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SYMMETRY EQUIVALENCE OF NON-UNIFORM BEAMS WITH
INTERMEDIATE MASSES

This paper investigates the spectral properties of non-uniform Euler-Bernoulli beams resting on a
Winkler—type elastic foundation and subjected to an axial load, in the presence of two concentrated
masses placed symmetrically with respect to the beam midpoint. The governing equation includes
variable bending stiffness, foundation modulus, and distributed mass, while the point masses are
modeled through classical continuity and jump conditions. Under an agreed symmetry of the
variable coefficients, we prove that the spectral problem admits a symmetry-based decomposition:
the eigenvalues and eigenfunctions of the full beam split into symmetric and antisymmetric families.
This is achieved through two auxiliary problems on the half-interval, equipped with sliding-hinged
and hinged-hinged (or sliding—clamped and hinged—clamped) midpoint conditions. The resulting
factorization reduces the complexity of eigenvalue computation and extends known symmetry
equivalence results to beams with intermediate masses. Numerical examples confirm the theoretical
findings and illustrate the loss of symmetry when coefficient symmetry is violated. The proposed
framework significantly reduces the computational complexity of spectral analysis for non-uniform
beams with discrete masses and extends existing symmetry-based results to a broader class of
structurally heterogeneous systems.

Key words: Euler-Bernoulli beam, non-uniform beam, eigenvalue, symmetry, equivalence,
intermediate elements.
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Apanbik Mmaccasiapbl 6ap bipKeJsKi emec GepeHeJIep/IiH CUMMEeTPUSJIbIK, SKBUBaJIEHTTIIIr

By makanama GepeHeHiH OpTaHFbI HYKTECiHE KATHICTHI CUMMETPUSILI TYP/IE OPHAIACTHIPBLIFAH
€Ki apaJbIK Maccachl bosrad Ke3jie Bunkiaep TunTi cepmim i ipretacka cyieHin, ochTiK KyKTeMeci
Gap Gipkesiki emec Ditep-BepHyiu bepeHesepiiy ClIeKTPIIIK KacuerTepi 3eprreseni. Backapyiib
TeHjey/le alfHbIMAJIbl UiTY KATTBUIBITI, ipreTac MOJYJI KoHe KOocapJaHFaH Macca KapacThIPbLIa-
JBI, aJl HYKTEJIK Maccajap KJIACCUKAJBIK Y3MIKCI3MIK *KoHe CeKipy MapTTapbl apKbLIBI MOJETb-
nererni. Koaddunmentrepain KegicireH cuMMeTprsIChl XKarIalbIHIa CIIEKTPJIIK €CeNTiH CUMMET-
pusira Heri3fe/reH XKIiKTeJyl OpPbIH aJIaTBhIHBI JIOJIEJIIEHE/Ii: TOJIBIK OOpeHeHIH MEHITKTI MoHAepi
MEH MEHIIKTI (DYHKIMsIaphl CHMMETPUSLIBI )KoHEe aHTHUCUMMETPHUSLIBI KjiaccTapra beJtinesi. Byran
CBIPFBIMAJILI-TOIICAJIBI KOHE TOIICAJIBI-TONCAJbI (HEMECe ChIPFAMAJIBI-KATTHI JKOHE TOICAJIbI-KATTHI)
OPTAHFBI HYKTE IMIAPTTAPLIMEH KaOIBIKTAJIFAH YKAPTHLIA apaJbIKTaFbl €Ki KOMEKII ecell apKbl-
JIBI KOJT 2KeTkizimemi. Hotmkecinme mynmait (pakTopusarimst MEHITIKTI MOHIEPl eCEenTeyIiH Kyp-
JETIIITiH TOMeHIeTe Il XKoHe CUMMETPUsT SKBUBAJECHTTLIIN KOHIHIET Oe/riIi HoTUXKeaepIi apasIbIk
Maccasiapbl 6ap Gepenesepre jneiiin keHeiiremi. CaHabIK MBICAJIIAD TEOPUSJIBIK, TYXKBIPHIMIADIHI
pacTaiiibl 2KoHe KO3 MUIMEHTTEP/IIH CUMMETPUSICHI OY3bLIFaH Ke3/1e CUMMETPUSHBIH YKOUBLTYbIH
kopcerei. ¥ ChIHBLIFaH KYPBLIBIM JUCKPETTI Maccaapbl bap GipKesiki emec ObopeHesep YIIiH CreK-
TPJIK TaJJIAY/IbIH ecenTey KYpPAeIUTriH afTap/blKTail TOMEHIETe T XKOHe CUMMETPUITa HeTi3/1e1-

