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TIME OPTIMAL CONTROL FOR A DUBINS CAR WITH STATE
CONSTRAINS

This paper addresses the time-optimal control problem for a kinematic model known as the
Dubins car. The main goal of the study is to determine control inputs that enable the system
to reach a given final state in minimum time. Such problems play an important role in optimal
control theory and have applications in robotics, autonomous vehicle navigation, and trajectory
planning tasks. Particular attention is given to analyzing the optimal trajectories of the Dubins
car. It is known that, in the absence of state constraints, optimal trajectories have a specific
structure and consist of segments of circular arcs and straight lines. These trajectories allow the
system to move most efficiently while respecting the vehicle’s turning radius limitations. The
study also considers the problem under state constraints, which may be represented as forbidden
regions in the workspace. The presence of such constraints significantly affects the shape of
optimal trajectories and complicates the control problem. Analyzing these conditions allows a more
complete investigation of the properties of optimal solutions and helps identify feasible modes of
system motion.

Keywords: Dubins car, optimal trajectories, state constraints, time-optimal control problem,
minimum time.
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Kyiimik mekTeysepi 6ap lybuHc aBTroMobmIIi YIITiH yaKbIT OOMBIHITIA OHTANJIBI
backapy

Byn makamama yakpiT OofibiHITa OHTalIbl Oackapy moceseci Jlybuuc aBroMOOWIIl JIen arajarThbiH
KHHEMATUKAJIBIK, MOJIEIb YIMH KAPACTBIPBLIAIbI. 3ePTTEY/iH Herisri MakcaThl — Kyiiere Gepisi-
reH COHFBI KY#ire eH a3 yakbIT illliHae »KeTyre MyMKIiHIIK OepeTin 6ackapy opeKeTTepiH aHbIKTay.
Mymnmait ecenrep OHTAMIBI OACKAPY TEOPHUSICHIHIA MAHBI3/IBI POJ ATKAPAJIbI 2KOHE POOOTOTEXHU-
KaJ18, aBTOHOM/IbI KOJIIKTEP/Ii HABUTAIUIAYA KOHE TPACKTOPHUIaAPbI 2KOCIIApJIay MaceseIepil-
Jie KOJIaHbLIa bl ApHaiibl Hazap JlyOuHc aBTOMOOUIIIHIH, OHTANRIBI TPACKTOPUSIJIAPLIH TajlIayFa
aymapbliaabl. Kyiutik mekTeysep KoK, Karaiiga OHTAlIbl TPAEKTOPHUIAPIALIH, O6esriai 6ip KyphI-
JIBIMBI Oap eKeni Oesrisi ykoHe os1ap MeHoep Jorajapbl MEH TY3y ChI3BIKTApAaH Typasabl. MymHmait
TPAEKTOPHUSIAP XKYiere KOKTiH OYPBLIY PaJNyChIH eCKepe OTBIPHII, €H TUIM/Ii KO3FaJIy MYMKiH-
Jiirin Gepejii. 3epTTeyje COHbIMEH KaTap KYIJIK IIekTeysepi bap Karaail KapacThIPbLIAIbI, 0Jiap
KEeHICTIKTerl THIABIM CaJIbIHFaH afiMakTap apKbLIbl Oepiayl mymkia. MyHmail mekreysiep oHTaii-
JIBI TPAEKTOPUSIIIAP/IBIH (DOPMACHIHA ANTAPJIBIKTAl 9cep eTell KoHe OacKapy ecenTepid Kyp/eseH-
mipeni. Byn »xarmaitapasl Taggay OHTAMIBI IMIENNMIEPAIH KACUETTEPiH TOJBIK 3epPTTEyTre YKOHe
JKYHeHIH MYMKIiH KO3FaJIbIC PEKUMIIEPIH aHbIKTayTa MYMKIHIIK Oepesi.

