ISSN 1563-0277, eISSN 2617-4871 JMMCS. Ned(128). 2025 https://bm.kaznu kz

IRSTI 27.31.21 DOI: https://doi.org/10.26577/IMMCS202512843

S.A. Aldashev!" ' | S.I. Kabanikhin®> | M.A. Bektemessov®
nstitute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
2Sobolev Institute of Mathematics SB RAS, Novosibirsk, Russia
3*Institute of Information and Computing Technologies, Almaty, Kazakhstan
e-mail: maktagaliQmail.ru

ILL-POSEDNESS OF A MIXED PROBLEM IN A CYLINDRICAL DOMAIN
FOR THE MULTIDIMENSIONAL LAVRENTIEV-BITSADZE EQUATION

Studies of well-posed and ill-posed problems in mathematical physics, including inverse problems
and their practical applications, are of considerable interest, where the key issue is the correct
formulation of the direct problem. Hyperbolic and elliptic equations are widely used in biomedical
modeling, including to describe tumor growth and deformations of biological tissues. Analogies
between membrane oscillations and tissue dynamics are widely used in biomechanics and
mathematical medicine. For example, the spatial oscillations of elastic membranes are described
by partial differential equations. When the membrane deflection is specified by a function u(z,t),
x € R™, m > 2, application of Hamilton’s principle leads to a multidimensional wave equation,
and in the case of equilibrium, to the Laplace equation. Consequently, the dynamics of elastic
membranes can be described by the multidimensional Lavrentiev-Bitsadze equation. The problems
considered in the article are ill-posed problems. The proof of non-unique solvability and the
construction of an explicit solution is in fact a regularization of an ill-posed problem through
the spectral method and integral representations, etc. In this article, the ambiguity of the solution
is proven and an explicit form of the classical solution of a mixed problem for the multidimensional
Lavrentiev-Bitsadze equation, is presented.

Key words: Ill-posedness, mixed problem, cylindrical domain, Bessel function, boundary
conditions.
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HekoppeKTHOCTh CMeNIaHHoOM 3aJa4u B MUJINHAPUYECKOl obJjacTu
IJisi MHOTOMEPHOro ypaBuenus JlaBpenrbeBa-Bunanse

UccnemoBanns KOPPEKTHBIX U HEKOPPEKTHBIX 3a/a9 MATEMATHICCKON (DU3UKM, BKJIIOYas 00paT-
HBlE 33JIa9l U UX [IPAKTUIECKUe IIPUMEHEHUs], [IPEJICTAB/IAI0T 3HAYNTE/IbHBII UHTEpEeC, Iie KJIIo-
9eBbIM MOMEHTOM BBICTYIIAeT KOPPEKTHasl MOCTAHOBKA HPAMOi 3ajadu. ['umepbomyeckue u 3J-
JINTITUYECKHE yPABHEHUS IITTPOKO UCIOJIB3YIOTCS B OMOMEIUITNHCKOM MO/IEJIMPOBAHNAN, B TOM IUCJIE
JIJTsT OTTUCAHUST POCTa OMYXOJIEBBIX 00pa30Banuii u jgedopMalinii GHoJIOrnIecKux TKaHe. AHasornn
MeXKTy KOoJIebaHusIMI MeMOpaH 1 JJUHAMUKOI [TOBEIeHUST TKaHeH MTIPOKO MPUMEHSTIOTCS B OroMexa-
HUKe U MaTeMaTHJIecKoil MeauimHe. Tak KojiebaHust yIpyrux MeMOpaH B IIPOCTPAHCTBE OIUCHIBA-
IOTCsl yPABHEHUSIMU B YACTHBIX ITPOU3BOAHLIX. [Tpu 3amanun nporuba memOpans! dbyuximeii u(x,t),
r € R™, m > 2, upuMeHeHre NpuHNUIA [aMUITOHA TPUBOIUT K MHOIOMEDHOMY BOJIHOBOMY
YPaBHEHUIO, & B CJIy9ae PABHOBECHOTO COCTOAHUS - K ypaBHenuto Jlammaca. CireroBaresibHo, nuHa-
MUKa YIPYTUX MeMOpaH MOXKeT ObITh OlrcaHa MHOTOMEPHBIM ypasHenuneM JlaBpenTbesa-Bumaze.
PaccmarpuBaemble B cTaThbe 3a/[a9u sIBJISIIOTCS HEKOPPEKTHBIMU. JI0Ka3aTeIbCTBO HEOIHOZHATHO-
CTU PeIlleHUs] U TOCTPOEHNE SIBHOT'O PEIeHUs] (DAKTUYECKH IPEICTABJISIET CODON pery/isipu3aliuio
HEKOPPEKTHOH 3a/[a9H C IIOMOIIBIO CIIEKTPAJIBLHOIO METO/1a, MHTEIPAJIbHBIX IIPe/ICTaB/eHuit u T.11. B
CTaThe JI0KA3aHa HEOJHO3HAYHOCTH PEIIEeHUs W IIPEICTABJICH SBHBIN BUJ KJIACCHIECKOTO DPEIICHUS
CMEIIAHHOM 33/1a91 [[JIsi MHOTOMEPHOro ypaBHenusi JlaBpenrnesa-bBuraze.

