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ASYMPTOTIC ESTIMATES OF THE SOLUTION OF THE BVP FOR
SINGULARLY PERTURBED INTEGRO-DIFFERENTIAL EQUATIONS

In this paper, we study a boundary value problem for a higher-order linear singularly perturbed
integro-differential equation, focusing on the case where all roots of the associated “additional
characteristic equation” have negative real parts. The main objective is to derive an asymptotic
estimate for the solution of this boundary value problem as the perturbation parameter tends
to zero. To achieve this, we construct an explicit analytical representation of the solution and
rigorously prove a theorem describing its asymptotic behavior. Additionally, a modified degenerate
boundary value problem is formulated, which serves as the limiting case of the original perturbed
problem. It is shown that the solution of the singularly perturbed problem converges uniformly
to the solution of this degenerate problem. The study also addresses the determination of the
magnitude of the initial jump in the integral terms, which plays a crucial role in the convergence
analysis. The results provide a clear understanding of the solution structure and its dependence
on the perturbation parameter.
Key words: singular perturbation, integro-differential equations, small parameter, asymptotic,
initial jump.
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Сингулярлы ауытқыған интегро-дифференциалдық теңдеу үшiн шеттiк есеп шешiмiнiң

асимптотикалық бағалаулары

Бұл жұмыста жоғары реттi сызықты сингулярлы ауытқыған интегро-дифференциалдық тең-
деуге арналған шекаралық есеп қарастырылады, оның iшiнде "қосымша сипаттауыш тең-
деудiң"барлық түбiрлерiнiң нақты бөлiктерi терiс болатын жағдайға баса назар аударыла-
ды. Негiзгi мақсат - ауытқу параметрi нөлге ұмтылғанда осы шекаралық есептiң шешiмiне
асимптотикалық бағалау алу. Бұл мақсатқа жету үшiн шешiмнiң айқын аналитикалық фор-
муласы құрылады және оның асимптотикалық сипаты туралы теорема қатаң дәлелденедi.
Сонымен қатар, берiлген ауытқыған шеттiк есеп үшiн өзгертiлген шеттiк есеп ұсынылады.
Көрсетiлгендей, сингулярлық ауытқыған есеп шешiмi осы өзгертiлген ауытқымаған есеп ше-
шiмiне бiрқалыпты жинақталады. Жұмыс интегралдық мүшенiң бастапкы секiрiс шамасын
анықтауды да қарастырады, ол жинақтылықты талдауда маңызды рөл атқарады. Алынған
нәтижелер шешiм құрылымын және оның ауытқу параметрiне тәуелдiлiгiн анық түсiнуге
мүмкiндiк бередi.
Түйiн сөздер: cингулярлы ауытқу, интегро-дифференциалдық теңдеу, кiшi параметр,
асимптотика, бастапқы секiрiс.
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В данной работе рассматривается краевая задача для линейного интегро-дифференциального
уравнения высокого порядка с сингулярным возмущением, с акцентом на случай, когда все
корни связанного "дополнительного характеристического уравнения"имеют отрицательные
действительные части. Основная цель заключается в том, чтобы получить асимптотическую
оценку решения этой краевой задачи при стремлении параметра возмущения к нулю. Для
достижения этой цели строится явное аналитическое представление решения и строго дока-
зывается теорема, описывающая его асимптотическое поведение. Кроме того, формулируется
модифицированная вырожденная краевая задача, которая служит предельным случаем ис-
ходной возмущенной задачи. Показывается, что решение сингулярно возмущенной задачи
равномерно сходится к решению этой вырожденной задачи. Работа также затрагивает опре-
деление величины начального скачка в интегральных членах, который играет ключевую роль
в анализе сходимости. Полученные результаты обеспечивают ясное понимание структуры ре-
шения и его зависимости от параметра возмущения.
Ключевые слова: сингулярное возмущение, интегро-дифференциальное уравнение, малый
параметр, асимптотика, начальный скачок.

