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Generalized singular exponents linear system of differential equations ∗

Consider a finite-dimensional linear homogeneous system of differential equations with continuous
bounded coefficients in an infinite interval in critical cases of singular exponents. We introduce
generalized singular upper and generalized singular lower exponents of the finite-dimensional linear
homogeneous system of differential equations with continuous and tending to zero coefficients in
an infinite interval. Formulas for calculating the generalized upper and generalized lower singular
exponents of the linear homogeneous system of differential equations with continuous and tending
to zero coefficients in an infinite interval were found. Introduced the asymptotic characteristics of
linear homogeneous systems of differential equations are used for researches of nonlinear systems
of differential equations. With the first approximation method investigated non-linear system of
differential equations and uniform upper bounds of solutions of nonlinear differential equations in
a defined class of nonlinear differential systems were established. We found sufficient conditions
for asymptotic stability of the zero solution of the nonlinear system of differential equations.
The generalized exponential stability of the zero solution of the nonlinear system of differential
equations was established.
Key words: linear differential systems, singular exponents, nonlinear differential systems, stability,
asymptotic stability

Мирзакулова А.Е., Алдажарова М.М., Молдабек Ж.Т., Алдибеков Т.М.
Обобщенные особые показатели линейной
системы дифференциальных уравнений

Рассматривается конечномерная линейная однородная система дифференциальных уравне-
ний с непрерывными ограниченными коэффициентами на бесконечном промежутке в кри-
тических случаях особых показателей. Вводятся обобщенное особое верхнее и обобщенное
особое нижнее показатели конечномерной линейной однородной системы дифференциальных
уравнений с непрерывными, со стремящейся к нулю коэффициентами на бесконечном проме-
жутке. Найдены формулы для вычисления обобщенной верхней и обобщенной нижней особых
показателей линейной однородной системы дифференциальных уравнений с непрерывными
и со стремящимися к нулю коэффициентами на бесконечном промежутке. Введенные асимп-
тотические характеристики линейной однородной системы дифференциальных уравнений
применяются для исследования нелинейной системы дифференциальных уравнений. Мето-
дом первого приближения исследована нелинейная система дифференциальных уравнений
и установлена равномерная оценка сверху решений нелинейной системы дифференциальных
уравнений в определенном классе нелинейных дифференциальных систем. Найдено доста-
точное условие асимптотической устойчивости нулевого решения нелинейной системы диф-
ференциальных уравнений. Приведен обобщенная экспоненциальная устойчивость нулевого
решения нелинейной системы дифференциальных уравнений.
Ключевые слова: линейные дифференциальные системы, особые показатели, нелинейные
дифференциальные системы, устойчивость, асимптотическая устойчивость
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Мирзакулова А.Е., Алдажарова М.М., Молдабек Ж.Т., Әлдибеков Т.М.
Сызықты дифференциалдық теңдеулер жүйесiнiң

жалпылама ерекше көрсеткiштерi

Коэффициенттерi үзiлiссiз шенелген ақырлы өлшемдi сызықты бiртектi дифференциалдық
теңдеулер жүйесiнiң ақырсыз аралықта ерекше көрсеткiштерi сыни жағдайларда қарасты-
рылады. Коэффициенттерi үзiлiссiз, нөлге ұмтылатын ақырлы өлшемдi сызықты бiртек-
тi дифференциалдық теңдеулер жүйесiнiң ақырсыз аралықта жалпылама ерекше жоғарғы
және жалпылама ерекше төменгi ерекше көрсеткiштерi ендiрiледi. Коэффициенттерi үзiлiссiз
және нөлге ұмтылатын сызықты бiртектi дифференциалдық теңдеулер жүйесiнiң ақырсыз
аралықта жалпылама ерекше жоғарғы және жалпылама ерекше төменгi ерекше көрсеткiш-
терiн есептеудiң формулалары табылған. Келтiрiлген сызықты бiртектi дифференциалдық
теңдеулер жүйелерiнiң асимптотикалық сипаттауыштары сызықты емес дифференциалдық
теңдеулер жүйелерiн зерттегенде қолданылады. Сызықты емес дифференциалдық жүйелер-
дiң анықталған класында бiрiншi жуықтау әдiсiмен сызықты емес дифференциалдық теңде-
улер жүйесiнiң шешiмдерiнiң жоғарыдан бiрқалыпты бағалауы орнатылған және сызықты
емес дифференциалдық теңдеулер жүйелерi зерттелген. Сызықты емес дифференциалдық
теңдеулер жүйесiнiң нөлдiк шешiмiнiң асимптотикалық орнықтылығының жеткiлiктi шарты
табылған. Сызықты емес дифференциалдық теңдеулер жүйесiнiң нөлдiк шешiмiнiң жалпы-
лама экспоненциалдық орнықтылығының белгiсi келтiрiлген.
Түйiн сөздер: сызықты дифференциалдық жүйелер, ерекше көрсеткiштер, сызықты емес
дифференциалдық жүйелер, орнықтылық, асимптотикалық орнықтылық