ret 6ap HOTHKENIEPIi KYPBLIBIMIBIK YKAFbIHAH OPTEKTI »KyHeIep/Iin KeHipeK K/IachblHa KeHeHTe .
Tyitin ce3nep: Ditstep—bepuynu 6epeneci, Hipkeski emec GopeHe, MEHITKTI MOH, CHUMMETPHSI,

SKBUBAJIEHTTIK, apaJIbIK JIEMEHTTED.
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CuMMeTpuYHasi SKBUBAJIEHTHOCTh HEPABHOMEPHBIX HAJIOK C MPOMEXKYTOYHBIMU MAaCCaAMMU

B mannoit pabore nuccsieyoTcs CrieKTpaJibHbIE CBONCTBA HEOTHOPOIHBIX Oallok Dditnepa-bepryim,
ONUPAIOIINXCs Ha yIpyruil GpyHIaMeHT Tuila, BUHKIIepa U 0JBEP:KEHHBIX OCEBOl HATPY3Ke, IIPH
HaJIMYUU JIBYX COCPEIOTOYEHHBIX MACC, PACIIOJIOKEHHBIX CUMMETPUYHO OTHOCUTEIBHO CEePEeIMHBI
Gasiku. YTpaBJIsoliee ypaBHEHNE BKJIIOYAET MEPEMEHHYIO KECTKOCTh Ha U3TH0, MOMYJIh YIPYTO-
ctu (byHIAMEHTa U PACHPEIEJIEHHYI0 MACCy, B TO BPEeMs KaK TOYECYHBIE MACCHI MOJEJIHUPYIOTCS C
MTOMOITIBIO KJIACCHIECKUX YCJIOBUN HEITPEPBIBHOCTU U CKadKa. [Ipy corracoBanHONW CHMMETPUU Tie-
peMeHHBIX KO3(MMUIMEHTOB MBI JIOKA3bIBAEM, UTO CIEKTpPaJbHAs 3a/ada JIOMYyCKAeT Pa3JIOKeHNe
Ha OCHOBE CHMMETPHH: COOCTBEHHbIE 3HAYEHUSI U COOCTBEHHBIE (DYHKIIUU TIOJTHOM DaJIKU pasie)is-
FOTCSl HA CAMMETPUYHBIE M AHTHCAMMETPUUIHBIE CEMEHCTBA. JTO JOCTUTAETCs C IIOMOINBIO JABYX
BCIIOMOTATEJIbHBIX 3a/1a9 HA MOJIyHHTEpBaJie, CHAOKEHHBIX YCIOBUSMH CKOJIB3AIIErO IMAPHUPA 1
[IapHUPa-MapHupa (I CKOJIB3AINEro 3ayKUMa U [IapHUPa-3a’KUMa) B cpejeii Touke. [losyuen-
Hast GaKTOPU3AIHS CHUXKAET CJIOKHOCTH BBIYHUCICHUsST CODCTBEHHBIX 3HAYEHUN M PACIPOCTPAHSIET
U3BECTHbBIE PE3Y/IbTATHI CAMMETPUYHON SKBUBAJIEHTHOCTH Ha OAJIKU C IIPOMEXKYTOYHBIMU MACCAMHU.
YucieHHbIE TPUMEDHI TTOITBEPKIAIOT TEOPETUIECKIE BBIBOIBI U MLIIOCTPUPYIOT MOTEPI0 CUMMET-
pun npu HapylieHnn cuMmmerpun koddduimentos. [Ipemraraemasi CTpyKTypa 3HAYUTEIBHO CHU-
2KAeT BBIYUCJIUTEIHHYIO CJIOXKHOCTD CIEKTPAJIHHOTO aHAJNA3A JJIsi HEPABHOMEDPHBIX OAJIOK C JIHC-
KPETHBIME MaCCAMU U PACIPOCTPAHSET CYIECTBYIONINE PE3yJIbTaThl, OCHOBAHHBIE HA CUMMETDUH,

Ha 0oJiee MUPOKUIi KJIACC CTPYKTYPHO HEOTHOPOJHBIX CUCTEM.
Kurrouessbie cioBa: baJjika Ditjiepa—bepHyiuiu, HeoHOpoIHAs Dajika, COOCTBEHHOE 3HAYEHHE, CHM-

MeTpHd, 9KBUBAJICHTHOCTL, IPOME2KYTOTIHBIC 3JIECMECHTDBI.

