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ON THE STABILITY OF THE “INFECTION-FREE” ALMOST PERIODIC
SOLUTION IN AN IMPULSIVE SIR MODEL

The paper investigates the stability of an infection-free almost periodic solution of an impulsive
SIR model describing the spread of infection in biological systems or vulnerability to malicious
software in computer networks. The model accounts for impulsive perturbations interpreted as
vaccination or antivirus updates occurring at nonperiodic moments in time. The existence and
asymptotic stability of an almost periodic solution are proved under certain conditions imposed on
the sequence of impulses and the time intervals between them. The analysis is based on the theory
of impulsive differential equations and almost periodic functions, employing Lyapunov stability
criteria for the corresponding linearized system. The obtained results generalize known periodic
cases and provide a theoretical foundation for constructing robust control strategies in nonlinear
impulsive systems arising in epidemiological and cybernetic models.

Key words: impulsive systems, almost periodic solutions, stability, nonlinear dynamics, SIR
model, control, stable dynamics.
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Nmnynscrik SIR momeninaeri “undeknuscers’” nmepuoaTsbl AepJiK MIEIMiMHIH TYPaAKTBLIBIFbI
Ty paJibl

Byn makananma Ouosormsasblk, Kyitesepie WHOMEKIUAHBIH TapaJLyblH HeMece KOMIIBIOTEPJIK
JKeJIJIepieri 3ustHbl DarIapiaMasIblK, XKacaKTaMara OCAJIBIFbIH cHIaTTaifThiH uMirysabeTik SIR
MOJIEJTIHIH, UHPEKUUACHI3 TIEPUOIITHI JIEPJIIK MENNMIHIH TYPaKThLILIFLI 3epTTesie . Mome/b yakbIT-
TBIH, TIEPUOATHI €MeC COTTepiHAe OOJATHIH BAKIMHAIUS HEMEeCe AHTUBUDYCTAPIBIH, YKAHAPTYJIAD
peTiHie KapaCThIPhLIATHIH UMITYJILCTIK ayBITKYIapabl eckepei. Vmmynberap Tiz0erine xKoHe osrap-
JIBIH, apACBIHIATBI YAKLIT apaibIKTapbiHa Oesriai 6ip mapTrap KONbLIFaH a TEePUOIATHI AEPJIiK IIre-
mIiMHIH 6ap 60/IybI XKoHE ACUMIITOTHKAJIBIK, TYPAKTHUIBIFBI JRJIeJIeHreH. Tasay coilkec ChI3bIKTaH-
JBIPBLIFaH Kyiiere JISIyHOB TYPAKTBLIBIK KPUTEPHULJIEPIH KOIIAHY apKbLIbI UMIYILCTIK Tudde-
PEHIMAJJIBIK, TEHJIEYJIEP YKOHE TIEPUOTHI AePJIiK (DYHKIUIIAP TEOPUIaPhIHa Heri3eared. AJibl-
HFaH HOTHXKeJep OesIriyii MepuoATHIK, KaFIailiap/Ibl KAJIIBLIANIBI KOHE MM IEMUOJIOTAST MEH KH-
OepHETHKA MOJE/IbIEPiHe Ke3/1eceTiH OelChI3bIK UMITYJIBCTIK 2KYiiesiep YIIiH pobacTTsl 6acKapy
CTPaATErusJIaphbiH KYPyFa TEOPHUSJIbIK Heri3 bepei.
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B crarbe mccsemgyercst yCTORYUBOCTD HOUYTH IEPUOIUIECKOTO peleHns uMiry/ibcaoit SIR momenn
be3 unperyuu, ONUCHIBAIOIIEH PaclpocTpaHeHne NH(MEKINY B ONOJIOrTIECKUX CUCTEMAX WX Ysi3BU-
MOCTb K BPEJIOHOCHOMY ITPOTPAMMHOMY ODECIIEIEHHUIO B KOMITBIOTEPHBIX ceTsix. Mosie/ib yauTeBaeT
WMITYJIbCHBIE BO3MYINEHUsI, MHTEPIIPETUPYEMble KaK BAKIIMHAINA WM OOHOBJIEHUS AHTHUBUPYCOB,
BO3HUKAIOIIIE B HEIIEPUOINIECKIE MOMEHTHI BpeMeHn. J{0Ka3aHOo CyIeCTBOBAHIE U ACUMITOTHYE-
CKas YCTOMYMBOCTH MOYTH IEPUOINIECKOTO PEIIEHUS IIPU OIIPEJIEIEHHBIX YCJIOBUSAX, HAKJIAIbIBAE-
MBIX Ha [I0CJIeJI0BATEIbHOCTb UMILYJIbCOB U BPEMEHHBIE HHTEPBAJIbI MEXK 1y HUMU. AHAJIN3 OCHOBAH
Ha TEOPUHU UMITYJIbCHBIX AuM@EPEHITNAIBHBIX YPABHEHUN U TMOYTH MEPUOINIECKUX (DYHKIWIA C
HCITO/Tb30BAHNEM KPUTEPUEB yCTONYIMBOCTH JIAMMyHOBA JJIs COOTBETCTBYIONIEH JTMHEAPU30BAHHOMN
cucrembl. [losryaenubie pe3yabraTbl 0000IAIOT M3BECTHBIE [TEPUOINIECKUE CIyYand U JTAI0T Teope-
THUYECKYIO OCHOBY JIJIsI IOCTPOEHUS POOACTHBIX CTPATEruil yIIpaBIeHNs B HEJIMHENHBIX HMITYJIbCHBIX
CUCTEMAaX, BOBHUKAIONIUX B MOJIE/ISX SMUJAEMUOJIOTUA U KNOCPHETHKY.

