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ASYMPTOTIC ESTIMATES OF THE SOLUTION OF THE BVP FOR
SINGULARLY PERTURBED INTEGRO-DIFFERENTIAL EQUATIONS

In this paper, we study a boundary value problem for a higher-order linear singularly perturbed
integro-differential equation, focusing on the case where all roots of the associated “additional
characteristic equation” have negative real parts. The main objective is to derive an asymptotic
estimate for the solution of this boundary value problem as the perturbation parameter tends
to zero. To achieve this, we construct an explicit analytical representation of the solution and
rigorously prove a theorem describing its asymptotic behavior. Additionally, a modified degenerate
boundary value problem is formulated, which serves as the limiting case of the original perturbed
problem. It is shown that the solution of the singularly perturbed problem converges uniformly
to the solution of this degenerate problem. The study also addresses the determination of the
magnitude of the initial jump in the integral terms, which plays a crucial role in the convergence
analysis. The results provide a clear understanding of the solution structure and its dependence
on the perturbation parameter.

Key words: singular perturbation, integro-differential equations, small parameter, asymptotic,
initial jump.
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B mannoit pabote paccMaTpuBaeTcs KpaeBas 3a/1a4a, Jijisl TMHEHHOro nHTerpo-1uddepeHnaabHoro
YPaBHEHHS BBICOKOI'O MOPSJIKA C CUHTYJISPHBIM BO3MYIIIEHUEM, C aKIIEHTOM Ha CJIydail, KOrJja Bce
KODHH CBSI3aHHOTO " IOTIOJIHUTE/IFHOIO XapaKTEPUCTUIECKOrO ypaBHEHNUs " IMEIOT OTPHUIATETHbHBIE
neiictBuTesibHbIe YacTu. OCHOBHAS TIE/Ib 3aKJII0YAETCA B TOM, YTOOBI MOy YUTh ACHMIITOTHIECKY IO
OIIEHKY DeIleHusl ITOI KPaeBoil 3a/1a4n IPHU CTPEMJIEHUN IIapaMeTpa BO3MYyIleHus K Hyso. Jlis
JOCTHUKEHUsI 3TOI IeJIM CTPOUTCS SIBHOE aHAJUTHUIECKOe IIPeJICTaBJIEHUE PENIeHUsI U CTPOro JI0Ka-
3BIBAETCS TEOpeMa, OIKMCHIBAIOIIAs €r0 aCUMIITOTUYeCKOe ToBeieHne. Kpome Toro, hopMympyercst
MomUIIMpOBaHHAs BBIPOXKIECHHAST KPaeBas 3a/[ada, KOTOpasl CJIYKUT MPEIEIbHBIM CJIyJaeM UC-
XOZHOW BO3MYyIeHHO# 3ama4n. [loka3piBaeTcs, ITO pelreHne CHHTYISPHO BO3MYIIEHHON 3a/1a9u
PaBHOMEDPHO CXOIUTCH K PEIIEHUIO ITON BBIPOXKIACHHON 3a7a4uu. Pabora Tak:Ke 3aTparuBaer orpe-
JleJleHue BeJINYUHBI HAUaIbHOI'O CKauKa B MHTEIPAJIbHBIX WIeHaX, KOTOPBIN UI'paeT KIII0UYeBYIO POJIb
B aHasu3e cxopumoctu. [losryaennnie pe3yabTaThbl 00ECIIEINBAIOT ICHOE TIOHMMAHUE CTPYKTYPBI Pe-
IIEHUs U €r0 3aBUCUMOCTH OT IapaMeTpa BO3MYIIEHUS.

KitioueBbie ciioBa: CHHTYJISIPHOE BO3MYINEHNE, HHTErpo-auddepeHInaibHoe yPaBHEHIE, MAJIBIA
mapaMeTp, aCHMITOTHKA, HAUAJTbHBI CKAIOK.

1 Introduction

In the modern theory of differential equations, the study of singularly perturbed problems
occupies a central place. The relevance of this topic stems from the widespread use of
such equations in the mathematical modeling of processes characterized by the presence
of variables of different scales—for example, in fluid dynamics, semiconductor theory, and
gyroscopic stabilization problems. The combination of a singular perturbation and an integral
operator introduces additional complexity into the analysis.