1 Introduction

The upper and lower singular exponents of the differential system introduced in the works [1,
2]. History of the discovery of these important asymptotic characteristics is contained in [3].
Detailed information about singular exponents of a homogeneous system of linear differential
equations with bounded continuous coefficients is contained in the book [4] and review in [5].
In this paper, singular exponents of the differential system is investigated in critical cases,
i.e., for zero values of these characteristics. Definition of generalized exponential stability of
the zero solution of the nonlinear system of differential equations is given in [6].The work is
closely related with the work [7].

2 Linear system of differential equations

Consider linear homogeneous system of differential equations

ẋ = A(t)x, x ∈ Rn, t > t0 (1)

where A(t) is a continuous matrix and satisfies the condition

∥A(t)∥ ≤ CAφ(t), t > t0, (2)

where CA is a constant depending on the choice of matrix A, φ(t) is a positive continuous
function on the interval [t0,+∞) and these function such, that,

lim
t→∞

φ(t) = 0 and integral I(φ) =
+∞∫
t0

φ(s)ds are diverges.
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Denote by

q(t) =

t∫
t0

φ(s)ds. (3)

Definition 1. Constants n(q) and N(q) are called respectively generalized lower and
generalized upper exponents with respect to q for system (1) with condition (2), if for any
ε > 0, for all nonzero solutions x(t) of the system (1) is performed the estimation

dn,εexp{(n(q)− ε)q(t)} ≤ ∥x(t)∥
∥x(s)∥

≤ DN,εexp{(N(q) + ε)q(t)} (4)

for all t ≥ s ≥ t0, where DN,ε dn,ε are constants, depending on the choice of N(q), n(q)
ε > 0 and function q(t) defined by the formula (3).

The set {N(q)} generalized upper constants of the system (1) is called upper class of the
system with respect to q and denoted by the symbol B0(A, q).

The set {n(q)} generalized lower constants of the system (1) is called lower class of the
system (1) with respect to q and denoted by the symbol H0(A, q).

Definition 2. Number

Ω0(A, q) = inf
N(q)∈B0(A,q)

N(q) (5)

is called a generalized upper singular exponent of the system (1) with respect to q.
Number

ω0(A, q) = sup
n(q)∈H0(A,q)

n(q) (6)

is called a generalized lower singular exponent of the system (1) with respect to q.
From definition 1 it follows, that is valid the inequality

ω0(A, q) ≤ Ω0(A, q) (7)

Remark 1. If we consider linear system (1) with continuous bounded coefficients without
the condition (2) and q(t) = t, then the generalized singular exponents will convert to
numbers, entered by Bohl-Persidskii.

Note, that for any ε > 0 exist Dε > 0 and dε > 0 and for Cauchy matrix of the linear
system (1) with the condition (2) are valid the inequalities

∥X(t, t0)∥ 6 Dεe
(Ω0(A,q)+ε)(q(t)−q(t0)) (8)

and

dεe
(ω0(A,q)−ε)(q(t)−q(t0)) 6 ∥X(t, t0)∥ (9)

for all t > t0.
Remark 2. Singular exponents of Bohl and Persidskii of the system (1) satisfying the

condition (2) are equal to zero, i.e., occurs critical cases.
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Lemma 1. Generalized upper singular exponent of the system (1) with respect to q,
satisfying the condition (2) defined by the formula

Ω0(A, q) = lim
t−s→+∞

ln ∥X(t, s)∥
q(t)− q(s)

.