KuroueBbie cj10Ba: UMITY/TbCHBIE CUCTEMbI, IIOUTU MEPUOTMIECKUE PEIIEHNUS, YCTOUIHBOCTD, HEJTU-
HeliHas quHamuka, SIR Momesb, ynpasienue, ycToidnBas JUHAMAKA.

1 Introduction

The study of the stability of nonlinear dynamical systems, particularly in the context of
modeling biological, ecological, and technological processes, has attracted significant attention
in recent years. Among the classical approaches to such analysis, compartmental epidemic
models - most notably the SIR model (Susceptible - Infectious - Removed) - play an important
role in describing the spread of infectious agents in biological or computer networks. In
real-world settings, such systems are frequently subjected to abrupt changes, such as mass
vaccination, periodic antivirus updates, or other instantaneous impacts, which are naturally
modeled by impulsive differential equations.

In many existing studies, the duration of impulsive influences is neglected, or such
influences are assumed to occur with a fixed periodicity. However, in practical scenarios
this idealization may not adequately capture the nuanced behaviors introduced by irregular
impulsive effects. Accounting for these features is essential for the effectiveness of the model.
In practice, it is crucial to ensure functional stability |1,2] and controllability |3-6] of complex
systems that undergo external or internal instantaneous perturbations.

Consequently, impulsive and almost periodic systems constitute an important research
direction in modern control theory and stability theory, providing a means of describing
processes with discrete interventions within the framework of continuous dynamics. In this
study, we examine an impulsive SIR model with almost periodic impulses and investigate the
existence and asymptotic stability of the infection-free almost periodic solution. This solution
may be interpreted as a stable or functionally stable system state achieved under irregular
but bounded impulsive control actions.

The results obtained generalize well-known models with periodic impulses to the case
of almost periodic perturbations, which more accurately reflect real-world scenarios. The
study contributes to the development of stability and control theory for nonlinear impulsive
systems and may be used to design adaptive decision-making strategies in epidemiological
and cybernetic applications.
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2 Motivation and Problem Statement

It is known [7H10] that infection-spread scenarios in biological populations, as well as certain
DDoS attack scenarios in computer networks, can be described by the following nonlinear
system:

S = —ASIT + pu— S,
I= MSI—~I—pul, (1)

which is considered in the region invariant with respect to (1)
D={(S,1)|]S>0,1>0,S+1<1}.

