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On the general net spaces

The theory of the net spaces has a lot of applications in harmonic analysis and approximation
theory. By the interpolation theorems of the net spaces it was obtained new results in many
classical problems of analysis. In particular, new estimates of norms of the convolution operator
were proved in the terms of the net spaces. Also, in the context of the theory of net spaces were
considered questions related to the Fourier multipliers, estimates of norms of the Fourier transforms
(Hardy and Littlewoods’s theorems), inequalities in various metrics and other problems of analysis.
In this paper are introduced general net spaces N 4. depending on three positive parameters.
Introduced spaces is close to the known net spaces. In paper we study properties of IV, 4 o spaces.
In particular, we study their interpolation properties. Besides that we give equivalent norms in
these spaces. Also we show that these spaces increase by the second parameter g. In paper we give
some applications of general net spaces. We obtain estimate of norm of the Fourier transform of
function from the Lorentz space. Analogous estimates were proved earlier for the net spaces and
were used for proving criteria of integrability of Fourier transforms.
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Myxkanos A.B.

2ZKasmbuianFaH TOPJIbI KEHICTIKTED 2KaMJIbl

Topsibl KEHICTIKTEp TEOPUICHI TAPMOHUKAJIBIK, AHAN3/IE 2KOHE YKYBIKTAY TEOPHUSICHIH/IA KOII KOJI 1A~
HBLTAIBI. TOPJIbI KEHICTIKTEPiH NHTEPIOJISITUOHIBIK, TeopeMaIaphbl apKbLIBI AaHAJIM3/IIH KOIITEreH
MocesIesIepinae KaHa HoTuKeaep aabliabl. COHBIH IMIiHgIe TOPJIbl KeHICTIKTEep TEPMUHIHIE opaMa
OTIepaTOPBIHBIH, HOPMACKHIHBIH, YKaHa Oarasayaaps! gosesgerredn. COHBIMEH KATap TOPJIbI KEHICTIK-
Tep TEOPUSACHIHLIH MOHMOTIHIHAe Pyphe MyIbTUILINKATOPAAPEIHA, Pyphbe TYpaeHIipyiniH HOpMa-
JlapbiH OaranaybiHa (Xapau skoHe JINTTIBY TeOpeMaapsl ), op TyPJI MeTPUKAJIAp TeHCI3IKTepine
2KOHE aHAJU3/iH 6acka Mocesesepine O6aflITaHbICTBI CYpaKTap KApacThIpbLIFaH. By MakaJiaia yIi
OH, TapaMeTpJiepre TOYEJJIi YKAJIbIJIAHFAH TOPJIbI KeHICTIKTep eHrizinai. Enrizinren kenicrikrep
Henrini TOpJEI KeHicTiKTepre XKakeiH. Maxamnana 6i3 Ny 4 o KeHICTIKTepiHiH KacweTTepiH 3epTTeit-
Mmi3. CoHBIH, iITiHIe OIap/IbIH, HHTEPIOJISIIMOHIBIK, KacueTrepi 3eprrered. CoHbIMEH KaTap Gepiii-
reH KeHiCTIKTep/e 9KBUBAJIEHTTI HOpMaJIap KeaTipiaren. 2Kome 1e KeHiCTIKTep il eKiHIi mapaMeT-
pi ¢ GoiibiHIa yiKelieTini kopceriiren. OraH Koca MaKaala XKalllbIaHFaH TOPJIbI KEHICTIKTEPIiH,
KOJITaHbICTaphl KesTipiared. JloperTiy keHicrikreri pyHKnusabiH Oypbe TYpJeHIIPYiHiH HOpMar-
CHIHBIH, OaraJiaybl ajibiarad. MyHail Oaraiayiap OypbIH TOPJIbI KEHICTIKTED VIIH aJbIHFaH KOHEe
Dypbe TYPIAEHAIPYiHIH HHTErPAJIaHy KPATEPUiliHIe MaiiTaJaHblIFaH.

TyitiH ce3aep: TopJibl KeHicTiKTep, nHTepHosus, Jlopenri kericrikrepi, Pypbe TypJeHaipyi.

