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About some methods of solution regularization of the first kind nonliner
operator equation in hilbert space

Many applied problems of physics and geophysics are reduced to operator equations of the first
kind. In cases when the expression for the Green’s function is unknown, inverse problems of math
physics are also reduced to these equations. The inverse problem of wells’ electric logging which
defines fields and calculates the reserves of mineral resources is the exact example of such problems.
The applied problems written above are urgent problems of modern science, the solution of these
problems can discover new verges of current state of mankind’s development. In this regard, it
stresses the importance of research of ill-posed problems. In the article [1], M.M. Lavrent’ev offered
the regularization method for the solution of first kind linear operator equation in Hilbert space
with the replacement of the original equation that is close to it, for which the problem of finding
a solution is resistant to small changes in the right part and solvable for any right part, i.e. the
equation replaces by another equation

az + Az = u,

where A- linear operator o > 0 - regularization parameter.In the article [2] Newton’s method of
approximate solution of equations was distributed by L.V.Kantorovich for functional equations

K(z) =0,

where K (z)- non-linear, twice differentiable operator by Frechet, acting from the one Banach
space into another. In this article the combined method of the new type regularization is offered,
combining the ideas of M. M. Lavrent’ev’s method [1], Newton-Kantorovich method [2] for the
solution regularization of first kind nonlinear operator equation in Hilbert space.

Key words: nonlinear operator, regularization, Hilbert space, the Frechet differential, linear
operator, bounded operator, Lipschitz conditio.

Veenos 1.A.
I'nnapbepT KeHicririnmeri 6ipiHII TEKTi CBHI3BLIKTHI €MeC OIePAaTOPJIbIK TeHAEY/IiH IenriMiH
peryisipu3anusijiay d/ici

Qusnka MeH reopr3nKaHbIH KOITEreH ecenTepi OGIpiHIT TEeKTi OmepaTop bk TeHAeyIepMHe KeJl-
Tipinreni. Mynnait renneysiepre I'pun dyHKIusACHIHBIH MoHI Oesricis OoJiraH »KarJaiibIHIarbl Mar-
TeMaTHUKAJIBIK, (PU3UKAJBIK Kepi ecenrepi je KearMmpineai. MyHmail ecemTep/iiH MbICaIbl PETIHIE
naiigasibl Ka30a KeHITepi MeH KOPJIAPBIHBIH, CAHBIH aHBIKTAWTHIH OYPFbLIAY CKBaYKUHAJIAPBIHBIH,
reoU3NKAJIBIK, 3epPTTEYiHIH Kepi ecenTepiH KapacThIpy Kepek. 2Korapbia arajgraH KOJIaHOAJIbI
ecernTep 3aMaHayH FBLIBIMHBIH ©3€KTi Maceseci 6osbin Tabbutaasl. MyHmail ecenrepi merny aiam-
34T JIaMybIHBIH 3aMaHayu KYIIepiHiH KaHa KbIPJIapbIH alllyFa MyMKIHIIK Kacaiibl. OcbiraH opaii,
KUCBIHCHI3 KOUBLIFAH ecenTep/ii 3ePTTeY/IiH, MaHbI3/IbLILIFl afKbIHIaaa bl. JIaBpeHbTeB 1-TekTi
CBI3BIKTHI OMEPATOPJIBIK, TEHIEYIIH I'MIb0ePTTIK KEHCTIrHIerl MemiMiH perypsim3ausiiamn, 6a-
CTAIKBI TEHJEYTe YKAKbIH, IIeNriM Il Taby Moceseci OH, 2KaFbIHBIH KIIMripiM e3repicTepine OpHBIKTHI
JKOHE Ke3 KeJI'eH OH, YKarbl YIIIH menriMl 601aThlH TeHeyMeH aybICThIPbLIATHIH, SFHU TeHaey [1]

az+ Az = u,
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TeHJIeYIMEH aybICTHIPBIIATHIH OJ[CTI YCBIHIBI, MYHIAFhl A- CHI3BIKTHI oniepaTop,a > 0- perypsipu-
zamusiiay mapamerpi. 2Kymbicra Termeyai Kybikran mernyais Heioron oxicin JI.B. Kanroposua
KeJieci pYHKIMOHAJIBIK, TeHIeyiHie Kearipred [2]