Here, I(t) denotes the infected population, S(¢) the susceptible (those who may become
infected), and A, 7y, i are given positive parameters. Of particular importance is the parameter
A
o= ——
Y+

which characterizes the basic reproduction number of the infection. In the phase space of
system SOI, there exist two equilibrium points:
(i) S =1, I} = 0 (“infection-free”),

e Lo ulo—1)
(11) 51—0711— \

(“endemic”).

Theorem 1 [7] For o < 1, the equilibrium (S§, I3) is globally (in D) asymptotically stable
(in this case, (S§,15) # D).

For o > 1, the equilibrium (S§, 1) is unstable, while the equilibrium (Sg, 1) is globally
(in D\{I = 0} ) asymptotically stable.

It turns out that when o > 1, the qualitative behavior of solutions of can be
fundamentally altered by introducing impulsive perturbations [5].
From the modeling perspective, an instantaneous reduction of S(t) at times

O<ty <ty <...

may be interpreted as vaccination in biological models [12], or as antivirus updates for network
nodes susceptible to DDoS attacks in computer network models [13].

From the mathematical point of view, this leads to the following impulsive system, where
perturbations occur at fixed time instants |11]

S= —ASI+pu—pus, t#t,,
I = MNSI—~I—pul, t #ty, (2)
A5|t:tn = S(tn + O) -8 (tn) = _an (tn) ) n>1,

where 0 < t; <ty < ...,t, — oo are fixed impulsive moments, and {p,} C (0,1) are fixed
parameters characterizing the magnitude of the impulses.
In work [12], the periodic case was considered, i.e., when

th=n-T, p,=p, n>1. (3)
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Theorem 2 [12] Under conditions (3), system admits a periodic impulsive (“infection-
free”) solution

. ekT
1+1p—eﬂ-e‘““‘m, t€ [T, (n+1)T),
B B — — e
S0 =3 @—p (o) (= ()T
p—1+eT 7 - |

which 1s asymptotically stable under the condition

! /Tg(t)dt< ! (4)
T /o o
Remark 1 Condition implies that there exists a constant T* > 0 such that, for all
T < T, the solutions of system satisfy
S(t) — S, I(t) — 0, t — o0o. (5)

In the present paper, we extend this result to the case where the parameters of the
impulsive perturbation are “almost periodic” in the sense of [11].

Theorem 3 Assume that in system the tmpulsive moments are given by

t, =nT + a, la,| < Pn >0,

57
and that the sequences {c,} and {p,} are almost periodic. Then system (2) admits an almost

periodic impulsive “infection-free” solution (S(t),0), which is asymptotically stable for T <
T*. In other words, relation holds.

3 Main results

We begin by recalling several fundamental concepts from the theory of almost periodic
functions, whose theoretical foundations are developed in [11].

Definition 1 A sequence {7;},., is called almost periodic if
Ve>0 IN=N() VkeZ Fpelkk+NINZ:VicZ |r4p—T7|<Ee. (6)

Every almost periodic sequence is bounded.
If the sequence {7;};cz is periodic, i.e., if there exists an integer p such that

Tiyp = T; foralli € Z,

then condition @ is satisfied automatically.
A useful criterion for verifying condition @ is provided by the following theorem.

Theorem 4 [11] A sequence {7;},., is almost periodic if and only if for every subsequence

{my} C Z there exists a further subsequence {mkj} such that {T@-erkj} converges uniformly

mi € Z as j — 00.
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3.1 Example

Consider the sequence

7 = sin(i) — asin(iv/2), i€Z, a>0.
Let us note that this sequence is defined only for integer values of 7. Since the numbers 1 and
/2 are not rationally related (they correspond to incommensurable frequencies), the sequence
is non-periodic. Its behavior can be interpreted as quasi-periodic or even “pseudo-chaotic”,
depending on the value of the parameter a.