Tyitin ce3nep: Jlyburnc aBToMobuIi, OHTAMIBI TPAECKTOPUIAP, KYWIIK IEeKTeyaep, yaKbIT 60ii-
BIHIIIA OHTAMIBI Oackapy ecebi, eH a3 yaKbIT.
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B nmammOoit pabore paccMaTpuBaeTcs 3a7avua ONTUMAJIHLHOTO [0 BPDEMEHU YIIPABJICHUS JjIs KHHEMa~
TUYECKOM MOJIEJIH, M3BECTHOM KaK aBTOMOOUIIH [lyounca. OCHOBHOM MEJIBIO HCCIIEIOBAHUS SIBJISIETCST
OTIpe/JIeJIeHNE TAKUX YIIPABJIEHUH, KOTOPBIE TIO3BOJISIIOT CHCTEME JIOCTUYb 33JIAHHOTO KOHEYHOTO CO-
CTOsIHUSI 38 MUHUMaJIbHOE BpeMsi. 110/100HbIe 3a/1a9n UTI'PAIOT BasKHYIO POJIb B TEOPUH OITUMAJILHO-
r'o YIpaBJIEHUsI U HAXOAAT [IPUMEHEHUE B PODOTOTEXHUKE, HABUTAIINYA aBTOHOMHBIX TPAHCIIOPTHBIX
CPEJICTB U 33J1a9axX IJIaHUpOoBaHus TpaekTopuii. Ocoboe BHUMAHME YIEIAETCS aHAINZY ONMTUMAJIb-
HBIX TpaeKTopuil ABrkeHns aBromobmis lybumnca. I3BecTHO, YTO 1IpM OTCYyTCTBUM OrpaHUYIEHUH
HA COCTOSTHHE OITUMAJIbHBIE TPAEKTOPUH UMEIOT CIEIUAIBHYIO CTPYKTYPY U COCTOAT U3 yIaCTKOB
JIyT OKPY?KHOCTel 1 IPAMBIX JinHuil. Takue TpaeKTopuu 1Mo3BOJISIOT CHCTEME JIBUTATHCS Hanbosee
3 EKTUBHO ¢ YyIETOM OrpaHUYEHM HA PAJIMYC TOBOPOTa. B paboTe TakKe pacCMaTpPUBAETCs 3a-
Jada IMpy HAJIMYUY OPPAHUYEHUN Ha COCTOSTHIE, KOTOPhIE MOTYT 3aJ[aBaThCs B BUJE 3aIPEIIEHHBIX
obJstacteit mpocTpancrBa. Hajmndane Takux OrpaHnIeHunit CyecTBEHHO BIUSET Ha (DOPMY OITUMAJIH-
HBIX TPAEKTOPHI U YCIOXKHIET 3829y yIpaBiennsi. AHAIN3 STUX YCJIOBUIT TO3BOJIIET BOJIee TIOTHO
WCCJIEIOBATH CBOMCTBA ONMTUMAJIBHBIX PEIIEHUI U OMPEIeTUTh BO3MOKHBIE PEXKUMBI JIBUYKEHUSI CH-
CTEMBI.

Kimrouessbie cioBa: apromobusb Jlybunca, onTuMabHBIE TPAEKTOPUN, OTPAHUIEHNS HA COCTOSI-
HUe, 33J[a9a ONTUMAJIBLHOIO 110 BPEMEHU YIIPABJICHNS, MUHUMAJIbHOE BPEMS.

1 Introduction

In 1887, A.A. Markov considered the problem described in [1], which is referred to as the
time-optimal control problem for Dubins’ car. In [1], the motion of the car on a plane is
studied. The car moves forward with a constant linear velocity while simultaneously turning
with a bounded angular velocity. The initial and final positions and orientations of the car
on the plane are given. The problem consists in moving the car from the initial configuration
to the final configuration in minimum time.

The development of time-optimal control for systems with bounded curvature, such as
the Dubins car, originates from the early studies of optimal control and geometric path
planning in the mid-twentieth century. A key milestone was the work of Lester E. Dubins,
who in 1957 investigated the problem of finding the shortest path between two configurations
of a vehicle that moves forward with a bounded turning radius. In his seminal article “On
Curves of Minimal Length with a Constraint on Average Curvature,” Dubins proved that the
shortest feasible paths consist of combinations of circular arcs and straight-line segments.
These trajectories are now known as Dubins paths and form the theoretical basis for many
motion-planning problems involving nonholonomic vehicles ( [2]). Around the same period,
the foundations of optimal control theory were established through the work of Lev S.
Pontryagin and his collaborators. Their formulation of the Pontryagin Maximum Principle in
the late 1950s provided necessary conditions for optimality in control systems. This principle
made it possible to systematically analyze time-optimal trajectories for dynamical systems
with control constraints, including vehicle motion models similar to the Dubins car ( [3]). In
later decades, researchers extended the classical Dubins problem by incorporating additional
practical considerations such as obstacles, environmental restrictions, and state constraints.
Studies in the 1980s and 1990s analyzed the structure of optimal trajectories and switching
conditions for curvature-constrained vehicles in constrained environments. With the rapid
development of robotics, autonomous vehicles, and unmanned aerial systems in the 21st
century, the Dubins vehicle model and its time-optimal variants have become central tools
in motion planning and optimal trajectory generation in [4].
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As a result, we obtain a time-optimal control problem for a nonlinear system.

