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Abstract 

A numerical thermal study of heavy oil recovery process developed in this work to investigate the time 
dependent development and dynamic shape of the water-oil interface around the well producing from a 
bottom-water-drive homogenous reservoir. Observed were the effects of well completions (single or dual – 
with the bottom water drainage) and impermeable barrier injected around the well bore on water coning. 

 
Introduction 
To describe thermal treatment of pools, the temperature model of two-phase filtration 

[1] based on the Muskat-Leverett isothermic model (the MLT model) was used. The model 
takes heat effects into account via the known dependences on the viscosity, and capillary 
properties of the two-phase liquid (water-oil) components. System of equations describing 
the process also includes the contribution of gravity forces. Author was the first to consider 
3D cylindrical thermal two-phase filtration model taking into account all terms of the 
existing mathematical model including barrier-drainage system investigation. 
Dimensionless parameters were derived from the governing equations in view of physical 
characteristics of flow. The author also proposes a new formula for approximation of 
Leverett J-function which is convenient to use in numerical experiments from his point of 
view. The main advantages of this formula are related to the facts that it able to quite 
precisely approximate any monotonically decreasing smooth function by selection 
constants, and also unlike some formulas its derivative is not equal to infinity at zero. 
Observed was the effect of well completions on water coning in four different reservoir 
settings. The first was a case of conventional completion and was studied as a base case. In 
the second case was set dual completion with water drainage. The third scenario was an 
impermeable barrier injected around the well bore. In the fourth case was considered 
complex effect of dual completion with water drainage and impermeable barrier. Siddiqi 
and Wojtanowicz used a scaled physical model and numerical simulator to determine the 
effect of artifical barrier and downhole water sink technology on water coning performance 
[2]. This work was taken as a source of results for comparison. 

 
 Mathematical Model 

The MLT model [3] of the two-phase immiscible fluids’ (water and oil) flow through 
a porous medium is much more complex than Darcy’s model. Continuity equations and 
generalized Darcy’s model for each fluid component can be written in the form:  
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0K  - symmetrical flow tensor of an anisotropic porous medium. In the case of anisotropic 
porous medium 0K  can be expressed via hk  - horizontal permeability and vk  - vertical 
permeability components of symmetrical flow tensor. 
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where σ  - interfacial tension coefficient, ϑ  - wetting angle, 0K  - determinant of matrix 
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iρ  - density, (both fluids are assumed to be incompressible, i.e. consti =ρ ) 
g  - acceleration of gravity 
h  - height 

∫ 






∂
∂

∂
∂

=
1

2
12

s

c ds
k
k

s
p

Ka
θ

 

ds
k
kk

k
ksJ

K
m

ds
k
k

s
p

ss

c ∫∫
















−
−

−
−
−′=







∂
∂

∂
∂ 1

minmax

max2min2
2

2

212

minmax

maxmin

0

0
1

2 )(
θθ
µµ

µ
γ

θθ
γγ

θ
 

)( 2100 kkKkKK +==  

( )( )∫ −+∇+
∂
∂

∇=
1

122
2

2
s

c
c gpKds

k
k

s
p

Kf 
ρρ  



Вестник КазНУ сер. мат., мех., инф. 2009 г. № 3(62) 92 

θ
θ

∇+






∂
∂

∂
∂

= ∫ 2

1
2

3 Kds
k
k

s
p

Ka
s

c  

21 vvv  +=  

( ) θ
θ

θ
θ

ρρ ∇
∂
∂

+∇






∂
∂

∂
∂

+−+∇+
∂
∂

∇+∇=− ∫∫ c

s

c
c

s

c p
Kds

k
k

s
p

KgKpKds
k
k

s
p

KpKv 2

1
2

1222

1
2   

iv  - velocity, θ
θ

∇






∂
∂

∂
∂

+
∂
∂

∇+∇+∇
∂
∂

−=− ∫∫ ds
k
k

s
pKds

k
k

s
pKpKs

s
p

k
kkKv

1

s

2c
1

1

s

2c
11

c21
01  

( ) ∑
=

=
3

1
,

i pii

ii

c
s

ρ
λα

θλ , 101 sm=α , )1( 102 sm −=α , 03 1 m−=α . 

iλ  - thermal conductivity (i=1,2,3, respectively water, oil and core) 
pic  - heat capacity coefficient of i-phase at constant pressure. 

For the proposed Leverett function formula ( )
β

α sc
sbab
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=
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following constants: 5; 0.2; 0.2; 1; 500.a b c α β= = = = =  
 

Model Description 
 

Table 1 – Description of the Cases analyzed in this study 
Cases considered Description 
Case 1 W/o barrier and w/o drainage 
Case 2 W/o barrier and with drainage 
Case 3 With barrier and w/o drainage 
Case 4 With barrier and with drainage 

 
Table 2 - Reservoir geometry, rock and fluid properties considered for the all 4 cases 

Property Denotation 
(Unit) 