1 Introduction

Mechanical structures involving beam elements frequently exhibit spatially varying physical
and geometric properties due to manufacturing processes, graded materials, temperature
fields, or intentional design features. Such non-uniformity substantially increases the
complexity of vibration analysis, leading to fourth-order differential equations with variable
coefficients. A broad variety of analytical and numerical approaches have therefore been
developed to study free vibrations of beams with variable stiffness or heterogeneous
mass distributions, including asymptotic formulations, special-function techniques, regular
variation methods, collocation schemes and Gaussian expansions [1-5].

Recent developments in analytical modelling of non-uniform Euler-Bernoulli beams
include exact and approximate formulations proposed by Lee and Ke [6], Datta and Sil [7],
and [8|, as well as the comprehensive monograph by Wang [9] providing closed-form solutions
for a wide class of variable-coefficient beam models. Alongside these analytical approaches,
significant progress has been achieved in numerical methods, including Bernstein spectral
collocation [10], Chebyshev-based Petrov—Galerkin schemes [11], differential quadrature
formulations [12], and advanced matrix-collocation techniques for tapered and functionally
graded beams [13]. These modern analytical and computational tools constitute an essential
framework for studying vibration properties of non-uniform and functionally graded beams,
and they form the methodological background for the present work.

In the modeling of mechanical systems, it is essential to have a closed analytical formula
for natural frequencies [14-17]. A review of the literature can be found in the work [20]. Several
results pertaining to the closed-form expression for the natural frequencies of uniform beams
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were modified in [17]. The symmetric equivalence of boundary value problems for the uniform
and non-uniform beams, both with and without axial loads on a Winkler-type foundation,
was studied in [18] and [19], while [20] further established the role of coefficient symmetry in
producing spectral decomposition for non-uniform beams.

At the same time, structural symmetry plays an equally significant role in systems
containing discrete internal elements such as point masses. Analytical investigations have
shown that intermediate masses fundamentally modify the spectral characteristics of a beam
through jump conditions and inertial discontinuities. For instance, exact solutions for beams
carrying two concentrated masses were constructed in [21], where it was demonstrated
that symmetric mass placement naturally separates vibration modes into symmetric and
antisymmetric families. A methodological comparison of classical approaches to deriving
frequency equations for multi-mass beams was presented in |22|, confirming that symmetric
configurations lead to noticeable simplifications of characteristic equations. Moreover, the
orthogonality properties of beams with multiple masses and piecewise-varying stiffness were
generalised in [23|, emphasising the need for appropriately weighted modal inner products.
A related line of research on beams with internal supports |24] shows that even discrete
structural constraints without mass can significantly reshape the spectrum and alter modal
interactions. Akhmediyev et al. |25] showed that point masses and elastic?pliable supports
substantially modify the vibration response of a multi-element beam, and demonstrated that
the presence of concentrated masses leads to a more complex modal structure, including
the appearance of nodes at one of the mass locations. Together, these studies indicate that
discrete internal elements strongly affect the underlying spectral structure of beam models,
but they do not resolve how geometric symmetry interacts with variable coefficients and
symmetric mass placement in the non-uniform case.

Recent studies also demonstrate that the geometric symmetry of concentrated masses
plays a decisive role in the uniqueness of inverse problems; in particular, symmetric placement
of the first and third masses leads to non-uniqueness of reconstruction from the first three
natural frequencies |26]. Despite this progress, the symmetric equivalence of boundary value
problems for non-uniform beams with concentrated masses remains insufficiently explored.

The goal of the present research is to identify conditions on the variable bending stiffness,
foundation coefficient, mass distribution, and types of end fixity under which it is possible to
establish the equivalence of eigenvalues and eigenfunctions for non-uniform beams carrying
intermediate point masses. The main novelty lies in the introduction of an agreed symmetry
of the variable coefficients (see Theorem , which allows the reduction of the full problem
to two auxiliary problems on the half-interval. The results extend several previously known
results [17-20] to a significantly broader class of beam systems containing discrete masses.

