANT—Vp+pf
The case v = 0 in the system (1)) was considered in [1].
Furthermore, in the case A = 0, v = 0, the system (l)—(4) reduces to the classical
Navier—Stokes system. Initial-boundary value problems for the Navier-Stokes system
describing the flow of a nonhomogeneous fluid were studied in [2,4}/6, 8] and other works.

ov . . -
p {E+(U'V)U} = pulNv—Vp+pf
The existence and uniqueness of the solution to the problem in the case when the term A\? is
nonzero are considered in [11].

p B—f +(7-V) a} —A[(VpV)T + (7 V)Vp] +

2

A 1
+ n {(VpV)Vp —

;(Vpr)Vp +ApVp| = uAG—Vp+pf

In the following paper [15], the existence of a global weak solution to the inhomogeneous
(i.e., variable density) incompressible Navier-Stokes system with mass diffusion is proven.
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This system is a widely recognized version of the Kazhikhov-Smagulov model. The main
novelty of the paper is the consideration of the Kazhikhov—Smagulov model with variable
viscosity without simplifying the higher-order nonlinearities.

(Op+v-Vp=0Ap in (0,00) x £,

0u(pv) + > 0, (prjv) = V - {p(p) (Vv + 8,(Vv))}

J=1

—0Ap—0(v-V)p—0(Vp-V)v+20V - {u(p)V(logp)}
A : 2
+92{ Ve Ve VIV VAl Vp} — —Vp+pf in(0,00) x L,

p p p?
V-v=0 in (0,00) x €,
Vp-n=0, v=0 on (0,00) x 012,
Lp(0,-)=mn, v(0,:)=u in €.

3 Existence of a strong solution

Lemma 1 Tuking into account the mazimum principle for the diffusion equation (@), the
following inequality is valid:

0<m<pN(z,t) <M < o0, (6)
where m and M are constants determined by po(x) from equation (5).
Proof 1 To prove this inequality, we first introduce the following notations:
p~ =max(0,m — p") and p™ = max(0, M — p)

Now, if we multiply equation (@) by m — p~ and integrate over the domain 2,

/(m—pN)thdx—i—/(m—pN)(ﬁ-V)dex—l—)\/VpN-V(m—pN)da::O
Q 0 Q

This equation is equivalent to the following equation

d

G =2 [ (V= ) =0

Q

Now, integrating this equation from 0 tot

t
107 2,0 + 20 / IV 200 = N5 1

Here, py = p~(0,2) = max(0,m — pg) = 0, which implies from the above equation that
p~(x,t) = 0. This gives us the lower bound for p(x,t). The upper bound can be found by the
same method. Thus, it follows that

0<m<pN(z,t) <M < oo, (z,t) € Q x (0,T)
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Lemma 2 Let v € V,d €V, and ) € WE(Q) be elements of the corresponding spaces. Then
the following equality holds:

(V) V4,900 = = (@) V)0 = [ 0 Z o )

Proof 2 Since the space V' consists of continuously differentiable finite solenoidal vector
functions, we first verify equation @ for v,& € X(Q). By integrating the left-hand side of the
equation by parts and taking into account that divw = 0, we obtain the following equality:

3

3
Y - - [y 9y B 3 o 0 B
((U >Vw7w>L2(Q) B /Qij:1 Uimwjdx - _/Qij:1 8$ia_xj(vi’wj>dx B

3 0 ou | e
i O

Thus, we prove the first part of equation (@ To verify the second part, we integrate by parts
and take into account the condition divv = 0.

oY (%, ov; (%, Ow;
/Z“a Oz /wzf)xz( z; >dx /d’ 8x]8xzd

Theorem 1 If Go(z) € V, po(z) € W2(Q), [ € Ly(Q), and the inequality

A
p> (M —m)

holds, then for 2 < k < 4, the problem f admits a local strong solution on the interval
(0,Ty), which satisfies the following a priori estimates:

Ty _
was (17 + 18010)] <o [ {IVplaey + I1B00Raq + il }dt < Ca. (9
0

0<t<Top

Here,

1
2CIIfIILQ o)

and Cy,Cy are constants depending on the given data of the problem.