myHzarbl K (z)- 6aHax KeHicTiriHgeri chI3bIKTHI emec, @perne GoitbiHma exi per muddepenimy-
ajraHaTeiH omeparop. byur xxymeicta M.M. JlaBperTren xoHe Hbioron-KanTopoBud ojricTepinin
uesiChbiH OipikTipeTiH ruabbepT KeHicTiriageri GIpiHIT TEKTI CHI3BIKTHI €MEC OMEPATOPJIBIK, TEH-
JEYiHIH MIenTiMiH perypsapu3alisIafThIH XKaHa TYPJIET] PeryIsapu3alusIayIblH apajac dJIici YCbI-
HBLIAIBI. OCBI KyMbIcTa HbioTon-KanTopoBudTiH 1-TEKTi CHI3BIKTHI EMEC JITEPATOPJIBIK TEHIEYIIH
ruIbOEPTTIK KeHiCTiriHeri menriMin perypstusanusiiay o/ici men JlaBpenTbes ojicinin, umesia-
PBIH GipiKTipeTiH perypsn3anusiayabH KaHa TYPAeri KYPaMIaCThIPBIIFAH 9/IiCi YChIHBLIA/IBI.
Tvyiiin ce3mep: ChI3BIKTHI €MeC OIepaTopJiap, peryaspusanus, Tuibbept Kericriri, Pperre mud-
depeHImaIbl, CHI3BIKTHI OIIEPATOP, OIEPATOPIBIH, MeKTeYJIiri, Jlummmua mapTh.

Veenos 11.A.
O HEKOTOpPOM MeTOo/ie peryJiapu3alui PellleHus] HeJIMHEHOro olepaTopHOro ypaBHEHUs
IEepBOro poJa B r’mjb0epTOBOM IPOCTPAHCTBE

Mmuorue npuksaHble 331291 GU3NKH U Te0(PU3UKN CBOIATCS K OIIEPATOPHBIM YPABHEHUSM IIEPBO-
ro poga. K Takum ypaBHEHUSIM CBOJIATCS TaKXKe OOpaTHBIE 3a]a4U MaTeMaTUIEeCKON (PU3UKU B TE€X
caydasix, Korja Beipaxkenue st pyukmun ['puna Henspecrrno. ObpaTHas 3a1a9a 3JI€KTPOKAPOTa-
2Ka CKBazKWH, OIIPEIEIAIONasd MECTOPOXKIECHNS U IIOJICUET 3aIlacoB II0JIE3HBIX UCKOIIAeMbIX SBJIS€T-
Csl IPUMEPOM TaKUX 33Jad. BhIliernepedncseHable MIPUKIIAIHbIE 389N SBIIAIOTCH aKTyaJIbHBIMA
3a/ladyaMi COBPEMEHHOI HayKH, pellleHue 3TUX 3a/ilad MOXKeT OTKDPBITh HOBble I'DAHU COBPEMEHHO-
IO COCTOsIHUS PA3BUTHS YeJIOBeYeCTBa. B CBA3M ¢ 3TUM IIOIEPKUBAETCH BayKHOCTD HCCJIEIOBAHUSA
HEKOPPEKTHO IIOCTABJIEHHBIX 3a/1a4. B padore [1], M.M. JIaBpeHThEBbIM IPEJJIOXKEH METO/I PEryJisi-
PpU3AINY PeIleHus] IHHEHHOTO OIePATOPHOTO YPABHEHUSI [IEPBOI0 POJia B TMJIBOEPTOBOM ITPOCTPAH-
CTBE C 3aMEHOIl MCXOJIHOTO ypaBHEHUs OJIM3KUM €My, B HEKOTOPOM CMBbICJIE, JJIs KOTOPOTO 3aa4a
HaXOXKJIEHUsI PENIeHns yCTOWINBA K MAJIbIM M3MEHEHUsIM IIPABOil JaCTH U Pa3peninMa Jiuis Jboit
IIPaBOil 4acTu, T.e. ypaBHEHHUE 3aMeHAETCs yPaBHEHUEM