Value 

Reservoir Radius R (m) 40 
Total Thickness of the Reservoir H (m) 20 
Initial Water Zone Thickness Hw (m) 10 
Initial Oil Zone Thickness Ho (m) 10 
Well Penetration Thickness Hp (m) 4.5 
Water Viscosity 1µ  (cp) 0.5 
Oil Viscosity at minθ  max2µ  (cp) 5 
Oil Viscosity at maxθ  min2µ  (cp) 1 
Maximum Surface Tension at minθ  σ  2skg  0.03 
Minimum Surface Tension at maxθ  σ  2skg  0.015 
Horizontal Permeability hk  (darcies) 2 
Vertical Permeability vk  (darcies) 0.6 
Relative Permeabilities (1 – water, 2 - oil) 2 2

1 2, (1 )k s k s= = −  
Porosity 0m  (fraction) 0.25 
   



Вестник КазНУ сер. мат., мех., инф. 2009 г. № 3(62) 

 

93 
   
Irreducible (Residual) Water Saturation 0

1s  (fraction) 0.2 
Residual Oil Saturation 0

2s  (fraction) 0.2 
Total (Liquid) Production Rate in the Oil Zone 1q  (b/d) 1000 
Water Production Rate in the Water 
(Drainage) Zone 

2q  (b/d) 3000 

Water Density ( )3
1 mkgρ  1000 

Oil Density ( )3
2 mkgρ  730 

Rock Density ( )3
3 mkgρ  4216 

Thermal Conductivity of Water ( )( )KmW1 ⋅λ  0.644 
Thermal Conductivity of Oil ( )( )KmW2 ⋅λ  0.08 
Thermal Conductivity of Core ( )( )KmW3 ⋅λ  2.4 
Specific Heat Capacity Coefficient of Water at 
Constant Pressure 

( )( )KkgJc 1p ⋅  4071 

Specific Heat Capacity Coefficient of Oil ( )( )KkgJc 2p ⋅  2100 
Specific Heat Capacity Coefficient of Core ( )( )KkgJc 3p ⋅  920 
Initial Reservoir Pressure (Modified Pressure) p (Pa) 61025 ⋅  
Initial Water Zone Temperature θ  (K) 350 
Initial Oil Zone Temperature θ  (K) 330 

 
Computer Simulation Results 

 

  
Figure 1 - Leverett Function Used in the 
Simulation Model 

Figure 2 – Derivative of Leverett Function 

 
To demonstrate the radial effect, barrier with various radius (r=10 m at 

[ ]00 120,120−=ϕ  and r=5 m at ( )00 240,120=ϕ ) was used which is illustrated in Figure 3 
below: 
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Figure 3 - Barrier design. View from 
upstairs 

Figure 4 – Water saturation isosurfaces at t 
= 91hours (Case 3) 

 
Figures 5.1 – 5.4 show the distribution of different water saturation isosurfaces at the 

breakthrough times for each cases analyzed in this study. All figures show 00 1800 −  cross-
section of the reservoir. 
 

  
Figure 5.1 – Water saturation distribution 
and velocity field at t = 91 hours 

Figure 5.2 – Water saturation distribution 
and velocity field at t = 91 hours 

  
Figure 5.3 – Water saturation distribution 
and velocity field at t = 91 hours 
(breakthrough) 

Figure 5.4 – Water saturation distribution 
and velocity field at t = 91 hours 
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Figure 6 – Temperature field distribution at t = 16 days (384 hours) for Cases 1,2,3,4 
respectively 
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Figures 7, 8 show results of 3D reservoir simulation: 
 

  
Figure 7 – Water saturation distribution at t 

= 85 h 
Figure 8 – Pressure and velocity 

distribution at t = 90 h 
 

   
Figure 9 – Case 1      Figure 10 – Case 2 

 

   
Figure 11 – Case 3      Figure 12 – Case 4 
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Conclusion 
The comparison of results from this work and the work carried out by Siddiqi et. al. 

[2] suggests that a novel model can be used to study the effect of an impermeable barrier 
and downhole water sink technology on the coning phenomenon. The results could help in 
selecting methods for specific reservoir conditions (see figures 9-12). 

The study revealed that placing a man-made impermeable barrier around the well 
bore would delay the water breakthrough and, thus, can be useful in increasing the period of 
water free oil. Study also showed that breakthrough time was directly proportional to the 
radius of gel barrier. The results from this model showed that although placement of such a 
layer delays the breakthrough of water, it does not stop water-coning process. In case of 
high oil production rate, the water simply goes around the barrier’s top and breaks to the 
well’s completion. After the water breakthrough, the reservoir system behaves in the same 
way as if there was no barrier, i.e. the final water-cut value in the barrier case is the same as 
in the no barrier case. 

The study revealed that in the homogenous reservoir, using dual completion, it was 
possible to decrease water-cut in the oil production by draining water from the bottom 
completion and producing oil from the top completion. This study also confirms the fact 
that has been established by earlier studies: dual completion can stop water coning but for 
doing that the water production rate from the drainage has to be much higher than the oil 
production rate. 

It was observed that DWS technique has not high efficiency in controlling water 
coning in the presence of an impermeable barrier around the well bore as the barrier stops 
the pressure communication between the sink and the production completion. Hence the 
results obtained from the novel 3D model agree with the physical model (the experimental 
data) as well as with results of numerical simulator. 
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