Proof 3 Galerkin’s approximation. Let {Jj}j’;l be a system of functions from the space
H, orthogonal in Ly(2), such that their linear combinations are dense in V', and assume that
they are eigenfunctions of the following spectral problem.:

(zﬁj,&)v Y (ﬁ]w)H VeV
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For any N = 1,2,..., the approximate solution (7, pY) of problem (I) (l) 15 sought in
the form

N
(@ t) =Y e (dy(x) (9)

j=1
where the unknown coefficients cj-v(t), j=1,2,... are the solution of the Cauchy problem for

the system of differential equations:

(pN [%HW-V) UN] (VW) TN + (7N V)VpN] -

(10)
— pAGY + VP — pf+u]vN|k 24N,%> =0
L2(9)
with initial conditions
C;V(O) = Cj = (Uo,QZj)H, j = 1,2,...,N

The approzimate solution pN(xz,t) for any N = 1,2,... is sought as a classical solution of
the problem

op"N . op™

W + (UNv>pN = )‘ApN7 %h‘T = 07 pN|t=0 = p(]]\/(x) (11>

where pl’ (x) is a sequence of functions converging to po(x) in WZ(Q) and L,(Q2),1 < ¢ < oc.

By rewriting problems (@f as an operator equation and applying the Schauder
theorem, the existence of a solution can be established (see Section 3 in [3[for details).
A priori estimates
By multiplying equation by p™(x,t), summing over k = 1,... N, and integrating over
the domain Qr, we obtain the following inequality:

1
| 195" @) Pz < L) = (12)
. 2\
Now, in order to obtain an estimate for the velocity, we multiply equation (@ by C},(?ﬁ), sum
over k =1,2,...,N, and integrate over the domain Q. As a result, we obtain the following
equalities:

]- d —, —, —,
5 11 P | | dx—i_/vL” NHV A ((va)vaavN)L Q) :/ ( Nf v )dx_

/(|—»N|Ic 2—»N —»N) dx

We apply Holder’s inequality and embedding theorems to the first term on the right-hand side
of the obtained equation, and estimate the third term on the left-hand side using lemma 2 as
follows:

(13)

. . M +m v ovN M—-—m,
((UNV>VPN7UN)L2(Q) :/Q (pN 2 ) Or; O I T” v
) 9T 0T
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Taking into account the above equalities and estimates, we derive the following estimate from
equation (2.19):

1d A
3o LN et (= 500 =) 1+ w1 <

< C||f||L2(Q)||77N||V

(14)

Here, according to the condition of the theorem,
A
XE,u—§(M—m)>O

Thus, from equation (@, we obtain the following estimate. Applying Young’s inequality to
the right-hand side of the inequality and integrating from 0 to T, we arrive at the following a
priori estimate:

0<t<T

T
max |7 (xvt)||L2(Q)+/ 17 (2, ) [dt < N (15)
0

Let us now return to equation @ Multiplying the equation by Ap™ (x,t) and integrating over
the domain ), we obtain the following identity:

I (0 ) iy + MY (D)) = (9D, 87)

If we integrate the right-hand side of the equation by parts and apply interpolation inequalities

T
s 197 (o) ey + [ 180" (o) oyt < N (16)
0

0<t<T
Win] . @/ b de¥ (¢) d . hen i
Nezxt, we multiply equation y —L— and sum over j = 1,2,... , N, then integrate
over the domain ). This yields

(PN T ) oy + (PN (@VAV)TY, ) o) —

- [((VPNV)*N U)oy T (@ V)V, )L2(Q)} — ATV, T 1y + (17)

N‘k ZHN’EiV)IQ(Q) =0.

+ (0" F, 5 ) rage) + v (|7
Now we introduce the Stokes operator A defined by the formula
Al = Py, Vi e WHQ)NV,

where Py : L*(Q) — H(Q) is the Leray projection. Some properties of the operator A are
considered in section III of [9].
In particular, we have

|@llwziynv < ClATLyw), YT e W (Q)NV.
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Applying the above inequality and the embedding theorem, we obtain
- T oNIL SN S
152 |24y < ClATY]2|[7N]3 (18)

Now, using (@, we rewrite wn the following form:

d . i} } < o ~
p (1815 +ml@1L,) +mlloil e, <l Adle, + Ce [[18pl7, + 1915] 1915 + el flIZ,,  (19)

where € > 0 is an arbitrary number.

Nezt, we estimate ||AT|| in terms of ||0;]| and, for a suitable value of ¢ > 0, reduce @
to a differential inequality with respect to ||V]|y. For this, we apply the Stokes operator A to
both sides of equation , multiply by cﬁ-\](t), sum over 7 = 1,2,..., N, integrate over (2,
and treat TN as being on the right-hand side of a stationary equation. We obtain

AV < N *&4\/) ( N (NG A—»N) _
plATYZ, = (o = pN [, AT oy T2 (V)T Av )

)\ ((va V), &7N) ey~ N ((ﬁNV)VpN, &TN> - (20)

La(Q)
— v, ATY) 1y 0.