az+ Az = u,

where A- nuHeitHbIN omeparop o > 0 - mapamerp peryisipusaiuu. B pa6ore [2] meron Herorona
IpUOIMKEHHOT O Pellienns ypaBHenuii Obi1 pacupocrpanet J1.B. Kantoposruem na DyHKITMOHATB-
HbIE yPABHEHUS

rie K(z)- nuenuneiinsiit, aBaxpl quddepennupyemslii no Opermre omneparop, JeHCTBYIONHIA U3
oJIHOTO TIpocTpaHcTBa banaxa B jpyroii. B manHoil pabore mpejjiaraercs KOMOMHUPOBAHHBIN Me-
TOJ| PeryJisipu3alnuy HOBOrO Tuila, obbemuusionmit ugen meroma M.M. Jlaspenroesa [1], meToma
Herorona-Kanroposuya [2] 1jist peryssipusanuy perieHus HeJIMHEHHOTO OIlePATOPHOIO YPABHEHU
[IEPBOTO POJIA B T'UJILOEPTOBOM IIPOCTPAHCTBE.

KuroueBble cjioBa: HeJTMHEHHDINH OIIEpaTOP, PEryJIspU3alius, TPOCTPAHCTBO ImibbepTa, gudde-
penrnas Operite, TUHEHHBIN OMlepaTOp, OTPAHNYEHHOCTH OIEpaTOpa, ycaoBus Jlummmura.

1. Statement of objectives
Lets consider the nonlinear operator equation of the first kind type
K(z) =u, (1)

where K : H — H - non-linear operator that defined in the set () € H and Frechet
differentiable. In the space we use the notation of the ball S(zp,7) = 2z : ||z — 20| < 7.
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We assume that 1) when u = «* a unique solution z* of equation exists (1), i.e. the identity
occurs

K(z") = u*; (2)
2) the operator K is continuous in the ball S(zp, r,), and has a Frechet K’ derivative continuous
in point zj.
3) linear operator K'(zy) is reversible, but unlimited, i.e. ||[K’(2g)] 00;
4) element u* is unknown to us, but instead the element wu; is known such that

=

[us — u’[] <6, (3)

where 0 > 0 - numeric parameter. Thus, equation (1) in the ball S(zy,r,) is an ill-posed
problem. In the article [4] of A. Saadabaev this method studied when the derivative operator
satisfies the Lipschitz condition. In this article the combined method of regularization is
being studied for a wider class of equations, when he derivative operator satisfies the Holder
condition

1K (21) = K'(2)]| < Nllz1 = 2", (4)
where N and [ - constants, 0 < g < 1.

2. The Regularization of a problem’s solution Along with the equation (1) let’s
consider the equation

az® + K(2%) = u, (5)

where o > 0 - small regularization parameter. We output one estimate for the remainder of
Taylor’s formula for functions of a real variable function f(t). Let the derivative f™(t) satisfy
the Holder condition in the range of (a,b) in a fixed-point a:

17 () = M (@) < Nt —a]l®,0 < 5 < 1. (6)
Then
n f(m)(a) . N -

In further studies we will use an analogue of the rating for functional operators.
Lemma. If K(z)- Frechet differentiable operator from H in H and for K’(z) the weakened
condition of Holder is offered with a fixed element 2z = z,, then

N
K(2) — K(z,) — K'(2,)(z — z.)|| < 2 — 2o |17, 8
1K(2) — K(za) (2a)( )H_1+6H I (8)
It is sufficient to satisfy the Holder condition only (4) on the segment z, = z, +7(2 — 24),0 <
T <1.
Proof. The lemma follows from the identity

K(2) — K(z4) — K'(24)(2 — 24) = /{K'(za +7(2 — 2za)) — K'(2a) } (2 — 2za)dT.  (9)
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To construct a regularizing operator inside the ball S(zg,r,) picking the number z, we create
the ball S(z,,7.(a)), where the center of the ball at & — 0 seeks to the center of the ball
S(za,r.) approaches, ie z,(ug) — 2o, consequently 7.(«) — 0. The ball elements S(z,, 7. ())
satisfy the inequality ||z—z4|| < 7.(«), then between the elements z, and z* occurs ||2*—z, || <
yr.(a) where 0 <y < 1/2.