The foundations of the theory of singularly perturbed differential equations were laid in
the pioneering works of Academician A. N. Tikhonov. He proved his famous fundamental
theorems on the limit transition in singularly perturbed differential equations [1]. For a
broad class of singularly perturbed differential problems, a variety of asymptotically efficient
techniques have been developed, allowing one to approximate the solution with an arbitrary
degree of accuracy. In this context, it is appropriate to highlight the contributions of M.IL.
Vishik and L.A. Lyusternik |2|, A.B. Vasilyeva [3], and M.I. Imanaliev [4]. These approaches
are presently referred to as the boundary function method.

Problems with initial jumps occupy a important place in the theory of singular
perturbations of differential equations. In the classical works of M.I. Vishik, L.A. Lyusternik
[5] and K.A. Kasymov [6], it was first proven that solutions of singularly perturbed problems
converge to solutions of degenerate equations with modified conditions as a small parameter
tends to zero, which were called Cauchy problems with initial jumps.

In recent years, boundary value problems with initial jumps for singularly perturbed
differential and integro-differential equations have been actively studied [7-14]. The results
of these studies showed that the nature of the asymptotic behavior of solutions is essentially
determined by the differential order of the kernel, which indicates the deep specificity of the
class of problems under consideration.

The object of the study is a boundary value problem for an integro-differential equation
of order n + m with a small parameter at the highest derivatives. The key condition of
the analysis is the negativity of the real parts of the roots of the "additional characteristic
equation,"which determines the structure and type of singularity in the problem under
consideration. Earlier, in |15, a similar integro-differential equation was studied when the
order of the highest derivative under the integral was equal to n; + 1. In this paper we
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investigate the case where the order of the highest derivative in the integrand is exactly
equal to n; + m. It should be noted that the problem under consideration is not a simple
generalization of the previously studied formulation. In the paper it will be shown that the
asymptotic behavior of its solution differs significantly from the behavior of the solution of
the boundary value problem studied in [15].

2 Statement of the problem and Preliminary materials

Let us move on to considering the boundary value problem for the integro-differential
equation.

ni+m

1
Ay N dby i
r=1 k=0 0 1=0

hi-ﬁ-ly(t?‘g) = y(l)(ou 8) = Qy, 1= 07l - ]-7 hl+1+iy(t7€> = y(Z)(]'? 6) = ﬁia L= O7p - 17 (2)

where € > 0 is a small parameter, «;, 3; are known constants, A,,,(t) =1, m+n =1+ p,
m<l,n=0l—m,p=n—n; =ns.

In what follows, we will assume that the following assumptions are valid for the boundary
value problem under consideration:

Cl. A;(t) € Cc™™=Y([0,1]), i = O,n+m, F(t) € C([0,1]),H;(t,z) € C(D), i =
0,np+m, D=(0<tuxz<1).

(2. The "additional characteristic equation" p™(t)+ Apym_1(E) ™ (&) + ...+ Apr (B +
A, (t) = 0 have m different roots p(t), ..., i, (t) with negative real parts

C3.

hiyio(t)  hiyao(t) h1yno(t)
70 — hnl y10<t) hnlyQO(t) - e hn1yn0<t) # 0
hisiyio(t)  hivayo(t) oo hisayno(t) ’
hn+my10 (t) hn+my20 <t> e hn+myn0 (t>

where y,,(t), i = 1,n is fundamental system of solutions of the homogeneous degenerate
equation Loy = 0.
C4. The number 1 is not an eigenvalue of the kernel H(t, s, ) for sufficiently small .

C5.

B L+ dia (1) diga(1) di4p(1)
5 — S S o £0,
1 —1 -1
Al (1) dfy, (1) 1+ dlf—p (1)

where al(i)i(l),i =1,p, j =0,p — 1 are expressed in a certain way in terms of the coefficients
of (1).

In the work 15|, for a singularly perturbed linear homogeneous differential equation L.y
0, a fundamental system of solutions and, accordingly, the Cauchy function K(t,s,e),0
s <t <1 were constructed, which is the solution to the problem

<
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L.K(t,s,e) = O,K(i)(s,s,s) =0, i=0,n+m— Q,K("+m_1)(s,s,5) =1,

and also boundary functions ®;(¢,¢),7 = 1,n + m, which are solutions to the problem

L.®;(t,s,e) =0, hp®i(t,e) =k, 1, k=1,n+m,

are constructed. For the functions K(t,s,¢), ®;(t,€),1,n+m the following asymptotic
representations as € — 0 was obtained:

_]) m . t
K(])(t S,E) — (_1)m_VVn (t, 8) +€n_1_j Z(_1>m+kyn+k o(t)ui(t)wmk(s) egsfﬂk(x)dz+
W(s)An(s) — Yntk,0(S)HE(8)w(s)
LR Y
4O [e4+emS ee ™ , j=0n+m-—1 (3)
k=1
and
0 T (0) & koD (e 0) L s
@E])(t’g)_ i _|_€n1—j i Z( 1)k n+k,0 k 1k e
0 Jo = 1y, (0)w(0)
m L e
. — z)dx
+0 | e+ em Iy e i =Ty,
k=1
» 790 w(0) ko0 (0a0) e
OV (te)=¢ [ —Bt . T g (1)iem i) (—)h LAV ANCAPYR +
o ( T w(0) 2 1 (0)(0)
L (z
+ 0 ”1326 Jh , i=1,m,
k=1
oW (t,€) 751]1)+i(t)+ nl—jjgil—zi((n i( 1)kyn+k0(t):ui<t)wlk() S b :v)dac+
mtitm\HLE) = —=—— € - = - 1
B Jo Jo 1 My (O)w(O)
= 1f (2)d
+O [erem ity een™ =T (4)
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Similar to the work |15], when conditions C1-C5 are satisfied, the existence and uniqueness
of the solution to the boundary value problem , on the interval [0, 1] is established, and
the desired solution can be represented in the form of the following analytical expression:

l
y(te) = ai1QY(t e)+ (5)
=1

p
+3° CaQY(te) + PU(te),j =0,n+m—1,
i=1

where

t
Qi(t,e) = O;(t,e) + gim/K(t,s,e)gpi(s,g)ds,
0

Ciyi,i = 1, p are determined by the following system of algebraic equations

l
Cl+1(1 + dl+1(1,€)) + ...+ Ol+pdl+p(175> = /80 - P(l,g) - Z Ozi_ldi(l,g),

=1

l
Crpd? V(1 e) + ... 4+ Crp(1 + dfﬁ;”(l, €)) = Bp1 — PO V(1 e) — S a1 dP V(1 e),
=1
(7)
in which

1

. 1 .
d9(1,e) = g—m/K(])(l,s,a)goi(s,e)dS, i=1l+p, j=0,p—1 (8)
0

Formulas (6])-(8) are similar to the formulas in paper [15], but the difference is in formula
for the functions ¢;(t,¢),7 = 1,1+ p. In this work, these functions are expressed by the
formula

L ni+m

oi(t,€) :/ > Hyt,x,2)0 (2, e)dx,i = 1,1+ p, (9)

o J=0
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i.e. the right-hand side of @ includes derivatives of the boundary functions ®;(¢,¢) up to
the order ny +m, and the functions H,(¢, z, ¢) have the same representations as in work [15]:

H;(t,z,¢) = H;(t,z) + O(e), (10)
where
H,(t,z) = H;(t,z) + /1 R(t,s)H;(s,x)ds.

Therefore, the asymptotic representation of the functions ¢;(¢,¢),7 = 1,1 + p differs from the
representation of similar functions ¢;(t,¢),i = 1,1 + p in paper [15].

3 Main results

Let us turn to formula (9) for the functions ¢;(t,£),i = 1,1+ p. From (9) by virtue of
representations , we obtain

n1 =) m —(n1)
15, ) :/ Hi(s, ) Jij(x)dx—i- <Z<_1)k+1ﬁ£i+2(870>> Ji_(())_'_

Jo

L " T @) S gy, ()
+/0 Z(_l) * Hn1+k (8,1‘) Zj—dx—i‘z Z<_1)qu+k (871)17—4—0(8)

0 k=2 q=2 0
(11)

o () m —(n1)
T7 Jnl ’L(x) S7(k—1 ']111 7,(0)
euremii(s,2) = [ S H5,0) 5+ (Z(—nk“Hﬁﬁz(s,m) A
0

=0 0

ni+k—q+1)

1 m ) m k —
+/0 (Z(—l)ﬂlﬁiﬁﬁ)(s,fﬂ)) Jm%(x)dwz Z<_1>qﬁgfg(s71>(fm+z-_—<1>+0(€)

0 k=2 q=2 Jo
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(13)

= @nﬁ—m—i—i(‘s) + 0(5)7 1= 17 ny.