We now estimate the three terms on the right-hand side of equation (@) in the standard
way:

(o2 = o B0Y) <l BV, + O [N, + 171

(@), B0Y) < MBS e [0 a5 ey < 2l BV, + Call™ I},

A (W W) AY) < AP AT oIV )

Ly(Q)

< e AT)3, + G| AN (13,1157,

)\ ((17NV)va, &7N) — )\ ((AUNV) Vp )
Ly ()

< e ATV, + Call Apll7, 15113

Now let us consider the last term on the right-hand side of (@) Taking into account that
pt, AU € Ly and p € Loo(Qr), we obtain the following estimate:

L2(Q)

<|—»N|k 25N A < /|—»Nk 2—»NA1—)»Ndl,‘
L2(Q

<o [ A <o ([ ) 15
Q Q

~ 1 2k ~ 1. _
< Bl + i [ 10 = el Bl + VI

Log—2-
Using the embedding

. B} B .2
W(;(Q) - L2*7 ||UHL2* S C||VUHL27 2 - m7
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we obtain the estimate

V2, = [ 1P
(2k—2)(d—2) 2d—m(d—2)

< (/ |77N|(2k2)<2‘“22)<‘”)dx>2d</ |1|ﬁwdx>7 (21)
@ Q

< O(d, Q, 2k = 2)|[TV|2 2 ) < Culd, 2k — 2,Q) | VT[22

—2

Here d = 3 is the spatial dimension, and 2 < 2k — 2 < 2* = 6.
Therefore, we arrive at

SN+ m A0, < © (171, + 1913 +1801°] (22)

Multiplying equation (@ by Ap; in La(2) and applying embedding theorems, we get

Ad .
SR IE, + 190Y, = (@ - V)6, Ap) 2. (23)

Integrating the right-hand side by parts, we obtain
(@90, 80Y) = (@ - 9)9p", V) = (V0 9)7, V")

< CIVp ez [maX|UNH|APiVHL2 @ + 100 s )HVpNHLG(Q)} :

Lo

La(2) (24)

From the embedding inequalities:

1/2 —, 1/2 -, 1/2 —, 1/2
maxc [3] < el| ATV 1TV, 15N llzsey < ell ATV g 1TV,

Vo™ o) < CllAPY 120
Using these, from we obtain

Ad
2 AN 2y + IV PN 3 <
< CIV Y 2 180" Lz 1 AT o oy 17 g (25)

< §HVinHiz(Q) + e AT L2 ) + CEITIY + 1800720
Adding inequalities and , and taking € = %m, we obtain for the function
y(t) = pll a5 + M Ap™I,

the following differential inequality:

dy

D 10 sy + mllAT oy < O[3y + 7). (26)
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From this inequality, for a sufficiently small time interval [0, Ty], since
y(0) = pllTg|I* + M Apy |7, | [l La(@qp) are bounded,

we obtain

To

s (170 + 180" a)] < G [ {IV0N i + 130 o bt < o (20)
Based on these estimates, we conclude that the three-dimensional problem admits a local

strong solution, and by passing to the limit one can establish convergence of the solution.
Passage to the limit

The approximate solutions U and pV, defined by (@,, satisfy the a priori estimates

. From this, one can extract subsequences 7 and p" from v and p~, respectively, for

which the following types of weak convergence hold.

For the three-dimensional case, the following local weak convergence of approximate
solutions is valid:

0" =0 weakly-x in L=(0,Ty; V), n — oo, (28)
7" = weakly in Ly(0,Ty; W3), n — oo, (29)
v — v weakly in Ls(0,Th; La), n — 00, (30)
Pt — p  weakly-x in L>(0,Ty; W3), n — oo, (31)
op™ 0

a_[; — a—';), weakly in L*(0, To; Wy), n — oo. (32)

From the above convergence results and by applying the Banach—Alaoglu theorem, one can
pass to the limit in the approximate solution of problem f. That 1s, we conclude the
existence of a strong solution to problem f.

4 Conclusion

In this work, the solvability of the initial-boundary value problem based on a mathematical
model describing nonstationary diffusion processes in inhomogeneous fluids was studied. As
a result of theoretical analysis, the necessary conditions for the existence of a solution were
identified. For this purpose, methods of functional analysis were used, including a priori
estimates.
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