An increase in a amplifies the influence of the second harmonic and alters both the
amplitude and the overall shape of the oscillations. For a = 0.5, the corresponding behavior
is illustrated in Fig. [1]

1.0
0.5r
0.0
-0.5
_1(] L

=1.5

Figure 1: Sequence 7; = sin(i) — asin(iv/2), i € Z

Now consider a sequence {t;},, satisfying,

e <t <t <o, t; = xoo as 1 — Foo.
Let N(t,t +T) denote the number of points {¢;} belonging to the interval (¢,¢ + T.

Theorem 5 [11] If the sequence {ti11 — t;},c, s almost periodic, then there exists a finite
limit
N(t,t+1T)
lim ———= =
T (7)
uniformly in t € R. In particular, if there exist integers p and a real number w such that
tivg =ti +w, for alli € Z (the periodic case), then

0:

g =
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To introduce the notion of an almost periodic impulsive solution, we require the following
strengthening of Definition [I}

Definition 2 For a given sequence {7;};cz define

J— T
T = Tiyj — Ti-

We say that the sequence {T; }icz is uniformly almost periodic if the sequences {Tij} satisfy

Definition [1] uniformly in j, i.e., if
Ve>0 IN=N(e) Vke€Z Ip€e [k, k+NINZ such that Vi, je€Z, |7i,—7|<e.

Lemma 1 [11] Let the sequence {t;};cz be defined by

ti = iT+()éi,

where the subsequence {a; }icz is almost periodic and

sup |a;| = a < —.
1p | 5
Then the sequence {t;s1 — t;}iez is uniformly almost periodic.

Definition 3 A piecewise continuous function ¢ : R — R with jump discontinuities of the
first kind at the points {t;}icz is called almost periodic if the sequence {t;1 1 — t;}icz is

uniformly almost periodic and the following properties hold:
1. For every e > 0 there ezists § = () > 0 such that for alli € Z and all t', 1" € (t;,t;11),
=" <o = Jp{t)—pl") <e.
2. For every ¢ > O there exists a set I' of e-almost periods such that there exists [ > 0
satisfying:
l[a,a+1NT # @  forallaeR,
and for every T € I' and every t € R,
t—ti|>e = Jplt+71)—pl) <e.
Remark 2 Any periodic piecewise continuous function with jump discontinuities of the first

kind at the points {t;}, where

titp = ti +w  for some integer p,

automatically satisfies Definition [3
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3.2 Example [11]
Consider the piecewise constant function ¢ : R — R defined by
e(t) = i, t € [titiv),

where the sequence {; }icz is almost periodic and the sequence

{tiv1 — ti}iez

is uniformly almost periodic. Then ¢ satisfies Definition
In what follows, we will say that a sequence {a,, }°, is almost periodic if the corresponding

two-sided sequence
- g, ? Z 07
a; =
a—g, i S 07

is almost periodic as a sequence {a;}icz.
The main result of this work is the following.

Theorem 6 In system , assume that the impulsive moments are given by

t, =nT + ay,

where the sequence {cv,} is almost periodic and satisfies

Sup |a,| = a <
np|n| 5

Assume further that the sequence {p,} C (0,1) is almost periodic and

infp, =p>0.
Then system admits an almost periodic (in the sense of Definition @ infection-free’

)

solution (S(t),0).
Moreover, there exists a constant T* > 0, depending only on the parameters A, i, 7y, o, and

p, such that for all T < T™ this solution is asymptotically stable. In particular, there exists
d > 0 such that for all initial values (S(0),1(0)) € Int D,

{IS(t) = S(t)] =0,
t — o0.

|S(0) = S(0)|+1(0) <6 1) = 0.