From formulas — it follows that the functions ¢;(¢,€),i = 1,14 p are bounded
as € — 0, i.e. pi(t,e) = O(1),e — 0,7 = 1,1+ p. Note that in paper [15] the functions
@i(t,e),i = 1,1+ p had different asymptotic representations

wi(t,e) =0(1),i =T,n; + 1, @n,(t,e) =O0(e"),i =2,
¢n1+m+i<t7€) = O(l),’l = 1,”275 — 0.

Note that in paper [15] the functions ¢, +1(t,€) is expressed only through H,,, 11 (t,0), and
in the present work the ¢, +1(t, ) is expressed not only through H,, 1(t,0), but also through
H,,42(t,0), ..., Hyy 4 (t,0). The asymptotic representations of the functions ¢, i(t,€),7 =
2, m also change.

These differences in the asymptotic behavior of the functions ¢;(t,¢),i = 1,n+m
subsequently play a significant role in describing the behavior of solutions to the problem
(. ). Then, in view of (L1)-(L3), for the coefficients of system () PU)(1,¢), dgj)(l, £),i =

1,n 4+ m, the following asymptotic representation is valid

1
d(j)( /
0

L5 ()ds—d ()+O(5),z’:1,n+m,j20,p—1,

%I §|

(1, s)

)An(8>ﬁ(s)d5‘ = ?(J)(l) +0(), j=0,p—1. (14)

p(j)(Lg) = (—

=
o\
]

Taking into account condition C5, solutions Cjy;,i = 1,p of the system can be
presented in the form of the following asymptotic expression

Ciyi = Ciyi + O(e), (15)
where
P 5 P, )
Cr = ROk L m+1/_n 2/,
R P R i (EreE
(16)

— n1 m
: (F(S) + Zl%‘—laj(s) + Zlam-i-j—l@nl—f—j(s)) dS] , 1=1,p,
J= J=
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0y is the determinant that is determined by removing ¢ from the k-th row and i-th column.

From @, taking into account , and —, we obtained an asymptotic as € — 0
representation for the functions Q;(t,¢),i = 1,n +m and P(t,¢) :

(7) J; (t) m W, (t, 3) _ n _iJ; (O)
t,€ — + —1 = . 5 ¥ d +8 1 ]_—'
(O (Dwne0) ~ Fratea Y Ry
U Yn+k,0(L) 3 \T)W1k — ) pr(x)ax bl m = [ g (x)dz )
Sy (=1)F e€ o + O |e4emt=iy ecd , di=1,ny,
A e (0)w(0) = 1
L —(j)
(]) m Wn (t’ 8)
t,e) = (-1 — i (8)ds+
Qhtte) = (1" [ it ()
0
m )18 (i (0) ~ re(e mo Lo
4gmticl=] Z(_l)i—i-kynJrk,Ofll)/gk( )(‘)/Jzk( )65 e N I N A i=1,m
i (0)(0)
(17)
—(3) L =) —(n1)
() n1+i<t> m/ Wn (t’ 8) — ny—j nl—i-i(O)
't7€:_—+—1 = <. <%n miSdS"‘éfl]_—'
” 1, w1
S (-1 kYo (O Wwie(0) = fu@de €+5n1_3+12680fﬁ‘k(“f)d$ =TT
k=1 Yn+k,0 O)le (O)w 0 1
PUe) = (—aym [ B g
,E) = (— = s)ds
0 W(S)An(s)
- 4 Fo) L d —— J
+e" 7 (_1)m+kyn+k70(t)ﬂl€1(t)wmk(0)F(o)65 Ofuk(x) ’ +O | e+ 3 ec g“k(x) “
1 (0)e(0)

3.1 Asymptotic estimates of the solution

Theorem 1 If the conditions C1-C5 hold. Then, for sufficiently small € > 0, the following
asymptotic estimates hold for the solution to the boundary value problem , :

n1 p

W (te) <C Z |cvi1| + Z |Bia| + max | F(2) + Zam”‘@"l”(t)
1 =1

0<t<1 -
=1

+

i=
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ny—j S Iuk wlko
O™ 1k i .
e YS (b SRS ST
+0H<1?<X1 F(t) Z Oy 4i—1 Py i )]e_%,jzo,n—i-m—l, (18)

where B, ,;(t),i =1,m have the form (12)), and w(s) is the Vandermonde determinant, i.e.