2 Mathematical problem formulation

Consider a non-uniform Euler-Bernoulli beam of unit length (0, 1), resting on a Winkler-type
elastic foundation and subjected to a constant axial load T'. Let EJ(x) is the bending stiffness,
p A(z) is mass of the beam per unit length, k(x) is the variable coefficient of foundation. The
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equation of transverse free vibrations has the form

(EJ(z)v" (N 2))" + To"(\, ) + k(z)v(\, ) = A\pA(z)v(\, )+
+ Amv(a)d(z —a) + dmo(l —a)d(z — (1 —a)), xz€l,,p=12, (1)

where A\ = pw? are the eigenvalues; w is the circular frequency; p is the material
density; v(A,z) are the eigenfunctions of the transverse static deflection of the beam; T
is corresponding to a constant compressive force if 7' > 0 or a constant tensile force if T' < 0;
L =(0,1), I, = (%, 1); m > 0 are two concentrated masses located symmetrically at
pointszr =aand x =1—a,0<a< %; d(z) denotes the Dirac delta function. Notice that
J(x) and A(x) are assumed twice continuously differentiable and strictly positive, k(z) is the
real-valued summable function.

Depending on the physical configuration, the beam is assumed to be fixed at both ends
either as follows. The first is the hinged-hinged beam on the interval I; with the boundary

conditions (see Figure |1
v(A,0) =0, v"(A\,0) =0,0(\, 1) =0, v"(\, 1) =0, (2)

and the second is the clamped-clamped beam on the interval I; with the boundary conditions
(see Figure

v(A,0) =0, v'(A,0)=0,0(\1) =0, v (A1) =0. (3)

Let the beam contain two concentrated masses of equal magnitude m > 0, located at the

EJ(x)

Figure 2: Clamped-clamped Euler—Bernoulli non-uniform beam.

symmetric points x = a and z = 1 — a. At each of these points the eigenfunctions of the
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spectral problem satisfy the standard interface conditions associated with a concentrated
mass in the Euler-Bernoulli model. Let z; € {a,1 — a}. Then the following relations hold:
1. Continuity of deflection and rotation

v(ay) =v(zf), V() ='(z]) (4)
2. Continuity of bending moment

[EJ (2)v" (2)],—y, = 0 (5)

T=x;

3. Jump condition for the shear force

[EJ ()0 (2)],—,, = Amov(z;) (6)

T=Tj

In order to formulate auxiliary problems on the half-interval I, we introduce two additional
types of boundary conditions at the midpoint = = % Introduce the sliding-hinged boundary
conditions

1 1
v’ ()\, 5) =0,0" ()\, 5) =0, v(\,1)=0,v"(\1) =0, (7)

and hinged-hinged boundary conditions

1 1
o(13) =0 (13) =00 =0y =0 ®)

which are connected with hinged-hinged fixing on the interval I,. Furthermore, we introduce
the sliding-clamped boundary conditions

1 1
v’ ()\, 5) =0, 0" ()\, 5) =0,v(\1) =0, (A1) =0, (9)

and hinged-clamped boundary conditions

1 1
v (/\, 5) =0, " (/\, 5) =0,v(\,1)=0,v"(\,1) =0 (10)

which are connected with clamped-clamped fixing on the interval I5.

These midpoint conditions define the auxiliary problems B and C' on the interval
(%, 1), which correspond to symmetric and antisymmetric eigenmodes, respectively. Their
introduction enables the decomposition of the spectrum of the full problem into two
independent parts [18], [20].

3 Main results

Let o(A;),0(B1),0(Cy) be a set of eigenvalues of problems Ay — X, By — A, C; — A\
generated by Equation ({]) on finite intervals by boundary conditions (2)), (7)), (8) and interface

conditions, respectively.
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Theorem 1 Let J(x), k(z) and A(x) be the symmetric functions with respect to the point

_1
T =73

J@) = J(1—2), k(@) =k(l—1), A@)=A(l—21), z€ [0; %} (11)

and T < T, be a subcritical azial load. The following statements are true:
1. The spectrum of the full problem is the union of the spectra of the two half-interval problems:

o(Ay) =0(By)Ua(Ch)

2. If X € 0(By) or A € a(Ch), then the eigenfunctions of problems Ay — Al corresponding to
the eigenvalues \ are symmetric or asymmetric with respect to the middle of the beam at the
1

point x = 5 on the interval (0,1), respectively.