Proof. From the inequality (8) follows, that for any ε > 0 for all t > s > t0 is valid the
inequality

ln ∥X(t, s)∥
q(t)− q(s)

≤ lnDε

q(t)− q(s)
+ Ω0(A, q) + ε (10)

Consequently, take place the inequality

∃µ ≡ lim
t−s→+∞

ln ∥X(t, s)∥
q(t)− q(s)

≤ Ω0(A, q) + ε

Hence, turn to ε → 0 we obtain the inequality

µ ≤ Ω0(A, q) (11)

We will prove that take place and the converse inequality. Such that

µ = lim
t−s→+∞

ln ∥X(t, s)∥
q(t)− q(s)

then, for any ε > 0 exists t− s ≥ 0 and for all t− s > t− s ≥ 0 is valid the inequality

ln ∥X(t, s)∥
q(t)− q(s)

≤ µ+ ε.

It follows that,
∥X(t, s)∥ ≤ e(µ+ε)(q(t)−q(s))

In respect that the segment [t0, t], we obtain, that for ε > 0 exist Dε > 0 and for Cauchy
matrix of the linear system (1) with the condition (2) is valid the inequality

∥X(t, s)∥ ≤ Dεe
(µ+ε)(q(t)−q(s))

for all t ≥ s ≥ t0 Such number Ω0(A, q) is a infimum of numbers performing such
estimation, then occurs the inequality

Ω0(A, q) ≤ µ (12)

Combining the inequalities (11), (12) we obtain the required assertion. Lemma 1 is proved.
Lemma 2. Generalized lower singular exponent of the system (1) with respect to q ,

satisfying the condition (2) is defined by the formula

ω0(A, q) = lim
t−s→+∞

ln ∥X(t, s)∥
q(t)− q(s)

.
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Proof. From the inequality (9) follows, that for any ε > 0 for all t > s > t0 is valid the
inequality

ln dε
q(t)− q(s)

+ ω0(A, q)− ε ≤ ln ∥X(t, s)∥
q(t)− q(s)

Consequently, take place the inequality

∃γ ≡ lim
t−s→+∞

ln ∥X(t, s)∥
q(t)− q(s)

≥ ω0(A, q)− ε

Hence, turn to ε → 0 we obtain the inequality

ω0(A, q) ≤ γ (13)

We will prove that take place and the converse inequality. Such that

γ = lim
t−s→+∞

ln ∥X(t, s)∥
q(t)− q(s)

then, for any ε > 0 exists t− s ≥ 0 and for all t− s > t− s ≥ 0 is valid the inequality

ln ∥X(t, s)∥
q(t)− q(s)

≥ γ − ε.

or
∥X(t, s)∥ ≥ e(γ−ε)(q(t)−q(s)),

for all t − s > t − s ≥ 0 In respect that the segment [t0, t], we obtain, that for ε > 0 exist
dε > 0 and for Cauchy matrix of the linear system (1) with the condition (2) is valid the
inequality

∥X(t, s)∥ ≥ dεe
(γ−ε)(q(t)−q(s))

for all t ≥ s ≥ t0 Such number ω0(A, q) is a supremum of numbers performing such
estimation, then take place the inequality

ω0(A, q) ≥ γ (14)

Combining the inequalities (13), (14) we obtain the required assertion. Lemma 2 is proved.
Lemma 3. Equality

Ω0(A, q) = −ω0(A, q)

holds if and only if
{N(q)} = −{n(q)}

Proof. From the inequality (4) follows, that for any ε > 0, for all nonzero solutions x(t) of
the system (1) occurs the inequality

dn,εexp{(−N(q)− ε)q(t)} ≤ ∥x(t)∥
∥x(s)∥

exp{(−1)(N(q) + n(q))q(t)} ≤

≤ DN,εexp{(−n(q) + ε)q(t)}
Hence, using definition of the generalized singular exponents, we obtain the required

assertion. Lemma 3 is proved.
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3 Nonlinear system of differential equations

Consider nonlinear system of differential equations

ẋ = A(t)x+ f(t, x), x ∈ Rn, t ∈ I ≡ [t0,+∞), (15)

where A(t) is a continuous matrix for t > t0 and satisfy the condition (2), f(t, x) is a
continuous vector function in the domain G = I ×Rn and f(t, 0) = 0.