1 1 .. 1
w(s) _ Ml(s) #2(5) . Mm(s)
WNs) () . (s)

and wmk(s) is the determinant obtained by removing w(s) from the m-th row and the k-th
column. It should be noted that

- kMk wlk(())
Z Jw(0)

=1

=0, j=mi+1,n +m-—1. (19)

t=0

The proof of the theorem 1 is derived from considering —, ,,. From
Theorem 1 using we obtain

y?(0,e)=0(1),i=0,n +m—1,

1 1
y(n1+m)(0’€) = O ( ) Yo ay(n+m_1)(075> = O ( + 1) y £ 0. (20)
gna+m—

Em

The obtained result demonstrates a fundamental difference in the asymptotic behavior of
the solution to the problem under study compared to that previously studied in [15] in which
y®(0,¢), i=0,ny is bounded and y™*1(0,¢) is infinitely large of the order O(%),e — 0.In
the present work, the dependence on the small parameter exhibits growth starting from the
order O(=).

This phenomenon is called the initial jump of the ni-th order m-th degree.

3.2 Modified degenerate problem

Let us define a degenerate problem where the solution to the original perturbed problem
tends to the solution of this problem. Since in equation the derivative of the order n; +m,
which is under the integral, by virtue of is an infinitely large at the point ¢ = 0, then we
should construct a degenerate equation of the following form

ni+m

n k—
Loy = ;Ak(t)% / Z H;(t, z)g"" (z)dx + A(t), (21)
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where A(t) is an unknown function called the initial jump of the integral terms. Now, we
will determine the boundary conditions for equation (21 Since a;, 1 = 0,n;y —1 and f;,
i = 0,p — 1 are bounded then for the degenerate equatlon we leave these conditions.
By virtue of the presence of the initial jump n; — th order m — th degree in the solution
to problem , we add to the initial conditions for the degenerate equation the initial
values v, 1i-1+2A;, 7 = 1, m. Then, the degenerate equation is solved under the following
boundary conditions:

y(l)(o) = Oy, Onl—_1 ?J(nlﬂ 1)(0) = an1+i—1+Aia 1= 17m _(l ( ) /B’M = 7 - 17

(22)

where A; are the initial jumps of the solutions 7" (t),i = ni,n; + m — 1 at the point ¢ = 0.

To find A(t) in (21]), we denote the difference between the solution y(¢, ) of the original
boundary value problem , and the solution y(t) of the modified degenerate boundary
value problem (21, by u(t,€), and substitute the solution y(¢,¢) = y(t) + u(t, ) into
, . Taking into account , we obtain the singularly perturbed integro-differential
equation for u(t,e):

Lou = f(t,e) +/ ' Hi(t, x)u' (z,e)dz — A(t) (23)

with boundary conditions

uD(0,6) =0, i=0,n —1, umt=D(0,e)=—-A;, i=1,m
(24)

uD(1,e) =0, i=0,p— 1,
where
fte)=—(mgm™ 4 4 eA, 1 (OT"Y) = O(e).

Since the problem , is similar in type to the problem , , then the estimate
can be used to solve the problem , , and by virtue of for e — 0 we obtain
the following asymptotic estimates:

[ (t,e)] < C max |A

0<t<1

+ (25)
i=1 \ k=0

oy (%: Hqﬁ’fHJrk(t,O)) A,

t
+Cem e €

n kui<t>ww<o>
2V 00

17=0n+m-—-1

in: <7§f Hlej)ﬂJrk(t’ 0)) Ai )

i=1 k=0
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From estimates it follows that u")(t,e), j =0,n +m — 1 tends to zero as ¢ — 0 if we
define the initial jump of the integral terms A(¢) in the form

A(t) = i (nif(—1)’fﬂfjj>ﬂ+k(t,0)> A;. (26)

Therefore, the validity of the following theorem is established.

Theorem 2 Let conditions C1-C5 and equality (26]) be satisfied. Then the singularly
perturbed boundary value problem , for sufficiently small € has a unique solution y(t, <)
such that the following limit equalities are satisfied:

limy'(t,e) =79 (t), j=0m—1, 0<t<1,
e—0

limy W (t,e) =79(), j=n,n+m—1, 0<t<l,

e—0

where (t) is the solution of the modified degenerate boundary value problem , .

