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SOLUTION OF AN INVERSE PROBLEM FOR THE HEAT EQUATION
WITH A DISCONTINUOUS COEFFICIENT AND A DIRICHLET
BOUNDARY CONDITION

The problems where the coefficients or the right-hand side of a differential equation are determined
simultaneously with its solution are called inverse problems of mathematical physics. Such
problems frequently arise in a wide variety of fields, which makes them one of the most pressing
issues in modern mathematics. This paper considers a class of problems modeling the process of
determining the temperature and density of heat sources with given initial and final temperatures.
Their mathematical formulation includes inverse problems for the heat equation, where it is
necessary not only to solve the equation, but also to find an unknown right-hand side depending
only on the spatial variable. In such inverse problems for the heat equation with a discontinuous
coefficient, the existence and uniqueness of a classical and generalized solution can be established.
The problem considered in this paper can arise in describing the diffusion of particles in a turbulent
plasma as well as in modeling temperature field of heat propagation in a thin rod of finite length
consisting of two sections with different thermophysical properties. In such problems, at the
interface between two media with different thermophysical properties, it is necessary to specify
not only boundary conditions but also conjugation conditions.

Key words: heat equation, Fourier method, spectral problem, orthonormal basis, classical
solution, generalized solution.
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KosddburmenTi y3igicTi KbUTyeTKI3TIINTIK TeH eyl yinin lupuxie 1merrtik
IapThIMEH KOUWBLJIFAH Kepi ecenTi Imernry

HuddepeHnmaaabk TeHIeyIiH KodhDPUITMEeHTTEPIH HeMece OH KakK OOJIiriH OHBIH IerriMiMer 6ip
l\IGSFi.H)le aHbIKTayta 6aFI)ITTaJ'IFaH ecenTep MaTeMaTUKaJIbIK CI)I/ISI/IKa.HbIH‘ Kepl eceHTepi Jell aTaJia-
Jbl. MyHTalt ecenrrep ajlaM KbI3METIHIH CaH aJiyaH CaJaJIapbIHJIA YKUi Ke3/eCe/Il, COHJIBIKTAH OJIap
Ka3ipri MaTeMaTHUKaJaFrbl ©3eKTI Mocesesep KarapblHa KarTajbl. Bys KyMmbicTta Oepliren Gacra-
KBl YKOHE COHFBI MOHJIEP] OOMBIHINA TEMIEPATYPAHBI XKOHE YKBITY KO3/IE€PIHIH THIFbI3IBIFbIH AHbI-
KTay YAepiciH Moe/baeiTin ecenrepid Oip Kjachl KapacThipblLiaabl. OJiapibl MaTeMaTHKAJIbIK,
TYPFBIJIAH TYXKBIPHIMIAY OApBICHIHIA KBLIYOTKIZTIMITIK TeHIEeyl YIIH Kepi ecenTep TYBIHIAMN b
TEHJIEY/IiH, IIeNiMiMeH KaTap KeHICTIKTIK affHbIMaJIbIFa FaHa TOyeJiii Oesrici3 oH Kak 0eJiKTi Ta-
6y rtajan erimeni. ConbiMen Oipre, y3imicti KoaddumumenTi 6ap KbUTyOTKI3MIIITIK TEHIEY1 YITiH
KOMBIIIFAH MYHIAM Kepi ecenTep/ie eCenTiH KIaCCUKAJIBIK, YKoHe >KAJIIbIIAHFaH MeNTiMHiH 6ap 60-
JIybl MeH GIpMOHIUINH (PKaJIFBI3IBIFBIH) aHbIKTayFa 60J1a1bl. Bi3 KapacTeipaTslin ecelr TypOyJIeHT-
Ti ma3Masta GesrmeKTepain, anddy3usachl YAEPICiH CUIATTARTHIH ecenTepi MIentyae, COHIai-axk,
KBLTY-(OU3UKAJBIK, CHTIATTAMAJIAPBI OPTYPJI €Ki O6TIKTeH TYPaThIH, MEKTi Y3bIHIBIKTAFbI YKiHil-
K€ ©3€KIIEeJIe TEMIIEPATYPAJIBIK, ODIC apKBLIbI XKBLIY/IBIH TAPAJLY YAEPICIH MOJEIbJIEYIe TYbIHIAYbI
myumkin. [IlerTik maprrapMer Karap, KbLLy-(QpU3NKAJIBIK, KACHETTEPI 9PTYPJIL €Ki OPTaHBIH, 2KAHACY
nIeKapacbliia Tyiticy (coiikecrenaipy) maprrapsl na Gepiiei.