KuroueBbie cjioBa: KOPPEKTHOCTD, CMEITIAHHAS 381898, IMIHHApUIecKas 00/1acTh, pyukmus Bec-
ceJisl, [PAHUYHbBIE YCJIOBUSI.

1 Introduction

The team of authors has maintained scientific cooperation for many years, based on the
results of research the field of well-posedness and ill-posed of problems in mathematical
physics and related inverse problems, as well as their applications. When studying inverse and
ill-posed problems, the formulation of the direct problem and its well-posedness conditions
are of great importance, such a connection is presented [1H3|. As is known, hyperbolic and
elliptic equations are used in biomedical models, including tumor growth and deformation
of biological tissues. In [4], a linear stability analysis of growing tissues is discussed. The
equations for small perturbations are reduced to mixed-type systems. In particular, wave-like
and diffusion-like regimes (hyperbolic and elliptic, respectively) are described, which may
coexist due to heterogeneous growth. Indeed, analogies between membrane vibrations and
tissue dynamics are actively used in biomechanics and mathematical medicine. For example,
this includes predicting brain tumor growth, where mechanical pressure on the surrounding
tissues is taken into account, as well as analyzing tissue deformation during tumor invasion
(such as glioblastoma), where the deformation follows wave-type equations with viscoelastic
terms. The above problems have been studied in detail in [5-8], but for multidimensional
hyperbolic-elliptic equations these problems have not yet been studied.



S.A. Aldashev, et al. 27

2 Problem statement and result

Let Q45 be a finite domain of the Euclidean space E,,.; of points (z1,...,Zy,t), bounded
at t > 0 by the cylinder I's = {(z,t) : |z| = 1} and the plane ¢ = § > 0, and for t < 0
the cylinder I'y, = {(z,t) : |x| = 1} and the plane t = o < 0, where |z| is the length of the
vector 2 = (21,...,&m), m > 2. Denote by Qj and Q parts of the domain Q,g, lying in the
half-spaces ¢ > 0 and ¢t < 0; 03 — the upper base of the domain Qg,a 0. — the lower base of
the domain Q.

Let S be the common part of the boundaries of the domains Q;g and €2, representing the
set of {t =0,0 < |z| < 1} points from E,, |9].

In the domain of (2,3 we consider

(sgnt)Ayu — uy =0, (1)
where A, is the Laplace operator for variables z1, ..., x,, [9].
Next, it is convenient [9] for us to move from Cartesian coordinates x,...,Z,,t to

spherical r,01,...,0,,_ 1,6, 7>0,0<60; <21, 0< 6, <m,i=2,m—1.
As a multidimensional mixed problem, consider the following problem

Problem 1 Find the solution of the equation in the domain Q.5 fort # 0 from the class
C(Qap) N CH(Qap) N C*(QF UQ) satisfying the boundary conditions

= ?/11(?5, 9)7 (2)

@

u

=o(t,0), ul = o(r0), (3)

« Oa

at the same time, 11(0,0) = 12(0,0), ¥a(c,0) = p(r,0).

u

Let {Y .(6)} be a system of linearly independent spherical functions of the order n,
1<k <k, (m—2)nlk, = (n+m—3)!(2n+m —2) and WL(S), I = 0,1,... are Sobolev
spaces [9].

It takes place ( |10], p. 142-144)

Lemma 1 Let f(r,0) € Wi(S). If | > m — 1, then the series

k

f(T’, 0) = Z f:(T)YTﬁm(H), (4)

n=0 k=1

3

and also the series obtained from it by differentiation of order p < l—m+1 converge absolutely
and uniformly [9,(10].