x(t) = cosO(t),

y(t) = sinf(t), (1)
0t) = u,
(z,y) € R?, 0 e S, lu| < 1.

The initial and final configurations x(0), y(0), z(¢1), y(t;) are fixed. It is required to minimize
the time ¢; by choosing the control u = u(t) € U for 0 < t < t;. From system it follows
that the linear velocity is

v= /(&) + (5(1)? = 1.

Therefore, the trajectory of the car is

e cither a circle of radius 1 when u(t) # 0;
e or a straight line when u(t) = 0.

To minimize the time ¢, it is necessary to increase the angular velocity as much as possible,
i.e., the angular velocity can take the maximum values either u(t) = +1 or u(t) = —1.
When u(t) = +1, the car turns counterclockwise. If u(t) = —1, this corresponds to the car
turning clockwise. If u(t) = 0, this corresponds to a straight-line motion with a constant
linear velocity equal to one.

*
0 : 0
0 1
R\
MO Ml
(b) Optimal trajectory with a straight-line
(a) Optimal trajectory under relay control segment

Figure 1: Optimal trajectory

The existence of solutions follows from Filippov’s theorem [5]. The existence of solutions
follows from Filippov’s theorem [5] This paper describes the trajectories and corresponding
controls that allow the car to be moved from the initial configuration to the final configuration.

Theorem 1 The time-optimal control problem has a solution for any initial and final
configurations.
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Figure 2: Optimal trajectory in a time-optimal control problem with a forbidden region

The proof of Theorem (1| can be found in the monograph [5|. Let us denote the initial
configuration of the car by My(zo, yo, 0o) = Mo, and the final configuration by M, (x1, y1,60:1) =
Ml.

Let us introduce the following notation: let w*(¢; My; M;) denote the optimal
control corresponding to (xo,v0,0p) as the initial position and (x1,y;,6;) as
the final position of the car; let ¢j(My, M) denote the shortest time; Let
(a*(t; w*(t; Mo; My), y*(t; w*(t; Mo; My), 6*(t; u*(t; Mo; M7)) denote the optimal trajectory of
the car at 0 <t < ¢}. The following statements are known about the optimal solution [6].

Lemma 1 For any t; < t{(My, My) the equality
uw*(t, Mo, M(t1)) = u*(t, My, My), 0<t<t
holds, where
M(t1) = (2" (tr,u* (t1, Mo, My)), y* (tr, w* (t1, Mo, M), 0" (t1, w*(t1, Mo, My))).

Moreover, part of the optimal trajectory is also optimal.

Let us present the algorithm for constructing the trajectory connecting the points M, and
M. On the plane at the point (xg, o) we mark a unit vector in the direction 6. Then we
draw a perpendicular to the obtained unit vector ‘70. On this perpendicular, at a distance of
one from the point M,, we choose the point ()y. Taking )y as the center, we draw a circle of
radius 1. The orientation of the circle is chosen according to the unit vector in the direction
0p.Now let’s move on to the endpoint M;. On the plane at point (xy,%;), let’s plot a unit
vector in the direction #;. Then draw a perpendicular line to the obtained unit vector Vi
On this perpendicular line, at a distance of one from the point (x1,y;), select the point Q.
Taking (), as the center, draw a circle of radius 1. The orientation of the circle is chosen
according to the unit vector in the direction 6;.

Next, draw a common tangent to the obtained circles. The orientation of the tangent is
chosen to match the orientation of the circles.