Theorem 1. Let 1) the condition occur 2), and 2) the linear operator K’(z,) is continuous
positive self-adjoint operator; 3) the operator K’(z) holds the weakened of Holder condition
r with a fixed element z; = 2,

1K' () = K'(za)ll < Nz = zall” at S(za,72(a)); (10)

4) hold a limit relation

B(l—0) 1-8

rz%i?io% —0, a(r.(a)) =or®(a), 0<o< (%) o (%) T

then there is a number 7 > 0, that at r,(«) < 7 operator
1

Il7] = (aE + K'(z,)) (E +(aE + K'(z,))7! (f{K’(za +7(z — 24)) — K’(za)}d7)>
0

(where 0 < 7 < 1, z - fixed element) in a ball S(z,,7.(a)) has an inverse bounded operator.
Proof. Assess

1 N
al+p

Nri(a)
(1+pB)a’

lo=zall” <

H(OéEJrK’(Za))1(/{K’(Za+7(z—za))—K'(Za)}dT)H < (12)

where |[(aE + K'(z)) || < £, [1]. From condition (4) it follows that there exists 7 > 0 such
that

Nri(a) N7

01 Da(r(@) ~ (1 Hal

=q<o at r,(a) <T, (13)

W20 N . "
where 0 < 0 < (3)* 7% (W) . When selecting a(r,(a)) = or?%(a), the condition

(4) satisfies, and choose a specific number 7 > 0, that

ro(a) < (M)B(l) =7 and o(F) =0 (M)_ : (14)

N N
Consequently,
1
148)02 | FO—) _

. NF (—( 7 ) N ra+p\ e rose 1 (15)
1+ B)a(F) 14802\ To7 7 2’

ST TG (15) N

(1+B)o (v
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By virtue of the Banach theorem 3| in the ball S(z,,7.(«)) of the operator ®[7] = E+ (aE+
1

K'(z4))7! (of{K/(Za +7(2 — 24)) — K’(za)}d7'> reversible and the estimate

[l = ||(E+(aE+K’(Za))_l(/{K’(za+T(z—Za)) — K'(za) b)) 7| < %q- (16)

Thus, the operator is reversible I[r], and the inverse operator has the form I[r] = (®[r]) " (aE+
K'(z,))"! and the estimate
1 1

I~ < T ga (17)

QED. Equation (4) is equivalent to write in the form

2 =2 — (I[7]) Haz™ + K(2%) — u). (18)

Theorem 2. Let the equation (5) follow the conditions: 1) at the point z, linear operator
K'(z,) is continuous positive self-adjoint; 2) the operator (I[7]) ez + K(24) — u) satisfies

the condition ||(I[7]) " Haza + K(zq) —u)|| < T a's” =n; 3) for the operator K”(za) it

(1- )
is satisfied the Holder condition (4) with a fixed element zy = z, and for any z; from region

|z = zall < tn, where 1<t < %ﬁ (19)

4) permanent g ) ,m, N, 5 and t in conditions 1), 2) and 3) are such that

NP swwse (14 B)(E—1)

h=——— ,
(1— q)t+Bos - 2415

(20)

then in a ball (19), equation (5) has a unique solution z*
Proof. Based on the initial approximation z,, we construct a sequence of elements

{zntnzo

Zny1 = 2n — (I[7]) Moz, + K(2,) — u). (21)
Firstly, by induction let’s show that all z, are in the ball (19). From the condition 2) we
have ||z1 — 24| = [|(I[7]) "Hazo + K(24) — u)|| < 1 < tn, and z; is in the ball (19). Let some

natural n executed ||z, — z,|| < tn. Using this statement let’s show that z,; is a part of the
ball (19). From (21) we have

Rn+l—Ra = Zn_zoz_(I[TD_l(aZn“’K(zn)_u) == _I[T])_l(K(zn>_K(Za)_K,(za)(zn_Za))