1 Introduction

In the modern theory of differential equations, the study of singularly perturbed problems
occupies a central place. The relevance of this topic stems from the widespread use of
such equations in the mathematical modeling of processes characterized by the presence
of variables of different scales—for example, in fluid dynamics, semiconductor theory, and
gyroscopic stabilization problems. The combination of a singular perturbation and an integral
operator introduces additional complexity into the analysis.

The foundations of the theory of singularly perturbed differential equations were laid in
the pioneering works of Academician A. N. Tikhonov. He proved his famous fundamental
theorems on the limit transition in singularly perturbed differential equations [1]. For a
broad class of singularly perturbed differential problems, a variety of asymptotically efficient
techniques have been developed, allowing one to approximate the solution with an arbitrary
degree of accuracy. In this context, it is appropriate to highlight the contributions of M.I.
Vishik and L.A. Lyusternik [2], A.B. Vasilyeva [3], and M.I. Imanaliev [4]. These approaches
are presently referred to as the boundary function method.

Problems with initial jumps occupy a important place in the theory of singular
perturbations of differential equations. In the classical works of M.I. Vishik, L.A. Lyusternik
[5] and K.A. Kasymov [6], it was first proven that solutions of singularly perturbed problems
converge to solutions of degenerate equations with modified conditions as a small parameter
tends to zero, which were called Cauchy problems with initial jumps.

In recent years, boundary value problems with initial jumps for singularly perturbed
differential and integro-differential equations have been actively studied [7–14]. The results
of these studies showed that the nature of the asymptotic behavior of solutions is essentially
determined by the differential order of the kernel, which indicates the deep specificity of the
class of problems under consideration.

The object of the study is a boundary value problem for an integro-differential equation
of order n + m with a small parameter at the highest derivatives. The key condition of
the analysis is the negativity of the real parts of the roots of the "additional characteristic
equation,"which determines the structure and type of singularity in the problem under
consideration. Earlier, in [15], a similar integro-differential equation was studied when the
order of the highest derivative under the integral was equal to n1 + 1. In this paper we
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investigate the case where the order of the highest derivative in the integrand is exactly
equal to n1 + m. It should be noted that the problem under consideration is not a simple
generalization of the previously studied formulation. In the paper it will be shown that the
asymptotic behavior of its solution differs significantly from the behavior of the solution of
the boundary value problem studied in [15].

2 Statement of the problem and Preliminary materials

Let us move on to considering the boundary value problem for the integro-differential
equation.

Lεy ≡
m∑
r=1

εrAn+r(t)
dn+ry

dtn+r
+

n∑
k=0

Ak(t)
dky

dtk
= F (t) +

1∫
0

n1+m∑
i=0

Hi(t, x)y(i)(x, ε)dx, (1)

hi+1y(t, ε) ≡ y(i)(0, ε) = αi, i = 0, l − 1, hl+1+iy(t, ε) ≡ y(i)(1, ε) = βi, i = 0, p− 1, (2)

where ε > 0 is a small parameter, αi, βi are known constants, An+m(t) = 1, m + n = l + p,
m < l, n1 = l −m, p = n− n1 = n2.

In what follows, we will assume that the following assumptions are valid for the boundary
value problem under consideration:

C1. Ai(t) ∈ Cn+m−1([0, 1]), i = 0, n+m, F (t) ∈ C([0, 1]), Hi(t, x) ∈ C(D), i =
0, n1 +m, D = (0 ≤ t, x ≤ 1).

C2. The "additional characteristic equation" µm(t)+An+m−1(t)µ
m−1(t)+ ...+An+1(t)µ+

An(t) = 0 have m different roots µ1(t), ..., µm(t) with negative real parts
C3.

J0 =

∣∣∣∣∣∣∣∣∣∣∣∣

h1y10(t) h1y20(t) . . . h1yn0(t)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
hn1y10(t) hn1y20(t) . . . hn1yn0(t)
hl+1y10(t) hl+1y20(t) . . . hl+1yn0(t)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

hn+my10(t) hn+my20(t) . . . hn+myn0(t)

∣∣∣∣∣∣∣∣∣∣∣∣
6= 0,

where yi0(t), i = 1, n is fundamental system of solutions of the homogeneous degenerate
equation L0y = 0.