Finally, denote the points of tangency on the circles by ()3 and (4.
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Thus, we obtain a trajectory connecting the initial configuration M, and the final
configuration M;. The circular motion begins at the point (xg,yo) in the direction 6 and
continues until the point of tangency (3. Then the motion proceeds along the tangent to the
point (4. At the final stage, the motion continues along the circle from the point ()4 to the
point (z1,y1). The corresponding graphs are shown in Figures [1a] and [Ib]

Now we determine which control corresponds to the obtained trajectory. On the first
section of the trajectory, the control is u(t) = 1 if the motion along the circle occurs
counterclockwise. Otherwise, the control is u(t) = —1. Motion along the tangent corresponds
to the control u(t) = 0.

Thus, the optimal trajectory is selected from the trajectories connecting M, with M;.
The shortest of all trajectories connecting M, with M is considered optimal.

2 Time-optimal control problem with state constraints

The second part of the article examines the time-optimal control problem for a Dubins car
with phase constraints. The problem is to move the Dubin car from the initial configuration
to the final configuration in the minimum time if certain trajectories are prohibited. Only
permissible trajectories may be used. We assume that prohibited trajectories represent phase
constraints in the form of the inequality

R —(z—a)’—(y—1b)*<0 (2)

where a, b, ¢, R are certain geometric parameters.

Several different cases may arise depending on the relative position of the optimal
trajectory of the first time-optimal control problem and the circle . A permissible trajectory
is one that connects M, to M; and satisfies inequality .

If the optimal trajectory of the time-optimal control problem without phase constraints
is an admissible trajectory, then the optimal trajectory of the time-optimal control problem
with constraints (2]) coincides with the optimal trajectory of the time-optimal control problem
without phase constraints.

In this case, we say that constraints are not active.

If the optimal trajectory of the time-optimal control problem without phase constraints
intersects the circle

(r—a)*+(y—b)?< R? (3)

then constraints are considered active.
In this case, it is possible to prove the existence of an optimal trajectory of the time-
optimal control problem with phase constraints of the form .

Theorem 2 Let (z(t),y(t),0(t)), 0 <t < t; be points on the optimal trajectory of the
time-optimal control problem without phase constraints that satisfy inequality (@ Then, for
any initial and final configurations, there exists an optimal trajectory for the time-optimal
control problem with phase constraints of the form (@, if the constraint parameters a,b, R
are finite.



94 Time-optimal control for a Dubins car with state constraints

Proof. For the existence of an optimal trajectory for the time-optimal control problem
with phase constraints of the form , it is sufficient to prove the existence of at least
one admissible trajectory. To do this, we select an intermediate configuration Ms(x2, ya, 02).
First, we move from the initial configuration M, to the intermediate configuration M,. Then
we construct a trajectory from M, to M.

In this case, the intermediate configuration M is chosen so that the optimal trajectory
from My to M, has no points satisfying inequality (3). This is possible because the forbidden
zone satisfying inequality is bounded.

Then we assume that the optimal trajectory from M; to M; also does not intersect the
forbidden zone. This requirement is also feasible, since the dimensions of the forbidden zone
are finite.

Thus, there exist admissible trajectories. Now it is necessary to select the optimal
trajectory from all admissible trajectories. Such a selection is possible because, according
to Filippov’s theorem, admissible trajectories form a compact set. Theorem [2] is completely
proven.

In the concluding part of the article, we present examples with different locations of the
state constraints .

Figure [2| shows an example of movement from point M, to point M;, where the dark
spot represents the forbidden zone. Here, the forbidden zone represents a unit circle. As can
be seen in Figure 3, the optimal trajectory intersects with the boundary of the forbidden
zone. Similar effects are noted in the Kohn-Tucker theorem [10]. Constraints in the form of
inequalities become equalities on some parts of the boundary of the forbidden zone.

3 Conclusion

The investigated Dubins problem belongs to the relevant field of mathematical modeling
for controlling power engineering and robotic systems. Each system operates normally
within a predefined workspace. In mathematical models, this workspace is defined by state
constraints on the control inputs |7-9|. The control problems with state constraints have been
systematically studied in the works of Aisagaliev |7,8|, where profound theoretical results were
obtained for optimal control problems with constraints in the form of both inequalities and
equalities. This article presents specific examples where optimal controls are derived based
on the physical interpretation of the original problem.
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