Myxkanos A.B.
O6 00600IIIEeHHBIX CETEBBIX MPOCTPAHCTBAX

Teopust ceTeBBIX MPOCTPAHCTB MMEET MHOIO MPHUJIOKEHUI B TAPMOHMYECKOM aHAJIU3e U TEeOPUU
npubimkenuii. Biaarogapss MHTEPIOISIMOHHBIM TEOPEMAM CETEBBIX MTPOCTPAHCTB OBLIA TOJIyYe-
HbI HOBBIE€ PE3YJIbTATHI BO MHOI'MX KJIACCMYECKHUX BOIIPOCAX aHAaJjM3a. B 4acTHOCTH, B TE€PMUHAX
CETEBBIX MPOCTPAHCTB OBLIA JIOKA3aHBI HOBBLIE OIEHKHU JIJIsi HOPMBI OII€PATOpa CBEPTKU. Takke
B KOHTEKCTE TEOPHUHU CETEBBIX IIPOCTPAHCTB OBLIN PACCMOTPEHBI BOIPOCHI, KACAOIINECS MYJIBTH-
winkaropos Pypbe, oleHOK i HOpM peobpasoanuii Pypoe (reopembr Xapau u Jlurriasymna),
HEPABEHCTB PAa3HBIX METPUK W JPYIUX MPOOJIEM aHAJIU3A.
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B macrosimeit craTbe BBOAATCA 0O0OIIEHHBIE CeTeBbIe TPOCTPAHCTBA [V, ¢ o, 3ABHUCAIINE OT TPEX MO-
JIOXKHUTEJIbHBIX TapaMeTPOB. BBeIeHHbIE TPOCTPAHCTBA OJIM3KHA K M3BECTHBIM CETEBBIM ITPOCTPAH-
cTBaM. B cTaThe MBI m3ydaeM CBOMCTBa HMPOCTPaHCTB Np 4 o. B dacTHOCTH, HCCTETOBAHBI WX WH-
TEPIOJIIUOHHBIE CBOMCTBA. [loMUMO 3TOro mpuBeeHbl SKBUBAJIEHTHBIE HOPMHPOBKH B JAHHBIX
mpocTpancTBaxX. Takrke MMOKa3aHO, UTO MPOCTPAHCTBA PACHIMPSIOTCS MO0 BTOPOMY IIApaMeETPy (.
B craTpe TakiKe IPUBOIATCS IPHUIIOXKEHHUsT OOOOIEHHBIX CeTeBBIX IpocTpaHcTs. [lonydena onen-
Ka it HOpMbI peobpazoBanust Pypre dyHKIMu n3 npocrpancTsa Jlopenna. [logobubie onerku
OBLIN paHee MOy 9eHbl JIJIsi CETEBBIX IIPOCTPAHCTB U OBLJIN MCIIOIH30BAHDI [IJIsi KPUTEPHUS WHTEIPU-
pyemocTtu mpeobpazoanuit Pypne.

KiroueBsbie coBa: ceTeBble IIPOCTPAHCTBA, HHTEPIIOJISINS, IIpocTpaHcTBa Jlopena, mpeobpaso-
Banue Pyprbe.

1. Introduction

Let p be Lebesgue measure on R, M be a fixed family of finite-measure sets in R, which
we will call the net. We define average f(t, M) of function f(z) with respect to the net M as

follows,
[ #a)du

where supremum is taken over all sets e € M such that |e| «f ule) >t t € (0,00). In the
case of sup{le| :e € M} = a < oo we set f(t, M) =0 for t > a.

- 1

f(t7 M) = sup 7—
ec M €|
le|>t

Y

Definition 1 The net space N, ,(M), 0 < p,q < oo is the set of functions f such that

o i\
£l = ([~ @5 00) 5 ) < o0

if g < o0, or

l —
Il Ny oo (ar) = Stulgtpf(t, M) < o
>

if g = 00

The net spaces were introduced by E.D. Nursultanov in [1]. Properties and applications
of the net spaces in harmonic analysis were considered in [1]-[4]. In this paper we consider
spaces close to the net spaces, study their properties and applications.

Definition 2 Let o € (0,1], 0 < p,q < +oo. We will say that a p-measurable function
f € Npga, if the following functional

o

< 0+°°(t%f(t,a))q%)a for 0 <p<ooand0 < q < oo,

L1 g0 =

suptt%f(t,oz) for 0<p<oo, q=o00,
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f(tv Oé) = sup —
y>t Y*
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Note that if @ = 1, then these spaces coincide with the net spaces N, ,(M), where M =
{[t,00] : [t, 0] C [0, 00]}. Analogical discrete spaces were considered in [5]. Throughout this

paper, we denote by C a positive constant that may be different on different occasions. In
addition, T' ~ S means that %S <T <(CS.