C4. The number 1 is not an eigenvalue of the kernel H(t, s, ε) for sufficiently small ε.
C5.

δ =

∣∣∣∣∣∣
1 + dl+1(1) dl+2(1) . . . dl+p(1)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

d
(p−1)
l+1 (1) d

(p−1)
l+2 (1) . . . 1 + d

(p−1)
l+p (1)

∣∣∣∣∣∣ 6= 0,

where d(j)l+i(1), i = 1, p, j = 0, p− 1 are expressed in a certain way in terms of the coefficients
of (1).

In the work [15], for a singularly perturbed linear homogeneous differential equation Lεy =
0, a fundamental system of solutions and, accordingly, the Cauchy function K(t, s, ε), 0 ≤
s ≤ t ≤ 1 were constructed, which is the solution to the problem
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LεK(t, s, ε) = 0, K(i)(s, s, ε) = 0, i = 0, n+m− 2, K(n+m−1)(s, s, ε) = 1,

and also boundary functions Φi(t, ε), i = 1, n+m, which are solutions to the problem

LεΦi(t, s, ε) = 0, hkΦi(t, ε) = δki, i, k = 1, n+m,

are constructed. For the functions K(t, s, ε), Φi(t, ε), 1, n+m the following asymptotic
representations as ε→ 0 was obtained:

K(j)(t, s, ε) = εm

[
(−1)m

W
(j)

n (t, s)

W (s)An(s)
+ εn−1−j

m∑
k=1

(−1)m+k yn+k,0(t)µ
j
k(t)ωmk(s)

yn+k,0(s)µnk(s)ω(s)
e

1

ε

t∫
s
µk(x)dx

+

+O

ε+ εn−j
m∑
k=1

e

1

ε

t∫
s
µk(x)dx

 , j = 0, n+m− 1, (3)

and

Φ
(j)
i (t, ε) =

J
(j)

i (t)

J0

+ εn1−j J
(n1)

i (0)

J0

m∑
k=1

(−1)k
yn+k,0(t)µ

j
k(t)ω1k(0)

µn1
k (0)ω(0)

e

1

ε

t∫
0

µk(x)dx
+

+O

ε+ εn1+1−j
m∑
k=1

e

1

ε

t∫
0

µk(x)dx

 , i = 1, n1,

Φ
(j)
n1+i

(t, ε) = εi

(
−
J
(j)

n1
(t)

J0

· ωi(0)

ω(0)
+ (−1)iεn1−1−j

m∑
k=1

(−1)k
yn+k,0(t)µ

j
k(t)ωik(0)

µn1
k (0)ω(0)

e

1

ε

t∫
0

µk(x)dx
+

+ O

ε+ εn1−j
m∑
k=1

e

1

ε

t∫
0

µk(x)dx

 , i = 1,m,

Φ
(j)
n1+i+m

(t, ε) =
J
(j)

n1+i
(t)

J0

+ εn1−j J
(n1)

n1+i
(0)

J0

m∑
k=1

(−1)k
yn+k,0(t)µ

j
k(t)ω1k(0)

µn1
k (0)ω(0)

e

1

ε

t∫
0

µk(x)dx
+

+O

ε+ εn1−j+1

m∑
k=1

e

1

ε

t∫
0

µk(x)dx

 , i = 1, n2. (4)
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Similar to the work [15], when conditions C1-C5 are satisfied, the existence and uniqueness
of the solution to the boundary value problem (1), (2) on the interval [0, 1] is established, and
the desired solution can be represented in the form of the following analytical expression:

y(j)(t, ε) =
l∑

i=1

αi−1Q
(j)
i (t, ε)+ (5)

+

p∑
i=1

Cl+iQ
(j)
l+i(t, ε) + P (j)(t, ε), j = 0, n+m− 1,

where

Qi(t, ε) = Φi(t, ε) +
1

εm

t∫
0

K(t, s, ε)ϕi(s, ε)ds,

P (t, ε) =
1

εm

t∫
0

K(t, s, ε)F (s, ε)ds, (6)