This theorem expresses that, under the assumed symmetry of the coefficients and symmetric
placement of the two point masses, the spectrum of the hinged-hinged beam with two
concentrated masses can be factorized into two parts associated with symmetric and
antisymmetric vibration modes, described by the sliding-hinged and hinged-hinged problems
on the half-interval.

Let 0(As), 0(Bz), 0(Cy) be a set of eigenvalues of problems Ay — A\, By — A\, Cy — Al
generated by Equation on finite intervals by boundary conditions , @, and
interface conditions, respectively.

Theorem 2 Let J(x), k(z) and A(x) be the symmetric functions with respect to the point

xr = %, i.e. the condition in Equation holds and T < T,.. The following statements are

true:

1. O'(AQ) = O'(Bg) U O'(CQ)

2. If X € 0(Bsy) or A € a(Cy), then the eigenfunctions of problems As — Al corresponding to

the eigenvalues \ are symmetric or asymmetric with respect to the middle of the beam at the
1

point x = 5 on the interval (0,1), respectively.

The proof of Theorems 1] and [2is ideologically similar to that presented in works [18], [20].
Nevertheless, there is a single discrepancy, which require is calculating of the critical value
T,,. Further will be described the scheme for proving Theorems [I] and [2]

First step. The following functions J(x), k(z) and A(z) will be selected to satisfy
condition (|11)).

Second step. The critical value of T, will be calculated that corresponding to the first
step and the value of T" will be selected such that T' < T,.. The calculation of T, will be
conducted using well-known numerical method (see, [2§]).

Third step. The final step will employ the same technique used to prove the result
presented in [1§].

Upon completion of the aforementioned three steps, the proofs of Theorems [I| and [2] will
be obtained. In the third step, the analytical or numerical method may be employed. It should
be noted that if the functions J(z), k(z) and A(x) satisfy condition and the additional

conditions from [1], then the non-uniform beam can be transformed into a uniform one.
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4 Examples and discussion

In this section, we calculate approximately the four or five eigenvalues of boundary value
problems A, — I, B,—\I, C,— I (n = 1,2, 3) generated by the Euler—Bernoulli equation for
the various coefficients J(x), k(x), A(x) and p(x). The results of calculation of the eigenvalues
are shown in the corresponding columns of Tables [IH4}

Example 1 In this analysis, we examine three steps.
First step. Let J(x) =1+ x(1 — x), k(x) = 4z(l —z), A(z) =2(1 —z) and E = 1.
Second step. In this example T, ~ 12.09 and take T'=5, a = 0.2 and m = 0.25.
Third step. The numerical results of the first five eigenvalues’ square root /X for Example
[ are shown in Table 1.

Table 1: Numerical calculations of the first five eigenvalues from the Example
Hinged-hinged at the Sliding at the point x = Hinged at the point z =

points x =0, x =1 %, hinged at the point %, hinged at the point
2] ] B
11.07 11.07 38.36
38.36 121.5 319.78
121.52 627.37 964.55
319.85 1166.92 1376.94
627.41 1842.48 2510.70

The calculations presented in Example [1| provide corroboration for the wvalidity of
Statement 1 of Theorem [1| pertaining to the factorization of the set of eigenvalues.

Example 2 In this analysis, we consider three steps.

First step. Let J(z) = (1 —z), k(z) =5(1 + )3, A(z) = z(1 — ) and E = 1.

Second step. In this example T, ~ 3.73 and take T'=1, a = 0.2 and m = 0.25.

Third step. The numerical results of the first five eigenvalues’ square root \/A for Example
[3 are shown in Table 2

The violation of the regularity of factorization of eigenvalues in Example[2is due to the failure
to satisfy the symmetry condition for the function k(z). The aforementioned calculations in
Example [2| confirm the validity of Statement 1 of Theorem [I}

Example 3 We consider three steps.

First step. Let J(z) =1+ x(1 —2), k(z) =4, A(x) = 2*(1 —2)* and £ = 1.

Second step. In this example T, ~ 45.71 and take T = 30, a = 0.2 and m = 0.25.