- (I[T])_l(a'za + K (20) —u) + (I[T])_l(/{K,(za +7(2 = 2a)) — K'(24) }dT| (20 — 2a))-

(22)

Becrauk KasHY. Cepusi maremaTnka, Mexanuka, uadopmaruka Ne4(87)2015



52 Usenov L.A.

From (8), we consider the conditions of 2), (3) and (4) theorem 2:
Hszrl - Za” < tnv (23>

and, therefore, 2,41 is in the ball (19). Let’s estimate the difference between two successive
iterations || 2,41 — 2, ||. From (21) we have 2,11 — 2, = 2, — 201 — (I[7]) "N azn + K (2,,) —u) +
+ (Il7]) Hazng + K(zpo1) —u) = (I[7])) " Ha(zn — 2n1) + K'(20) (20 — 20-1)) +

1
+ ) THHE (20 + 7(2 = 2a)) = K'(20) }d7 (20 = 20-1)) =

0

- (I[T})il(azn - K(Zn> — OZp—1 — K<Zn_1)).
Including the operator B,(z)

B (2) =z — (I[7]) " (az + K(2) — u). (24)
Transforming the operator B, (z) we have
Bo(2) = (I[7]) ' ((aFE + K'(24))®[7]z — az — K(2) + u). (25)
The derivative of operator B, (z) at the point Vz € S(z,,7(a)) has the form
1
B (2) = ([7]) (K (za) — K'(2) + /{K'(Za +7(2 = 2a)) — K'(2a) }dr). (26)
0
Let’s estimate the norm of operator B! (z)
: N(2+5) L p< 2t B8
||Ba(z)|| S O[(l—f—ﬂ)(l _Q)Hz ZCVH S ]_—I—ﬁht . (27)

From the estimate (27) it follows that Vz, 22 € S(z4,7(a)) the operator B,(z) holds the
Lipschitz condition

2+ 8

Ba(21) — B, < htP||z — 2| 28
| Ba(21) ()l < T5ght Il — = (28)
Now let’s estimate ||z,+1 — 2,||. Using the estimate (28) we have
2+
Izn+1 = Znll = | Ba(zn) = Balzn = D < mhtﬂﬂzn — 2 — 1, (29)

where ¢; = %htﬁ < 1, because at t < # we have from (20)
_ 248 (2+8)(t=1)

q = mht’g < — <1

Continuing evaluation (29), we obtain

201 — znll < at'll21 — zall < @1'n. (30)
Next let’s show that the sequence z,,, = 0 is a fundamental sequence. Valid for all, n

and p we have, using the triangle inequality and (30)

zntp = Znll < zn4p = Znip-1ll + [IZnp-1 = Znipall + -+ [lzn41 — 2nll <
<@ e = 2ol + @l = zall gl -zl =

= (@ g )l =zl (831)
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From inequality (31) using the sum of a geometric progression,we have ¢; < 1

4 D
n i— n_ 4
2n4p — 2all < ll21 — 2allgh Zch b < 1 _1q1 |21 — 2al|- (32)
i=1
Because of the completeness of H there is
lim z, = 2°. (33)

n—oo

Let’s fix in inequality (32) the index n and tend p to infinity. Then we obtain the estimate

n 2
il n, @ = ﬂhtﬁ < 1. (34)

1+

This estimate (34) is the speed of convergence of the method. This is because at n — oo the
error decreases as ¢".
Thus, for the solution of equation (5) in the ball (19) we have the estimate

— S <

(2+—5)N1041?T”, (35)

Bl —q)o=

Theorem 2 is proved.

Hza - Za” <

Theorem 3. Let 1) all the conditions of Theorem 2 satisfy; 2) between the elements z,
and z* we have the estimate ||2* — z,|| < yra(«), where 0 <y < 1/2.
Then a unique continuous solution z** of equation (18) at u = u* converges in the norm of
H the exact solution z* of equation (1) at @ — 0.
Proof. Using the triangle inequality, the inequality (35) for u = u* and the second condition
of Theorem 3, estimating the norm ||z** — z*||, we have

2HBIN_ e (36)
B(l—q)o=

From inequality (36) it follows that z** — z* where @ — 0 by the norm of H. Thus, the
solution z®* of equation (18) at u = u* is an approximate solution of equation (1).