Cl+i, i = 1, p are determined by the following system of algebraic equations


Cl+1(1 + dl+1(1, ε)) + . . .+ Cl+pdl+p(1, ε) = β0 − P (1, ε)−

l∑
i=1

αi−1di(1, ε),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Cl+1d
(p−1)
l+1

(1, ε) + . . .+ Cl+p(1 + d(p−1)
l+p

(1, ε)) = βp−1 − P (p−1)(1, ε)−
l∑

i=1

αi−1d
(p−1)
i (1, ε),

(7)

in which

d
(j)
i (1, ε) =

1

εm

1∫
0

K(j)(1, s, ε)ϕi(s, ε)ds, i = 1, l + p, j = 0, p− 1. (8)

Formulas (6)-(8) are similar to the formulas in paper [15], but the difference is in formula
for the functions ϕi(t, ε), i = 1, l + p. In this work, these functions are expressed by the
formula

ϕi(t, ε) =

1∫
0

n1+m∑
j=0

Hj(t, x, ε)Φ
(j)
i (x, ε)dx, i = 1, l + p, (9)
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i.e. the right-hand side of (9) includes derivatives of the boundary functions Φi(t, ε) up to
the order n1 +m, and the functions Hj(t, x, ε) have the same representations as in work [15]:

Hj(t, x, ε) = Hj(t, x) +O(ε), (10)

where

Hj(t, x) ≡ Hj(t, x) +

∫ 1

0

R(t, s)Hj(s, x)ds.

Therefore, the asymptotic representation of the functions ϕi(t, ε), i = 1, l + p differs from the
representation of similar functions ϕi(t, ε), i = 1, l + p in paper [15].

3 Main results

Let us turn to formula (9) for the functions ϕi(t, ε), i = 1, l + p. From (9) by virtue of
representations (4), we obtain

ϕi(s, ε) =

1∫
0

n1∑
j=0

Hj(s, x)
J
(j)

i (x)

J0

dx+

(
m∑
k=1

(−1)k+1H
(k−1)
n1+k

(s, 0)

)
J
(n1)

i (0)

J0

+

+

∫ 1

0

(
m∑
k=1

(−1)k+1H
(k−1)
n1+k

(s, x)

)
J
(n1+1)

i (x)

J0

dx+
m∑
k=2

k∑
q=2

(−1)qH
(q−2)
n1+k

(s, 1)
J
(n1+k−q+1)

i (1)

J0

+O(ε) ≡

(11)

≡ ϕi(s) +O(ε), i = 1, n1,

ϕn1+i(s, ε) =
m−i∑
k=0

(−1)k+1H
(k)

n1+i+k
(s, 0) +O(ε) ≡ ϕn1+i(s) +O(ε), i = 1,m, (12)

ϕn1+m+i(s, ε) =

1∫
0

n1∑
j=0

Hj(s, x)
J
(j)

n1+i
(x)

J0

dx+

(
m∑
k=1

(−1)k+1H
(k−1)
n1+k

(s, 0)

)
J
(n1)

n1+i
(0)

J0

+

+

∫ 1

0

(
m∑
k=1

(−1)k+1H
(k−1)
n1+k

(s, x)

)
J
(n1+1)

n1+i
(x)

J0

dx+
m∑
k=2

k∑
q=2

(−1)qH
(q−2)
n1+k

(s, 1)
J
(n1+k−q+1)

n1+i
(1)

J0

+O(ε) ≡
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(13)

≡ ϕn1+m+i(s) +O(ε), i = 1, n2.

From formulas (11)-(13) it follows that the functions ϕi(t, ε), i = 1, l + p are bounded
as ε → 0, i.e. ϕi(t, ε) = O(1), ε → 0, i = 1, l + p. Note that in paper [15] the functions
ϕi(t, ε), i = 1, l + p had different asymptotic representations

ϕi(t, ε) = O(1), i = 1, n1 + 1, ϕn1+i(t, ε) = O(εi), i = 2,m,

ϕn1+m+i(t, ε) = O(1), i = 1, n2, ε→ 0.