Tyiiin ce3aep: XKbuLryeTKi3rimTik Temaeyi, Pypbe oici, CreKTpIIiK ecern, OPTOHOPMAJIILIK, Oa3mc,
KJIaCCUKaJIBIK IIIeIHil\’I, 2KaJIlIblJIaHTaH IHeIHiM.
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Pe]J_IeHI/Ie O,I[HOﬁ O6paTHOI71 3ala4n 1Jid YypaBHEHHUsA TEIJIOIIPOBOJHOCTU C

Pa3pbIBHBIM KO3} DUIIMEHTOM U C TPAHUYHBIM ycjioBuem lupuxiie
Sagaun onpejeseHns Ko3(MMUIMEHTOB WM paBoii dYacTu udhepeHnajbHOro ypaBHEHUsI
OJHOBPEMEHHO C €r'o pemeHueM HOCAT Ha3BaHUE O6paTHbIX 3aJa4v MaTeMaTU4deCKOM (1)I/I3I/IKI/I.
TaKHe 33291 OJOCTATOYHO YaCTO BO3HHKAIOT B CaMBIX DPa3JIMYHBIX O6J'IaCTHX YeJIOBEYEeCKON
JeATeTHbHOCTH, ITO CTABUT MX B PsJl AaKTYAJbHBIX MTPOOJEM COBPEMEHHON MaTeMaTuKu. B pabore
paccMaTpuBaeTCd OJMH KJacC 3aJiad, MOJIEJUPYIONINX IIPOIECC OIPEJIE/IEHUs] TeMIIEpaTypbl U
IIJIOTHOCTHU HMCTOYHMKOB TeIlJIa IIO0 3a/JJaHHbIM HaAYaJIbHON M KOHEYHOIT TeMIepaTypaM. HpI/I nux
MaTeMaTUu4eCcKO (bOpl\lyJH/IpOBKe BO3HUKAIOT O6paTHbIe 3a1a91 JIJIgl YPpaBHEHHUS TEILJIOIIPOBOIHO-
CTH, B KOTODPBIX BMECTE€ C DEIleHNEeM ypaBHEHUs TpeOyeTcsi HAWTH HEN3BECTHYIO MPABYIO YacTh,
3aBHUCHIYI0 TOJIHKO OT IIPOCTPAHCTBEHHON MepeMeHHOU. TakyKe, Mpyu TakKux OOPATHBIX 3a/a9ax
JI7IsI YpaBHEHUsI TEIJIONPOBOIHOCTH C PA3PBIBHBIM KOI(PDUIIMEHTOM MOXKHO YCTAHOBHUTH CYIIE-
CTBOBaHUE U €JMHCTBEHHOCTDLb KJIaCCUYIECKOI'O 1 O606IHGHHOFO penienunsd 3aJa9Iu. PaCCI\’IanI/IBaGI\/IaH
HaMM 3a/ila9a MOXKET BOSHUKHYTDH IIPpU PEHICHUU 3a/ia9 OIIMCHIBAIOIIUX IIPOIECC ‘HI/I(bq)y3I/II/I qaCTHUI]
B TypOyJeHTHOH ILTa3Me, a TakxKe IPH MOJICIMPOBAHHU IIPOLECCa PACIPOCTPAHEHUS TeILIa
TEMIIEPATYPHOTO TOJIsI B TOHKOM CTepyKHE KOHEYHOU JJIMHBI, COCTOAIMIEM WX JIBYX YIaCTKOB C
PA3IUIHBIMA TEIIO(PUITICCKUME XapaKTepucTuKaMu. JIOMOSTHUTETHHO K KPaeBbIM YCIOBUSIM
3aJAI0TCSI YCJOBUsSI COMPSI?KEHUsT Ha TPAHUIE KOHTAKTA JBYX CPel C Pa3IUIHBIMU TeIIohu3ntie-
CKHUMU XapaKTepUCTUKaMU.