Third step. The numerical results of the first five eigenvalues’ square root /A for Ezample
are shown in Table[3.

The calculations which represent in Example |3 confirm the validity of Statement 1 of
Theorem [2| on the factorization of the set of eigenvalues.
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Table 2: Numerical calculations of the first five eigenvalues from the example
Hinged-hinged at the Sliding at the point z = Hinged at the point x =

points r =0, x=1 %, hinged at the point %, hinged at the point
r=1 r=1
2] @ B
6.72 7.39 14.33
14.06 46.29 126.27
46.14 239.09 317.57
126.09 373.45 511.67
2394 737.47 978.79

Table 3: Numerical calculations of the first five eigenvalues from the Example
Clamped-clamped at the Sliding at the point + = Hinged at the point z =

points x =0, z=1 %, clamped at the point %, clamped at the point
r=1 r=1
B) ) (o)
28.28 28.28 59.6
59.61 204.8 635.7
204.82 1344.86 2302.18
635.8 3446.32 4498.7
1345.06 5119.74 5879.77

Example 4 We consider three steps.

First step. Let J(x) =1+ z(1 + z), k(z) = 4, A(z) = 2*(1 — 2)* and £ = 1.

Second step. In this example T, ~ 67.4 and take T' = 30, a = 0.2 and m = 0.25.

Third step. The numerical results of the first five eigenvalues’ square root \/\ for Ezample
[4 are shown in Table [}

Table 4: Numerical calculations of the first four eigenvalues from the Example
Clamped-clamped at the Sliding at the point x = Hinged at the point z =

points x =0, z =1 %, clamped at the point %, clamped at the point
=1 r=1
B) ) o)
41.97 58.95 98.86
83.57 303.243 880.6
263.85 1805.62 3071.78
784.56 4620.54 6310.1

1634.5 7558.9 8419.15
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The violation of the regularity of factorization of eigenvalues in Example 4] is is due to
the failure to satisfy the symmetry condition for the function J(z). The aforementioned
calculations in Example [4] confirm the validity of Statement 1 of Theorem [2

All numerical examples were computed using a finite element formulation of the
Euler-Bernoulli beam with variable coefficients and concentrated masses [29], [30]. The
computations confirm the theoretical symmetry-based factorization of the spectrum.

The results obtained in this work make it possible to investigate the qualitative spectral
properties of non-uniform beams with intermediate concentrated masses. The symmetry
equivalence principle allows the natural frequencies of a full-length beam to be determined by
solving auxiliary spectral problems posed on shorter beam segments with different boundary
conditions and fixing types. The paper presents numerical examples illustrating a partial
factorization of the eigenvalue spectrum of a full beam in the presence of asymmetric
system parameters, including variable foundation coefficients and discrete inertial elements.
Moreover, the lengths of the auxiliary beam segments depend on the adopted symmetry
assumptions: in particular, when the coefficients and the distribution of intermediate masses
are symmetric with respect to © = 1/2, each auxiliary problem is defined on an interval
equal to half of the original beam length. These properties play an important role in
numerical computations and in the modeling of mechanical systems with complex structural
configurations. It is expected that future research will extend the proposed framework to
more general mechanical systems, including graph-based structures, with star graphs serving
as a representative example |31].

5 Conclusions

This work has established a symmetry-based framework for analysing the spectral
properties of non-uniform Fuler-Bernoulli beams carrying two concentrated masses placed
symmetrically with respect to the midpoint. By assuming an agreed symmetry of the bending
stiffness, foundation modulus, and distributed mass, we proved that the full eigenvalue
problem on (0,1) decomposes into two independent auxiliary problems on the half-interval.
These reduced problems correspond to symmetric and antisymmetric vibration modes and
employ sliding-hinged and hinged-hinged (or sliding-clamped and hinged-clamped) conditions
at the midpoint. The resulting factorization theorem provides explicit conditions under which
the eigenvalues and eigenfunctions of the original system can be recovered from the half-length
formulations.

The proposed approach significantly simplifies the spectral analysis of beams with
intermediate masses, reduces computational complexity, and extends previously known
symmetry equivalence results to systems that include discrete inertial elements. Numerical
experiments confirm the theoretical predictions and demonstrate that violation of coefficient
symmetry destroys the factorization property.
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