4 Conclusion

This paper presents a comprehensive study of the influence of integral terms on the asymptotic
behavior of solutions to singularly perturbed problems. Key points include the introduction
and justification of the concepts of the order and degree of the initial jump. It was established
that the solution to the studied class of equations in the neighborhood of the initial point
is characterized by an initial jump of order n; and degree m. The paper theoretically
substantiates that, as a small parameter tends to zero, the solution to the original problem
asymptotically converges to the solution of the modified degenerate equation. A specific
feature of the limit transition is the appearance of an additional term on the right-hand
side—an initial jump in the integral terms, reflecting the influence of the integral constraint
on the limit state of the problem. The initial jump value has been determined and compared
with the results of a previously studied problem. Fundamental differences in the asymptotic
behavior of the solution to this problem were shown compared to the behavior of the solution
considered earlier.

5 Acknowledgements

This research has been funded by the Science Committee of the Ministry of Education and
Science of the Republic of Kazakhstan (Grant No. AP23488301).

References

[1] Tihonov, A. N. On the Dependence of Solutions of Differential Equations on a Small Parameter.
[Mathematical Collection| 22, no. 2 (1948): 193-204. [In Russian].



50

Asymptotic estimates of the solution of the BVP ...

2l

3]

4]

5]

6]

17l

8]

19]

[10]

[11]

[12]

[13]

Vishik, M. I.; and L. A. Lyusternik. "Regular Degeneration and the Boundary Layer for Linear
Differential Equations with Small Parameter." Usp. Mat. Nauk 12, no. 5 (1957): 3-122. [In
Russian|.

Vasil’eva, A., V. Butuzov, and L. Kalachev. "The Boundary Function Method for Singular
Perturbation Problems." SIAM Studies in Applied Mathematics. Philadelphia: STAM 14 (1995).

Imanaliev, M. I. Asymptotic Methods in the Theory of Singularly Perturbed Integro-Differential
Systems. Frunze: Ilim, 1972. [In Russian|.

Vishik, M. ., and L. A. Lyusternik. "On the Initial Jump for Nonlinear Differential Equations
Containing a Small Parameter." Dokl. USSR Academy of Sciences 132, no. 6 (1960): 1242-1245.
[In Russian|.

Kassymov, K. A. On the Asymptotic of the Solutions of Cauchy Problem with Boundary
Conditions for Non-linear Ordinary Differential Equations Containing a Small Parameter. [Usp.
Mat. Nauk]| 17, no. 5 (1962): 187-188. [In Russian]|.

Kassymov, K. A., and D. Nurgabyl. "Asymptotic Estimates of Solution of a Singularly
Perturbed Boundary Value Problem with an Initial Jump for Linear Differential
Equations." Differential Equations 40, no. 5 (2004): 641-651.

Dauylbayev, M. K., and N. Atakhan. "The Initial Jumps of Solutions and Integral Terms in
Singular BVP of Linear Higher Order Integro-Differential Equations." Miskolc Math. Notes,
Hungary 16, no. 2 (2015): 747-761. https://doi.org/10.18514/MMN.2015.1437.

Dauylbayev, M. K., and A. E. Mirzakulova. "Asymptotic Behavior of Solutions
of Singular Integro-Differential Equations."Journal of Discontinuity, Nonlinearity,
and Complexity. LE&H Scientific Publishing, LLC, USA 5, mno. 2 (2016): 147-154.
https://doi.org/10.5890/DNC.2016.06.004.aspx.

Dauylbayev, M. K., and A. E. Mirzakulova. "Boundary-Value Problems with Initial Jumps for
Singularly Perturbed Integrodifferential Equation." Journal of Mathematical Sciences 222, no.
3 (2017): 214-225. https://doi.org/10.1007 /s10958-017-3294-7.

Dauylbayev, M. K., and A. B. Uaissov. "Asymptotic Behavior of the Solutions of
Boundary-Value Problems for Singularly Perturbed Integrodifferential Equations." Ukrainian
Mathematical Journal 71, no. 11 (2020): 1677-1691. https://doi.org/10.1007/s11253-020-01741-

W.

Dauylbayev, M. K., and A. B. Uaissov. "Integral Boundary-Value Problem with Initial
Jumps for a Singularly Perturbed System of Integrodifferential Equations." Chaos, Solitons and
Fractals: The Interdisciplinary Journal of Nonlinear Science, and Nonequilibrium and Complex
Phenomena 141 (2020). https://doi.org/10.1016/j.chaos.2020.110328.