KiroueBbie cjoBa: ypaBHEHUE TEILIONPOBOAHOCTH, MeTos, Dyphe, crieKTpasibHas 3a/1a9a, OpTo-
HOPMUPOBAHHBIHM 0a31c, KJIACCUTIECKOE peleHne, 0000IEHHOE PeIeHue.

1 Introduction

The solvability of various inverse problems for parabolic equations has been considered
in a large number of papers [1]-[10]. In [11]-[12], the formulation and the subject of the
problem are similar to those used in the present work. However, unlike the previous papers,
we study the inverse problem for the heat equation with a discontinuous coefficient and
a Dirichlet boundary condition. In this work, the unknown quantity is the function f (z)
(source/parameter in the right-hand side), which must be reconstructed using an additional
condition from the formulation of the inverse problem. We present an exact formulation of the
inverse problem in the specified functional spaces and discuss the existence and uniqueness
of the classical and generalized solutions. In particular, inverse problems for differential
equations with multiple characteristics have been studied in several works, where questions
of existence and solvability in Sobolev spaces were investigated[13].

The discontinuities in the coefficients significantly affect the spectral properties of the
corresponding differential operators. Taking into account the possible loss of smoothness
at the discontinuity point xy, the solution with respect to the spatial variable is considered
piecewise smooth: separately on (0,zg) and (z,[). A particular challenge in such problems
is the basis property of the system of eigenfunctions [14]. It is known that for non-self-adjoint
operators arising in the problems with discontinuous coefficients, the system of eigenfunctions
may not form a basis in the classical sense, but form a Riesz basis. The authors use the method
of separation of variables and the spectral method [15] to construct solutions and justify their
smoothness.
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2 Statement of the problem and its solution

In the domain @ = Q U Qy, @ = {(z,t):0<zx<z, 0<t<T}, Qo =
{(z,t) rxog<x<,0<t<T}, (i =1,2), we consider the problem of finding the right-hand
side f(z) of the heat conductivity equation with the discontinuous coefficient

ow = kug, 0<z <z,
Lu_{ut—kgum, xo < <I, = f(@), (1)

and its solution u(z,t) satisfying the initial and final conditions

u(z,0) = ¢(x), ulx,T)=1v(), 0<z<l, (2)
boundary conditions

uw(0,t) =u(l,t) =0, 0<t<T, (3)
and conjugation conditions

u(xo — 0,t) = u(xg + 0,1), (@)
klum(l‘o - O, t) = l{fgux(l‘[) + 0, t),

where the coefficients kq, ky > 0.

By W we denote a linear manifold of functions from the class u (z,t) € C' (2) N C** () N
C?1 (€,) satisfying conditions (2)- ().

Functions u (z,t) from the class u(x,t) € W and f (x)€C|0,{] will be called a classical
solution of problem (1))-(4)) if the function u (z,t) : 1) is continuous in the domain ©; 2) has
continuous first-order derivatives with respect to ¢ and continuous second-order derivatives
with respect to x in the domain 2; 3) satisfies equation (1)) and all conditions — in the
usual, continuous sense and the function f(z) is continuous in the interval [0, ].

The application of the Fourier method (in the case f(z) = 0) to solving problems (T)- (4]
leads to the following spectral problem:

LX) ={ T S —axa) (5)

X0)=X({0)=0, 0<t<T, (6)

{ X(xg—0) = X(zo+0), (7)
]{JlX/(l'() — 0) = kQXI(ZL‘() + O),

The function T'(t) is a solution to the equation

T'(t) + AT'(t) = 0. (8)
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In [16] the eigenvalues and eigenfunctions of the spectral problem (F])-(7]) were found:
Ao = (mnr)?,n = 1,2, ..., 9)

where
F1ko
k’l(l — 1'0) —f- ]{321‘0 '

T =

(10)

sin (””m> , 0 <z <z,
X, (z) = V2r h

(—1)"*Lsin (%ﬁ) . To <z <l

(11)

The authors of [16] also proved the following propositions.
Proposition 1. Spectral problem — is non-self-adjoint.
The adjoint problem to problem - has the following form:

) —EY"(z), O0<xz<m0 |
LOY(x) - { —k%Y”(:C), To < T < l - AY(*T)’ (12)
Y(0)=Y({)=0, 0<t<T, (13)
k1Y (zo — 0) = koY (20 4+ 0), k1Y (zo — 0) = k3Y (0 + 0), (14)

The eigenfunctions of the spectral problem — have the form:

1 .3 TNre
k—sm<k ) 0 <z <z,
Yn<l‘) =V 27" (il)n+1 . ' ﬂnr(lfx) (15)
7, sin s ) , ro<x<lI,

An, 7 are determined by formulas @—.
Proposition 2. The system of eigenfunctions {X,(z)} and {Y,,(x)} is biorthogonal, i.e.

! :

|1, if n=m,

/0 Xn(2)Yy(x)dx = { 0. if ntm
Proposition 3. The system of eigenfunctions {X,,(z)} forms a Riesz basis L(0,1).

We derive the solution to the inhomogeneous problem (I))-(4) (in the case f(z) # 0) in the
form:

ulw,t) =Y un(t)Xa(2), fl@) = ) fuXa():

Substituting u(x,t),f(z) into (1)) we get

Do (OXa(0) =) Kun() X (2) + ) fuXa(e) =
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=Y (O Xa(@) = = Aun(t) X () + Y fuXn(w
n=1 n=1 n=1
Now we obtain an ordinary differential equation of the first order
Uy () 4+ Aptin (t) = fo, (16)

where ), is determined by formula (9). Condition (2)) will take the form: u,(0) = ¢y, u,(T) =
1, where

on = / P@@dr, v, = [ oY@ (17)

The solution of equation satisfying the condition u,(0) = ¢, has the form:

t
Un () = e + / e dr = gt 4 f— (1—e). (18)
0 n

Substituting the last expression into the condition wu,(T") = v, we get
U, (T) = e~ T + f\c—’; (1 — e™T) = 1,. From where we obtain

_ —An

1 —e 2T

After substituting f,, into formula we get

(¥ = pne™T) (1 =)

1 —e T

Un(t) = ppe™ " 4 (20)

Further, it is not difficult to find u(z,t) and f(z). Taking into account formula , we have

. t>=§( [ veme) 2 ( [ wiemiiere) T o

+n§; ([ o) S i:j ([ etemiac) T

10 =3 ([ viemiee) 2240 fj ([ etemiene) ==, 2o
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3 Main results

Theorem 1. Let the functions ¢(z),+(z) from the class p(x) € C3(0,1), ¥(z) € C40,1),
satisfy the conditions

0(0) =) =0, @(zo—0)=p(xo+0), ki'(xo—0)=hkoy'(xo+0), (23)
$(0) = o(l) = 0,4"(0) = ¥"(1) = 0, tb(xo = 0) = ¥ (w9 +0), (24)

k1)’ (20— 0) = ko' (20 +0), k‘%w”(lﬁo—o) = ka”(iﬂ'O‘f‘O) k%wm(%— ) = k3w”’(xo+0), (25)
then there is a umque classical solution u(z,t) € C(Q )ﬂC’il(Ql) NCZ (), f(x) € C0,1]

to problem (I)-(d) and it is represented by series (21)-(22), where A, 7, X,(z), Y, (z) are

determined by formulas @D, , , , respectively.
Proof. First, let us prove the existence of a function u(x,t) determined by formula .

As {X,(z)}are the eigenfunctions and \,— the eigenvalues of problem (B))-(7)), it is easy to
verify that the function u(x,t) determined by formula (21]) satisfies equation , the initial
condition , the boundary conditions , and the conjugation conditions . Series is
the sum of the functions

u(z,t) = Py(x )+P2 x,t) + P3(x) + Py(z,t), where

-3 ([ o) s
Py(z, Z ( / (¢ ) (xe)ej;t,
r) = fj (f w(é)Yn(f)df) Kle ™

n=1
)

pie) == 3 ([ womee) T

n=1
Using d’Alembert’s criterion, we can show that for ¢ > ¢ > 0 (¢ is any positive number), the
series P, P, converge uniformly. The series P;, P; do not depend on ¢, and the series Ps(x)
converges uniformly everywhere in 2. Let us consider the series P;(z). Separately, we will
analyze the integral:

/0 (e = Y / ¥() s (Wmf) d+ V_ (—1)n ! L:¢<g)sin (%ﬂ) g

Integrating by parts we obtain

fo §)d¢ = m\/ (1/1(0) —(xg — 0) cos <"’Zl‘”0 > +
+7”\l(f 5 ¢ (€) cos (%) dg + %2[ <(_1>n+1@/’(l) + (—=1)™p(z0 + 0) cos (—””Tg;’fo))) +
B ) os (2850 .
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Taking into account the conditions 1(0) = () = 0, ¥(zg — 0) = ¢¥(xo + 0), and the
reduction formula

COS (%) — (—1)” cos <%;xo)>, we obtain

/Olw&m@dszﬂﬂ | v (”fo) stV Ene /w (mr<12 s)) i

Integrating by parts, we have

Jy (&) Yal€)de = Y= sin (120 ) — 2 [ 07 (€)sin (mf) e
——”’aﬁ:;“%—nn“ sim (700 ) — /2 (1) () sin (59

Taking into account the conditions k19'(xg — 0) = kot)' (29 + 0) and the reduction formula
sin (%) = (—1)""!sin (%;”))7 we obtain

fartae=—Z [ viom ()B4

Jy w(&)Ya(€)de = fﬁ " 4(€) sin (5 ) de—
éf;g{n;\/@ n+1 f W (€) sin <7anl E)) dé = _ﬁ fol () Zn(€)dE,

_ kl\/k_l) O<[L‘<LL’0,
WhereC—{ koo, w0 < 7 <,

1 : TNre
= sin (—k ) , 0 <z < @,
Zn(l’) =V QT (711)n+1 . ; wnr(lfz) l
W Sin Tk )0 To < x <lU,

eigenfunctions of the following self-adjoint problem [15]:

—kiZ"(z), 0<z<um
’ — — — < <
nzo)={ Qe 0l =z 20 = 2000, o<isr,
3 3

Vki1Z(xg—0) = ko Z(x0+0), kiZ'(xo—0)=FkiZ (x0+0),
An, T are defined by formulas @—.
It is clear that under conditions and the series P;(x) converges uniformly. Similarly,
it can be proved that the series Py(z,t), Py(z,t) converge uniformly everywhere in 2.
Now it is sufficient to show the uniform convergence of the series uy, (z,t) = > 7 | u, (t) X/ (2).

n=1Y
The uniform convergence of the series uy(x,t) = > °7  u! (t) X, (z) is obtained from equation

n=1"n
()-
foad )

It is not difficult to show the uniform convergence of the series 5
e—Ant

00 (g e—)\nT
- (e dé) MO Pr@) = S (f wl©Yale)de) ST 2k —
X! (z)e=*nt
Dt (fo P(&)Yn( ) f,(e)fxnfr,
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using d’Alembert’s criterion. The uniform convergence of the series

=3 ([ wtemione) ;2L - ([ wiomiene) g

can be proved similarly by integrating by parts four times and requiring that conditions ,
be satisfied. The uniform convergence of the series

(/¢ ©a¢) 2220 5 ([ atematerae) 2,

n=1

is proved similarly. For uniform convergence of the series » >, ( f(f P(§) (£)d§> f‘ ”f_”MT,
Conditions 1) and  (25) must be satisfied. For the second = series
>, fo )3 %, only continuity is required. Thus, the existence of

the solution has been proved.
Now, let wus prove its uniqueness. Suppose there are two  solutions:

{ﬂ(x,t),f(x)} ,{ﬂ(m,t),f(x)} . Then for the function v(x,t) = a(z,t) — a(x,t), g(x) =

f(z) — f(z) we have the following problem:

v = kg, 0<a<mo, _
Lv= { vy — k3Upe, w0 < <1, = 9(2), (26)

v(z,0) =0, vz, 7)=0, 0<z<lI, (27)

v(0,t) =v(l,t) =0, 0<t<T, (28)
v(zg —0,t) = v(xg + 0,1), (29)
k’lvx(l'o — O, t) = kfz’l}z(l'() + 0, t),

We derive the solution to problem (26])-(29) in the form:

=D () Xa(@),g(x) = Y gaXa(a

Substituting v(x,t),g(x) into equation (26), we obtain an ordinary first-order differential
equation

vl () + Aon(t) = ga, (30)

where A, is determined by formula @D Condition takes the form: v,(0) =0, v,(T) = 0.
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The solution of equation (30]) satisfying the condition v, (0) = 0 is written as

t
up(t) = / gne M dr = In (1—e ™).
0 >\n
Substituting the last expression in the condition v,(7") = 0 we obtain
v (T) = e (1 — e"\"T) = 0. This expression gives that g, =0 = v,(t) = 0.
It means that v(z,t) = 0 and g(z) = 0. Thus, the theorem is proved.
Let |lu(z,t)|[,, be the norm of the space Ly ({2). By W3t (2) we will denote the space
of functions w (z,t) for which the generalized derivatives wu,, (z,t), u;(x,t) exist almost

everywhere, belonging to Ls ({2) with the norm

lu @, Ol = llule, Dz, + lluwe (@017, + llue (2,0,

As a generalized solution of problem (I))-([) we will consider a pair of functions u (z,t) €
Ly (0,0) n W3 () N Wt (1), f () € Ly (0,1) [17].

Theorem 2. If the functions ¢ (z) € W3 (0,1), ¢ (z) € W3 (0,1) and satisfy conditions
(6), then there exists a unique generalized solution u(z, t) € Ly(0,1) n Wyt (2y) N
W3t (), f (z) € Ly (0,1) of problem (T)—(d).

Proof. As the functions ¢ (z) € W3 (0,1), ¢ (z) € Wi (0,1) and satisfy all the conditions
of problem —, then they are expanded into uniformly convergent Fourier series in the
system {X} (x)}. Using the formulas

X"(z) = =\X (z) and XV () = A2 X (z)

we obtain

Z Aeor X (@ Z Nt X (). (31)

As the system { X} (x)} is the Riesz basis of the space Ls (0, 1) , then by virtue of the two-sided
Parseval inequality we obtain

> e’ <Clle" (@)1l Z!A wl” <Ol @), (32)

k=1

From , we obtain estimates uniform in & :
Jur ()] < C (Jowl e+ [nl)

ui, (1)) < C (lor] e + [vr]) |Mil

| ful < C (|eon] e+ nl) Xl

From here, due to the absolute convergence of series and estimates , it follows

that series , converge and the solution of problem . . belongs to the classes
u(z,t) e L2(O zmw;l(rzl)mwfl(nz) f(z) € Ly(0,1).

As the system {X} (z)} forms a Riesz basis for the space Ls (0,[), any solution to problem

f from this class can be represented by the series , . From the uniqueness of the

construction of solutions (21), of problem , it follows that the solution to problem

(D)—() is unique.
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4 Conclusion

In this paper, we considered a class of problems modeling the process of determining
the temperature and density of heat sources given initial and final temperatures. Their
mathematical formulation leads to inverse problems for the heat equation, where it is
necessary not only to solve along the equation, but also to find an unknown right-hand
side depending only on the spatial variable.

To solve the equation, the method of separation of variables is used. It reduces the problem
to a spectral boundary value problem for the second-order differential operator with a
discontinuous coefficient at the highest derivative. We used the following results obtained
by one of the authors [16] of this paper:

- explicit eigenvalues and eigenfunctions for both the original and adjoint spectral problems,
- the proof that the original spectral problem is not self-adjoint,

- the auxiliary self-adjoint problem with the same eigenvalues constructed in [16],

- the proof that the eigenfunctions of the self-adjoint problem form an orthonormal basis in
the space L(0,1),

- the proof that the eigenfunctions of the original spectral problem form a Riesz basis in
Lo(0,1).

Using this property of the basis, we obtained a solution to the initial boundary value problem
in the form of a Fourier series. From the condition of a given final temperature, we found
the unknown right-hand side. We also reasonably differentiated the series by its terms and
proved the existence and uniqueness of the solution under natural conditions of smoothness
and consistency for the initial and final data. The results provide a rigorous justification
for the Fourier method for the diffusion model in a composite (two-phase) medium with
discontinuous coefficients.

Further research may include extension of the analysis to multilayer media with multiple
interfaces, more general coupling or boundary conditions (including nonlocal ones), and
inverse problems on determining unknown interface coefficients or parameters.
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