Lemma 2 In order for f(r,0) € Wi(S) it is necessary and sufficient that the coefficients of
the series () satisfy the inequalities [9,/10)]

0o kn

|fo(M)] < a, ZZan]ff(r)F < ¢y, ¢1,c = const.

n=1 k=1
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By ¢%,(t), @E(r), we denote the expansion coefficients of the series (4]), respectively, of
the functions ¥»(¢,0), ¢(r,0) |9].
Then the following is true

Theorem 1 If v(t,0) € WATs), ws(t,6) € WHT), ¢(r6) € Whlow), 1 > o', then
Problem 1 s solvable and not unique.

Proof. In spherical coordinates the equation (1) in the domain €2 has the form |10}|11]

m—1
ur‘r—l'

1
.= —0 =0, 5
. U 2 U+ Uy ()

where is

m—1
I 1 a . m—71—1 a . . 2 .
0= — E ma—% (sm J eja_ej) , g1 — 1, g; = (sm91 .. .51n9j_1) , ] > 1.

Jj=1

It is known ( 9], [10], p. 239) that the spectrum of the operator § consists of eigenvalues
A =n(n+m—2),n=0,1,..., each of which corresponds to k,orthonormal functions
Y (0).

Since the desired solution to Problem 1 in the domain €, belongs to the class C'(€,) N
C?(9), it can be sought in the form as

0o kn

u(r,0,t) =Y > wk(r )Y;r,(0), (6)

n=0 k=1

where @" (r,t) are the functions to be defined.
Substituting @ into , using the orthogonality of spherical functions [9,10|, we arrive

at the equation
Mg

—1
at 4+ Uy, + Uy — Tk =0, k=1k, n=0,1,.., (7)
r r

Moreover, from the boundary condition (3)), taking into account Lemma 1, we have

ﬂﬁ(la t) = ¢§n(t), Eﬁ(ra a) = Eﬁ(T% k=1ky,, n=0,1,.... (8)

In (@), (§), replacing v (r,t) =k (r, t) — ¢¥E(t), we get

m—1_ A1 —k
U]:LT - T_QU'}:L + vatt - fn(ru t) (9)

—k
Unrr +

E(Lt) =0, Di(r,a)=¢k(r), k=1

x5
3
N

|
=
-

. \ (10)
Falr,t) = 05, (1) = Vo, 90(r) = Bn(r) — vii(a).

r2
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By replacing o* (r,t) = r3="™)/2p%(r 1), the problem @D, is reduced to the following
problem

A ~
Lvf =oF  + r_QUZ + v,";tt = fk(r, t), (11)

n nrr n

vP(1,t) =0, v¥(r,a)=3"r), k=1,k,, n=0,1,...,

(12)
y, = D) =B iy o ), () = D2 ),

We seek the solution to problem (1)), in the form v*(r,t) = v} (r,t) + o5, (1), where
vf (r,t) — is the solution to the problem

Lvlfn = ﬁ(r’ t), Ufn(Lt) =0, vlfn(r’ a) =0, (13)
and v (r,t) — solving the problem
Lvy, =0, vy, (1,1) =0, vy, (r,a) = F,(r). (14)

We will consider the solution of the problems in the form

vi(rt) = Ry(r)Tu(t). (15)

s=1
At the same time, let

Firt) = ak (OR(r), Fh.(r) =) bE,Ra(r). (16)

s=1 s=1
Substituting into , taking into account , we get
An

R + (ﬁ +u> Rys=0, 0<r<1, Rs1)=0, |Rs(0)] < 0, (17)

Tow — puT(t) = af (1), o<t <0, (18)

Ts(a) = 0. (19)

A limited solution to the problem is [12]

RS(T) = \/;JI/(ILLS,TLT)7 n= Mg,n' (20)

v=mn+ (m—2)/2,u,, — zeros of Bessel functions of the first kind J,(2),u = p3 ..
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The general solution of the equation is represented as [12]

0

/ a¥ (€ sinh i, nEdE+

t

cosh fig 1

Tsn(t) = c15 cosh pig nt + cos sinh pg ,t —
Hsn

0
h s,n
LT / at ,(€) cosh py EdE,
t

15, Cos — arbitrary constants, satisfying the condition ((19)), we will have

tsnTsn(t) = crspisn|cosh pis nt — (coth ps ) sinh pg ]+
0
+ | (coth prona / ¢ (€)(sinh i, )€ — / ok (©)(cosh o) [ sinh it = o1

0

— (cosh fiot) / b (€)sinh i, €€ + (sinh 1, 1) / ¢ (€) cosh i nEd€.

t

Substituting into (|16)), we get
%:Tt :Zafn o (Hsnr), Zb W(psnr), 0<r <1 (22)
s=1

Series — expansions into Fourier-Bessel series [12], if

ok (0) = 2 pen)) ? [ VEREO T en ), 23

B = 2 (1) / VEB (), (1amE)de, (24)

where fi5,,, s = 1,2, ... are the positive zeros of the Bessel functions J,(z), arranged in order
of increasing magnitude.