Note that in paper [15] the functions ϕn1+1(t, ε) is expressed only through Hn1+1(t, 0), and
in the present work the ϕn1+1(t, ε) is expressed not only through Hn1+1(t, 0), but also through
Hn1+2(t, 0), ..., Hn1+m(t, 0). The asymptotic representations of the functions ϕn1+i(t, ε), i =
2,m also change.

These differences in the asymptotic behavior of the functions ϕi(t, ε), i = 1, n+m
subsequently play a significant role in describing the behavior of solutions to the problem
(1), (2). Then, in view of (11)-(13), for the coefficients of system (7) P (j)(1, ε), d

(j)
i (1, ε), i =

1, n+m, the following asymptotic representation is valid

d
(j)
i (1, ε) = (−1)m

1∫
0

W
(j)

n (1, s)

W (s)An(s)
ϕi(s)ds ≡ d

(j)

i (1) +O(ε), i = 1, n+m, j = 0, p− 1,

P (j)(1, ε) = (−1)m
1∫

0

W
(j)

n (1, s)

W (s)An(s)
F (s)ds ≡ P

(j)
(1) +O(ε), j = 0, p− 1. (14)

Taking into account condition C5, solutions Cl+i, i = 1, p of the system (7) can be
presented in the form of the following asymptotic expression

Cl+i = C l+i +O(ε), (15)

where

C l+i =

p∑
k=1

(−1)k+i
δki

δ

βk−1 + (−1)m+1

1∫
0

W
(k−1)
n (1, s)

W (s)An(s)
·

·

(
F (s) +

n1∑
j=1

αj−1ϕj(s) +
m∑
j=1

αn1+j−1ϕn1+j(s)

)
ds

]
, i = 1, p,

(16)
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δki is the determinant that is determined by removing δ from the k-th row and i-th column.
From (6), taking into account (3), (4) and (11)-(13), we obtained an asymptotic as ε→ 0

representation for the functions Qi(t, ε), i = 1, n+m and P (t, ε) :

Q
(j)
i (t, ε) =

J
(j)

i (t)

J0

+ (−1)m
t∫
0

W
(j)

n (t, s)

W (s)An(s)
ϕi(s)ds+ εn1−j J

(n1)

i (0)

J0

·

·
m∑
k=1

(−1)k
yn+k,0(t)µ

j
k(t)ω1k(0)

yn+k,0(0)µn1
k (0)ω(0)

e

1

ε

t∫
0

µk(x)dx
+O

ε+ εn1+1−j
m∑
k=1

e

1

ε

t∫
0

µk(x)dx

 , i = 1, n1,

Q
(j)
n1+i

(t, ε) = (−1)m
t∫

0

W
(j)

n (t, s)

W (s)An(s)
ϕn1+i(s)ds+

+εn1+i−1−j
m∑
k=1

(−1)i+k
yn+k,0(t)µ

j
k(t)ωik(0)

µn1
k (0)ω(0)

e

1

ε

t∫
0

µk(x)dx
+O

ε+ εn1+i−j
m∑
k=1

e

1

ε

t∫
0

µk(x)dx

 , i = 1,m,

(17)

Q
(j)
n1+m+i(t, ε) =

J
(j)

n1+i
(t)

J0

+ (−1)m
t∫

0

W
(j)

n (t, s)

W (s)An(s)
ϕn1+m+i(s)ds+ εn1−j J

(n1)

n1+i
(0)

J0

·

·
m∑
k=1

(−1)k
yn+k,0(t)µ

j
k(t)ω1k(0)

yn+k,0(0)µn1
k (0)ω(0)

e

1

ε

t∫
0

µk(x)dx
+O

ε+ εn1−j+1

m∑
k=1

e

1

ε

t∫
0

µk(x)dx

 , i = 1, n2,

P (j)(t, ε) = (−1)m
t∫
0

W
(j)

n (t, s)