2. Interpolation properties of the general net spaces

Now we will study the interpolation between the N, .., spaces. Let (Ag, A1) be a compatible
couple of quasi-normed spaces and

K(t,a) = K(t,a; Ag, A1) = a:i(z%Jfral(l|ao||A° +tllai||la,), a€ Ao+ Ay

be the Peetre K-functional (|7]).
The space (A, A1)o,q, 0 < 0 < 1, consists of all elements a € Ayg+ A; for which the functional

1
9K qdt\q .
HCLH(AO A1)o,q — (IO 0 he ) t> 7 Veases
)0 sup t°K(t,a), g = 00
0<t<oo

is finite.

Theorem 1 Let v € (0,1], 0 < po < p1 < 00, 0 < qo,q1,9 <00, 0< 80 < 1. Then
1 1-0 ¢

Do Y41

(Npo,qo;av Nph‘h;a)@:q — NIMI;CU

Before proving theorem 1, we prove some lemmas.

Lemma 1 If ¢1 < qo, then Npg.0 = Npgoia-

Proof. Let f € N, 4. Let ¢o = 4+00. Then using monotonicity of the function f(t, a), we

get
¢ /¢
| flINpooa = SUP t%f(t,a) = sup L[ s 1ds f(t, a)
t€[0,00] te[0,00] \ d1 2
t aq t 1/
= C sup /(f(t,a))qlsqpl_lds < C sup /(f(s,a))qlsqpl_lds
te(0,1] t€[0,00]
00 /q
<c| [(Fas D] =Cllfly,.

0

Let now g2 < +00. Then

115, = [ (5F6.00)" C = [ (5 F) ™" (s3Fs) "
0
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From the above, we get

HfHNpqza < / < sup sif(s,@)>q2—q1 (S;ﬂ&a))m%
0

s€[0,00]
00
_ 1~
~ M2, [ ()" T = IS,
0
< CHqu?p ;111&||f||Npq1 - C||f||Npq1 o

Lemma 2 Let o € (0,1], 0 < p,q < 4+00. Then

1NNy g ™ < > (zﬁf(gk’a)>‘J> for g < o

k=—o00
and

kE~
HfHNp,oo;a ~ Supzpf(2k7a)
kEZ

Proof. We will prove in the case when ¢ < co. The case ¢ = oo is proved in the same way.

We have

-

2k:+1 q

Il = ([ (8 ﬂt,a))"%); eSS / o)

k=—o00

The necessary equivalence follows from

2k+1

(2%f(2k+1,a)>q2_%ln2 < /Qk (tif(t,a))q% < <2§f(2’f,a)>q2%1n2.

Proof of theorem 1. By the embeddings Ny, 4.0 <> Np,.0oas © = 0,1 (see lemma 1) it is
enough to prove

(Npo,c0s0> Npy 00:0)8,6 = Np g

Let t € (0,00), s € [0, ] I € (Npy.coias Npy.ooia)a,q sSuch that f = fo+ f1 is any decomposition
with f; € Ny, coias (¢ =0,1). Then

_ 1| rv
Fossor s | [ L] < sup | [ 0D
T f@) 1A
<o | [ ] o | <y—t>l—adf\
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Denote v(t) = tPT—p;’)O, t € (0,00). We have