From , we obtain the solution to the problem in the form
vf (1) Z V1T ()T (s nr), (25)

where T} ,(t) — are determined from (21, and af () — from (23).
Next, substituting into , taking into account we will have

Ve — 12,Vs =0, a<t<0, (26)
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Vi(a) =1L,..
The general solution of the equation has the form
Vin(t) = ¢ cosh pug nt + ¢ sinh g t,

where ¢}, ¢, — arbitrary constants, satisfying which condition (27) we get

S

Vin(t) = ¢, [cosh fignt — (coth iy na) sinh t]+b§’"8mh“s’”t
sn(t) = ¢ [cosh i p, coth fus o) sinh g, Snb o

From m @ we get the solution to the problem by the formula
U2n T, t Z \/_‘/s n (,U/s n'r)

where V;,(t) are from (28), and b7, — are from ([24).
Thus, the boundary value problem for the equation ({5) with data

= 102(7579)714 = 902(T’ 0)

in the domain of {2, has countless solutions of the type

u

Lo

oo kn
u(r,6,8) = Y (o) + TR, (1) 0, (r ]}Y(6),
n=1 k=1
where v}, (r,t), v§ (r,t) are defined from (25)), (29).

Using the formula [13| 2J/(2) = J,_1(2) — J,41(2), estimates [10,/13|

1 2\
< - (= < m—2
RAQIS T(1+v) <2> Nkl < ™,

['(z) — gamma function, as well as lemmas, constraints on given functions (¢, 0),

c1,cg=const, 7=1,m—1, ¢q=0,1,...

(27)

(28)

(29)

(30)

@(r,0), as

in |14], [15] it can be shown that the resulting solution belongs to the class C(Q, )NC(y).

Next, from at t — —0 it will have

kn
u(r,0,0) = 7(r,0)

Mg

n=1 k=1 s=1

kn

oo (o] _m)
u(r,0,0) = v(r,0) = Z Z Z{%nt z [—(015 + ¢ o) fhs.n cOth g ot

n=1 k=1 s=1
0

0
+coth ipa) [ ok, ()(sinh a6 — / ¥ (€) (cosh o)+

(67

:U’S,nblgn
+—7} } Jyﬁw (:U/s,nr)yrﬁm<0)

cosh pi; nav

0o m)
Z{¢2n 2 (c1s + Clls)}Jn_F@ (Ms,nT)Yf,m(@),



32 The ill-posedness of the mixed problem in the cylindrical ...

with 7(r, 6),v(r,0) € Wi(S), | > 32
Now we will study Problem 1 in the domain of QE, which, by virtue of and is
reduced to a mixed problem for the multidimensional wave equation |9

-1 1
Uy + Mur — —25u —uy =0 (32)
r r

with conditions

= ¢1 <t7 9) (33>

u| =7(r,0), wu

= 0
. ),

Ig

The following is shown in [7]

Theorem 2 The problem (32), is uniquely solvable in the class C(ﬁ;) NC?*(Qy).

From representation , and also from Theorem 2 it follows that Problem 1 has countless
classical solutions.

Theorem 1 has been proven.

Since in [7,9] an explicit form of solutions to problem , was obtained, then it is
possible to write an explicit representation of the solution for Problem 1.

3 Conclusion and discussion

It has been established that the mixed problem for the multidimensional Lavrentiev-Bitsadze
equation admits an ambiguous solution, and its explicit classical form has been obtained. This
ill-posedness, manifested in the solution’s high sensitivity to small data changes, is directly
related to the problems of tumor modeling, where parameter instability leads to significant
variability in growth predictions and treatment response.lt has been established that the
mixed problem for the multidimensional Lavrentiev-Bitsadze equation admits an ambiguous
solution, and its explicit classical form has been obtained. This ill-posedness, manifested in the
solution’s high sensitivity to small data changes, is directly related to the problems of tumor
modeling, where parameter instability leads to significant variability in growth predictions
and treatment response.
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