W (s)An(s)
F (s)ds+

+εn−j
m∑
k=1

(−1)m+k yn+k,0(t)µ
j
k(t)ωmk(0)F (0)

µn+1
k (0)ω(0)

e

1

ε

t∫
0

µk(x)dx
+O

ε+ εn+1−j
m∑
k=1

e

1

ε

t∫
0

µk(x)dx


3.1 Asymptotic estimates of the solution

Theorem 1 If the conditions C1–C5 hold. Then, for sufficiently small ε > 0, the following
asymptotic estimates hold for the solution to the boundary value problem (1), (2) :

|y(j)(t, ε)| ≤ C

[
n1∑
i=1

|αi−1|+
p∑
i=1

|βi−1|+ max
0≤t≤1

∣∣∣∣∣F (t) +
m∑
i=1

αn1+i−1ϕn1+i(t)

∣∣∣∣∣
]

+
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+Cεn1−j

∣∣∣∣∣
m∑
k=1

(−1)k
µjk(t)ω1k(0)

µn1
k (0)ω(0)

∣∣∣∣∣
[
n1∑
i=1

|αi−1|+
p∑
i=1

|βi−1|+

+max
0≤t≤1

∣∣∣∣∣F (t) +
m∑
i=1

αn1+i−1ϕn1+i(t)

∣∣∣∣∣
]
e−γ

t
ε , j = 0, n+m− 1, (18)

where ϕn1+i(t), i = 1,m have the form (12), and ω(s) is the Vandermonde determinant, i.e.

ω(s) =

∣∣∣∣∣∣∣∣
1 1 . . . 1

µ1(s) µ2(s) . . . µm(s)
. . . . . . . . . . . .

µm−11 (s) µm−12 (s) . . . µm−1m (s)

∣∣∣∣∣∣∣∣
and ωmk(s) is the determinant obtained by removing ω(s) from the m-th row and the k-th
column. It should be noted that

m∑
k=1

(−1)k
µjk(t)ω1k(0)

µn1
k (0)ω(0)

∣∣∣∣∣
t=0

≡ 0, j = n1 + 1, n1 +m− 1. (19)

The proof of the theorem 1 is derived from (5) considering (11)-(13), (15),(16),(17). From
Theorem 1 using (19) we obtain

y(i)(0, ε) = O (1) , i = 0, n1 +m− 1,

y(n1+m)(0, ε) = O

(
1

εm

)
, . . . , y(n+m−1)(0, ε) = O

(
1

εn2+m−1

)
, ε→ 0. (20)

The obtained result demonstrates a fundamental difference in the asymptotic behavior of
the solution to the problem under study compared to that previously studied in [15] in which
y(i)(0, ε), i = 0, n1 is bounded and y(n1+1)(0, ε) is infinitely large of the order O(1

ε
), ε→ 0.In

the present work, the dependence on the small parameter exhibits growth starting from the
order O( 1

εm
).

This phenomenon is called the initial jump of the n1-th order m-th degree.

3.2 Modified degenerate problem

Let us define a degenerate problem where the solution to the original perturbed problem
tends to the solution of this problem. Since in equation (1) the derivative of the order n1 +m,
which is under the integral, by virtue of (20) is an infinitely large at the point t = 0, then we
should construct a degenerate equation of the following form

L0y ≡
n∑
k=0

Ak(t)
dky

dtk
= F (t) +

1∫
0

n1+m∑
i=0

Hi(t, x)y(i)(x)dx+ ∆(t), (21)
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where ∆(t) is an unknown function called the initial jump of the integral terms. Now, we
will determine the boundary conditions for equation (21). Since αi, i = 0, n1 − 1 and βi,
i = 0, p− 1 are bounded then for the degenerate equation (21) we leave these conditions.
By virtue of the presence of the initial jump n1 − th order m − th degree in the solution
to problem (1), (2) we add to the initial conditions for the degenerate equation the initial
values αn1+i−1+∆i, i = 1,m. Then, the degenerate equation (21) is solved under the following
boundary conditions:

y(i)(0) = αi, i = 0, n1 − 1, y(n1+i−1)(0) = αn1+i−1+∆i, i = 1,m, y(i)(1) = βi, i = 0, p− 1,