Bukanay, N. U., A. E. Mirzakulova, M. K. Dauylbayev, and K. T. Konisbayeva. "A Boundary
Jumps Phenomenon in the Integral Boundary Value Problem for Singularly Perturbed
Differential Equations." Bulletin of the Karaganda University. Mathematics Series 98, no. 2
(2020): 46-58. https://doi.org/10.31489,/2020m2,/46-58.



K.T. Konisbayeva et al. 51

[14] Dauylbayev, M. K., Zh. Artykbayeva, and K. T. Konisbayeva. "Asymptotic Behavior
of the Solution of a Singularly Perturbed Three-Point Boundary Value Problem with
Boundary Jumps." International Journal of Mathematics and Physics 10, no. 2 (2019): 47-52.
https://doi.org/10.26577 /ijmph-2019-i2-7.

[15] Dauylbayev, M.K., and K.T. Konisbayeva. "Asymptotical Convergence  of
Solutions of Boundary Value Problems for Singularly Perturbed Higher-Order
Integro-Differential ~ Equations." Quaestiones — Mathematicae 47  (2024):  2231-2246.
https://doi.org/10.2989/16073606.2024.2364297.

Asmopaap mypasve masimem:

Konwvcoaesa Kypanati Tarzamosna — mazucmp, aa-Papabu amvindaev, Kasax yammork yHUGED-
cumeminit, Mamemamura Kagpedpacvinvir, aza okoimywvico. (Aamamu, Kazaxeman, ssexmpondvs
nowma: kuralaimm7@gmail.com).

Aayvinbaes Mypamzan Kydatibepeenyav (Koppecnondenm-a8mop) — Pusuka-mamemamura ot
ABMOAPBIHDLH, QoKMOPDL, o4-Dapabu amvindaes, Kasax yammolk ynusepcumeminity, Mamememura Ka-
dedpacvirviry npodeccopol (Aamamoi, Kasaxeman, sarexmpondur; nowma: mdauylbayev@gmail.com).

Mupaaxynosa Asusa Epxomexosna — PhD, oa-@apabu amovindazer Kasax yammolk yHueep-
cumeminiy, mamemamura kagedpacoinony douenmi (Aamamol, Kasaxcman, saexmpondwr, nowma:
mirzakulovaaziza@gmail.com).

Ceederus 06 aemopax:

Konwncoaesa Kyparat Tareamosna — mazucmp, cmapuwudi npenodasament kapeopvs Mamema-
muku Kazazckoeo nayuonaasvrozo yrusepcumema umenu asv-Papabu (Aamamu, Kazaxcman, srex-
mponnas nouma: kuralaimm7@gmail.com).

Jayabaes  Mypamzan  Kydatibepeenosuw — (koppecnondenm-aemop) — dokmop — Pusuko-
MAMEMAMUMECKUT HAYK, npogdeccop kagdedpv, mamemamury Ka3arckozo HAUUOHAADHO20 YHUBEDCU-
mema umenu arv-Papabu (Aamamoi, Kasaxcman, srexmponnas nowma: mdauylbayev@gmail.com,).

Mupsaxyaosa Aszusza Eprxomexosna — PhD, douenm xagedpv. mamemamuxu Kasaxcrozo na-
YUOHAADHO020 YHusepcumema umeny asv-Dapabu (Aamamu, Kazaxcman, ssexmponnas nowma:
mirzakulovaaziza@gmail.com,).

Information about authors:

Konisbayeva Kuralay Talgatovna — Master of Science, senior lecture of the Department
of Mathematics, Al-Farabi Kazakh National University (Almaty, Kazakhstan, email:
kuralaimm7@gmail. com).

Dauylbayev Muratkhan Kudaybergenovish (corresponding author) — Doctor of Physical and
Mathematical Sciences, Professor of the Department of mathematics, Al-Farabi Kazakh National
University (Almaty, Kazakhstan, email: mdauylbayev@gmail.com,).

Mirzakulova Aziza Erkomekovna — PhD, Associate Professor of the Department of Mathematics,
Al-Farabi Kazakh National University (Almaty, Kazakhstan, email: mirzakulovaaziza@gmail.com).

Received: January 30, 2026
Accepted: March 16, 2026



	Introduction
	Statement of the problem and Preliminary materials
	Main results
	Asymptotic estimates of the solution
	Modified degenerate problem

	Conclusion
	Acknowledgements