QED. The main problem that is subject to study is to construct such a sequence of solutions
2%° by the approximate solutions wu;, which converges in the space H to the exact solution
z* of equation (1), provided that the initial convergence us — u* at 6 — 0. To do this we
estimate the difference 2%° — 2* where 2%° - the solution of equation (18) at u = us . It is
represented in the form

1297 = 2% < 127 = zafl + []2" = zall < (1 +7)

220 = 20 — (I[7]) " Haz™® + K (2*°) — uz). (37)
Using the triangle inequality, we have

||Za’5 . Z*” < ||zo¢,5 _ Za,*H + ||Za’* . Z*Hv (38)
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where 2% = 2** — (I[7]) " (az®* + K(2%*) — u*) the solution of equation (18) at u = u*.

Let’s consider the difference z®9 — z&*

/ (K (2 + 7(2 — 20)) — K'(22))}(22% — 2%%)dr4

+(I[7]) " s —u'). (39)
Assessing the converted difference, we have

oo — 2 < et e 2
(-90+5) a ¢ a

Let’s show that when choosing a(r.(a)) = 1771 (o) where o < 0, there exists 7 > 0 such as
(2+2° + BN 18(w) _ (242°+B8)N T
1-¢)(1+p5) o  (A=g1+ph) af)

N B1-oy) s e
at r, <7, where 0 < 07 < (%) 2=f=Fo1 (%) e

(40)

=q2 < 01 (41)

Further, from (41) we have

31— )L+ 8)\ o0 _ (B —g+B)\TT
rz<< (2+25+5)N> =7 and a(r)—al( (2—1—254—5)]\[) : (42)

Under these conditions (42), ¢, < 3.
Then from (40) we have

5
220 == < G (43)

where Cl = m
In view of (36) and (43) from (38) we have

—o d
Hza,a o Z*H S Hza,é - Za,*“ + ”Za,* _ Z*H S C2alT —+ 01—7 (44)
(07

where Cy = (1 + 7)%
oz
Minimizing the right part of inequality (44) we obtain the dependence of the regularization

« parameter on the right part of the parameter error §

a(s) = <% 1 igé)o. (45)
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Then the estimate (44) has the form

1
290 — 2| < CI°CS(1 — o)t (—) 5. (46)
o

From (46) it follows that 2% — 2* § — 0 in the norm of space H.

Thus, it is proved

Theorem 4. Let 1) all the conditions of Theorem 3 satisfy; 2) the element satisfies
condition (3); 3) at a(r,(a)) = o177 (a) where o < oy the

oL B B B . =R
condition occurs gii)a%\){ . rz(ia) < ((2;:?])(’;%\)[ . % =q < opatr, <7, where 0 < 01 <

(L) 2R (428 48)N
2 (1-9)(1+8)
Then the solution of equation (18) u = ugs, converges at § — 0 to the exact solution z* of

equation (1). The speed of convergence satisfies (46).

178
)5@_01); 4) the regularization parameter « satisfies the condition (45).

3. Conclusion

It is proved that based on the combination of the regularization method for solution
the operator equation in Hilbert space it is regularizing. Justification of the new combined
regularization method proposed in this work consists in the following study results:

1. Regularizing operator is constructed for the solution of the first kind operator equations
in Hilbert space;

2. The convergence of regularized solutions is proved to the exact solution of the original
equation;

3. The parametr regularization now recieves the choice depending on the error of the right
part;
4. The rate of convergence of the regularized solutions to the exact solution is recieved.

For the first time, based on the combined method of regularization regularizing operator is
constructed for the solution of operator equation of the first kind in Hilbert space. Convergence
and convergence rate of regularized solution to the exact solution are established. This work
has a theoretical orientation. The result can be used in cases when solving the applied
problems of geophysics, thermal physics, filtering, optics, medical imaging and so on.
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