(22)

where ∆i are the initial jumps of the solutions y(i)(t), i = n1, n1 +m− 1 at the point t = 0.
To find ∆(t) in (21), we denote the difference between the solution y(t, ε) of the original

boundary value problem (1), (2) and the solution y(t) of the modified degenerate boundary
value problem (21), (22) by u(t, ε), and substitute the solution y(t, ε) = y(t) + u(t, ε) into
(1), (2). Taking into account (21), (22) we obtain the singularly perturbed integro-differential
equation for u(t, ε):

Lεu = f(t, ε) +

1∫
0

n1+m∑
i=0

Hi(t, x)u(i)(x, ε)dx−∆(t) (23)

with boundary conditions

u(i)(0, ε) = 0, i = 0, n1 − 1, u(n1+i−1)(0, ε) = −∆i, i = 1,m,

u(i)(1, ε) = 0, i = 0, p− 1,
(24)

where

f(t, ε) = −(εmy(n+m) + . . .+ εAn+1(t)y
(n+1)) = O(ε).

Since the problem (23), (24) is similar in type to the problem (1), (2), then the estimate
(18) can be used to solve the problem (23), (24), and by virtue of (12) for ε → 0 we obtain
the following asymptotic estimates:

|u(j)(t, ε)| ≤ C max
0≤t≤1

∣∣∣∣∣∆(t)−
m∑
i=1

(
m−i∑
k=0

(−1)kH
(k)
n1+i+k

(t, 0)

)
∆i

∣∣∣∣∣+ (25)

+Cεn1−je
−γ
t

ε

∣∣∣∣∣
m∑
k=1

(−1)k
µjk(t)ω1k(0)

µn1
k (0)ω(0)

∣∣∣∣∣ max
0≤t≤1

∣∣∣∣∣∆(t)−
m∑
i=1

(
m−i∑
k=0

(−1)kH
(k)
n1+i+k

(t, 0)

)
∆i

∣∣∣∣∣ ,
j = 0, n+m− 1
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From estimates (25) it follows that u(j)(t, ε), j = 0, n+m− 1 tends to zero as ε → 0 if we
define the initial jump of the integral terms ∆(t) in the form

∆(t) =
m∑
i=1

(
m−i∑
k=0

(−1)kH
(k)
n1+i+k

(t, 0)

)
∆i. (26)

Therefore, the validity of the following theorem is established.

Theorem 2 Let conditions C1-C5 and equality (26) be satisfied. Then the singularly
perturbed boundary value problem (1), (2) for sufficiently small ε has a unique solution y(t, ε)
such that the following limit equalities are satisfied:

lim
ε→0

y(j)(t, ε) = y(j)(t), j = 0, n1 − 1, 0 ≤ t ≤ 1,

lim
ε→0

y(j)(t, ε) = y(j)(t), j = n1, n+m− 1, 0 < t ≤ 1,

where y(t) is the solution of the modified degenerate boundary value problem (21), (22).

4 Conclusion

This paper presents a comprehensive study of the influence of integral terms on the asymptotic
behavior of solutions to singularly perturbed problems. Key points include the introduction
and justification of the concepts of the order and degree of the initial jump. It was established
that the solution to the studied class of equations in the neighborhood of the initial point
is characterized by an initial jump of order n1 and degree m. The paper theoretically
substantiates that, as a small parameter tends to zero, the solution to the original problem
asymptotically converges to the solution of the modified degenerate equation. A specific
feature of the limit transition is the appearance of an additional term on the right-hand
side—an initial jump in the integral terms, reflecting the influence of the integral constraint
on the limit state of the problem. The initial jump value has been determined and compared
with the results of a previously studied problem. Fundamental differences in the asymptotic
behavior of the solution to this problem were shown compared to the behavior of the solution
considered earlier.
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