sup splof(s a) < sup 8”10%(8 @) + sup 3"10171(3 )
v(t)>s v(t)>s v(t)>s

1_1)~
= sup Splofo(s a)+ sup s(Po m)fl(s a)sm
v(t)>s v(t)>s

< sup 57 fo(s,0) + sup (u(t) o750 Fi(s, s

v(t)>s v(t)>s

= sup 8%]70(8,05) +t sup sﬁﬁ(s,a)
v(t)>s v(t)>s

1 ~ 1 ~
< sup 8%f0(87Q)+t sup Sﬁfl(S,Oé).
5€[0,1] 5€[0,1]
Hence,

1~
?L)lp SPo f(87 Oé) S K(tu f’ Npo,(X);CU Npl»ooﬂ)‘
v(t)>s

Thus, for 0 < ¢ < oo we get

- dt
= = -0 . q
00 = Wy i = | B S N N )"
q
> e dt
Z/ t=% sup seo f(s,a) | —
0 v(t)>s t
e - ~ q
— / (y@pzhpzo sup Sf’lof(S’Oé)) @
0 y>520 Y
C i /ZT ( —pL1=L0 LJ’E’( ))q dy
= Yy ~ PPO SUpP SPoJ(S, -
r=—o0 427t y=>s2>0 Yy
By the monotonicity of the integrand we get
> C PO p1 sup spof s, /
Tz_:oo< 2—(r+1)>5>0 > o—(r+1) y
G ro( L —L
— C 2 (pO P1> Sup SPOf S O[
T:Zoo ( 2_(7‘+1)ZS>0
G p(O=D 6y
:C Z 2 ( po +P1)2P0 Sup Spof S Oé
r=-—00 2= <T+1)>s>0
Hence,
> r T _1"7 ~ q
Hng’q 20 Z (27;2%2 ;—)lf<2_(r+1)aa> =C Z ( 52 pof —(r+1) Oé))
N L= Flo—T _r q9
>0 Y (2irnfera) = Z (27572 a) 2 CIfIL, .
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This completes the proof of theorem 1.

3. General net spaces and Fourier transform

Let f be a p-measurable function on R, then by f* we denote of the nonincreasing
rearrangement of f,

() =inf{o: p{xz e R: |f(x)] > o} < t}.

Definition 3 Let 0 < p < oo and 0 < ¢ < oo. Then Lorentz space L, ,(R) is the set of
w-measurable functions f for which, the functional

T <f (t;f*(t)>q%>q for0<p< oo and 0 < g < oo,
Lyp.q = 0 |

sup tr f*(t) for 0 < p < oo and ¢ = oo.
>0

s finite.

Theorem 2 Let « € (0,1], p € (1, ﬁ}, 0 < q<o0. Let also f be a mesurable function on

[0, 00) with the cosine transform f(t) = [ f(z)cosat dx. Then the following inequality
0

1Flln, . <Clfle,. 2)

p,qx

holds, where * + % = 1.
p b
Before proving theorem 2, we provide some auxiliary lemmas.

Lemma 3 (Hardy-Littlewood) [6, p. 44/ Let f and g are p-measurable functions on
(0,00), then

/0 @)l < / " (g (. (1)

Lemma 4 Let o € (0,1], x,y > 0. Then
1
< C'min (yo‘, —) .
xa

)
/ cos :cia ds
0 (y - 3)

Proof. By elementary calculations we get
) 1 «
o (y—s)t—@ «Q

Y
/ cos a:,ls_ s
o (y—s)t=
On the other hand

Y coszs Yecosz(y — 2z
/ T ds = / —E%a >dz
0 (Z/ - 3) 0 <
Y coszz Ysinzz
= cos xy/ dz + sin xy/ dz
0 0

Zl—a Zl—a
/ Y cost dt L / W ogsint dt
= cos Yy ————— +sinxy —
0o (L) o (H)Te

1 Y cost ) " sint
= — [ coszy ——dt +sinzy dt | .
xre 0 ti—o 0 tl—a
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Hence,

Y 1
[ ) col,
o (y—s9) x

Proof of theorem 2. Using lemma 4, we get

1 =X
7/

n 1 1
HfHNpgoo;a = supt ft,a) = Supt;’ sup —

t>0 t<y Y
cos s

= sup tp sup — ‘

t>0 t<y y

Y cosxs

= suptp sup— f(a:)/ ——— - dsdx

>0 t<y Y o (y—s)t—

o Y cosxs

< sup 1 / f(il?)/ —l_aClSdSU

y>0 y p’ 0 0 (y - 5)

dz

1 & v
<swp—t [ @)l [T s
y>0 ¢ v Jo o (y—s)t
1 e . 1
< C'sup |f(2)| min | y*, — ) dz.
y>0 y ? 0 x

Let y > 0 and % < y. From p < ﬁ it follows that o > 1%' Then

1 _(al) 11 11
rmm iy, | = = 1
xa ;a

a—-7

y P

Now let > y. Then

7 =5

bS]

y o’ )

By the Hardy-Litllewood inequality (1) we obtain

1fln. <C 2)a» " dz < Ol 1, .-

pl o0 —

1 , <a 1> | L o
—min | y°, — | = —y =y <z ¢,
a— = xa =

Using the interpolation theorem for the Lorentz spaces L, , (see |7, p. 113]|) and theorem 1

we get inequality (2).

Remark 1 Analogical estimates of norms of the Fourier transforms were obtained in [1,

theorem 2/ and [5, theorem 4.

4. Conclusion

The obtained results demonstrate that the N,

».g:a SPaces have properties which similar to

properties of the net spaces. These results could be used in harmonic analysis. In particular,
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these results could be used for the studying of the properties of the Fourier transforms on
functional spaces.
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