Proof. Let us consider the impulsive problem, which is obtained from when I =0 :

AS|t:tn = _an (tn) :

Because

—p+0-In(l—p,) <—p<0,
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then by Theorem 24.1 [11] there exists a unique almost-periodic (in the sense of Definition
solution (8) S = S(t) which is given by the

t
S = [ Xt5)is )
where at ¢, <t <tp 1, tm1 <s<tpn, s<t

X(t, 3) = e_u(t—tk) H (1 _ pz) e_ﬂ(ti—ti—l) A (1 o pm) e—u(tm—s)‘
s<t;<t
From (9) it follows that Vt € R
t
0<S5(W) =p(t-p) [ e Vas=1-p. 0

Linearizing system in the neighborhood (S, 0) we obtain the system

S =— AS(t)I(t) + AS(t)I(t) — uS(t), t#tn,
I=  ASWHI{)+ASO)I(t) —~I(t) — pl(t), t+#tn, (11)
AS|t:tn =— paS(ty)

The stability of the zero solution (11]) is equivalent to the stability of the “infection free”
solution (S,0) of the original system ({2)) .

By introducing the vector z(t) = (f((f)) , system ((11)) can be rewritten as
Ax|t:tn = Bz,

where

Note that

M@@HS§;OﬂM+U@DMM-

Therefore, for every a > 0 there exists § = av/2 /A such that
[zl <6 = gt )| <a- |z (13)
This inequality allows us to use the following theorem.

Theorem 7 [11] Consider the impulsive system

t= Alt)xr+g(t,z), t#t,,
{ Az| Bz, (14)

t=tn,
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where g(t,0) =0, and ||g(t,z)|| < allz|| for ||x|| < h, uniformly int > 0. Assume that

. N(t,t+T)
711_{20 — 7 = 0 (15)
exists, and that the largest eigenvalue of the matrix

1
3 (A(t) + AT (1)) (here  AT(t) = A™(t))

satisfies the inequality

sup A(t) < 7.
t>0

Assume also that the largest eigenvalue of the matrices
(E+ BL)(E + By)

satisfies sup,>1 A, = «. Then, if the condition v + 0 Ina < 0 holds, the zero solution of
system 1s asymptotically stable for all sufficiently small a > 0.

Let us verify that the conditions of this theorem (Theorem [7)) are satisfied for ((12)).

First, the smallness of a > 0 is ensured, according to , by choosing a sufficiently small
§-neighborhood, which will serve as the domain of attraction for (.S, 0).

The existence of the limit in follows directly from (7).

We have that

_(1=p, O
pem=(1 ).

Hence o = 1, and the condition will be satisfied if we assume that

sup A(t) < 0. (16)

>0
We obtain:

1 + = N _%g<t>
5 (A1) + A7) = ( _g;(t) AS(8) =7 = n )

A sufficient condition for the validity of is
Ap(AS(t) — v — p) < =N*S%(1),
NS (t) + 4pAS(t) — 4u(y + p) <0,

that is,
. —20\ + 20\/212 _ 2(V2pP+py — p
(1) < AT 3 IRy 50 < < - )

From this and from @, the statement of the theorem @ follows. W
Taking into account, we conclude that under condition
2(v2 - 1)
A

the “infection-free” almost periodic impulsive solution of system is asymptotically stable.

1-p<
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4 Conclusions

This work continues and complements recent research on impulsive dynamical systems,
where qualitative properties, attracting sets, and solvability of impulsive problems have
been investigated in different functional settings |15H17]. The present paper investigates an
impulsive SIR model with almost periodic sequences of impulses. It is shown that, under
certain conditions on the model parameters and the characteristics of the impulses, the
system possesses an almost periodic “infection-free” solution which is asymptotically stable.
The derived stability condition generalizes the classical periodic case and ensures the stability
of the infection-free state even under irregular external perturbations.

The proposed approach combines the theory of almost periodic functions with methods
for the analysis of impulsive differential equations, offering a unified methodology for studying
nonlinear systems with discrete perturbations. The results contribute to the development of
stability theory and can be applied to the control of impulsive processes in epidemiology,
information security [14], and related fields. Further research may focus on numerical
modeling and the application of adaptive or artificial intelligence-based control strategies
to enhance the robustness of such systems.
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