Denote by L(φ(t)) class of vector function f(t, x) satisfying the inequality

∥f(t, x)∥ 6 δ(t)∥x∥, (16)

where δ(t) is a continuous perturbation norm for t > t0 and satisfy the condition

lim
t→+∞

δ(t)

φ(t)
= 0. (17)

Theorem 1. If a nonlinear system (15), first approximation of the system (1) satisfy the
condition (2) and perturbation f(t, x) ∈ L(φ(t)), then for any ε > 0 exist Dε > 0 such, that
uniformly for all nonzero solutions of the system (15) are valid the inequality

∥x(t)∥ ≤ Dε∥x(t0)∥e(Ω0(A,q)+ε)(q(t)−q(t0)) (18)

for all t ≥ t0.
Proof. As is well known solutions of the perturbed system (15) satisfy the equation

x(t) = X(t, t0)x(t0) +

t∫
t0

X(t, s)f(s, x(s))ds. (19)

We fix ε > 0. From (8) follows the inequality

∥X(t, t0)∥ ≤ Dε1e
(Ω0(A,q)+ε1)(q(t)−q(t0)) (20)

where
ε1 =

ε

3
, Dε1 > 0.

Using (16) and (20) estimating the norm (19) we obtain the inequality

∥x(t)∥ ≤ Dε1e
(Ω0(A,q)+ε1)(q(t)−q(t0))∥x(t0)∥+

t∫
t0

Dε1e
(Ω0(A,q)+ε1)(q(t)−q(s))δ(s)∥x(s)∥ds (21)

for all t > s > t0.
From (21) follows the following inequality

y(t) 6 Dε1∥x(t0)∥+
t∫

t0

Dε1δ(s)y(s)ds (22)
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where
y(t) = ∥x(t)∥e−(Ω0(A,q)+ε1)(q(t)−q(t0)).

From (22) we obtain, that

y(t) 6 Dε1∥x(t0)∥e
t∫

t0

Dε1δ(τ)dτ

or

∥x(t)∥ 6 Dε1∥x(t0)∥e
(Ω0(A,q)+ε1)(q(t)−q(t0))+

t∫
t0

Dε1δ(τ)dτ

.

Consequently, by virtue of (3) follows, that

∥x(t)∥ 6 Dε1∥x(t0)∥e
(Ω0(A,q)+ε1)(q(t)−q(t0))+

t∫
t0

Dε1
δ(τ)
φ(τ)

dq(τ)

. (23)

From the condition (17) follows, that exist such T ≥ t0, that for all t ≥ T ≥ t0 have place
the inequality

Dε1

δ(t)

φ(t)
< ε1.

Then from (23) we obtain the following inequality

∥x(t)∥ 6 Dε1Dε∥x(t0)∥e(Ω0(A,q)+2ε1)(q(t)−q(t0)),

where

Dε =

exp(
T∫
t0

Dε1δ(τ)dτ)

exp(ε1(q(T )− q(t0)))
.

Now supposing Dε ≡ Dε1Dε and considering, that 2ε1 < ε we obtain, that for all nonzero
solutions of the system (15) uniformly the inequality (18) for all t > t0. Theorem 1 is proved.

Note, that generalized upper singular exponent with respect to q, is stable up of a
asymptotic characteristic linear system (1) with the condition (2) in the class L(φ(t)). The
following assertion holds.

Theorem 2. If a linear system (1) with the condition (2) have negative generalized
upper singular exponent with respect to q, then zero solution of the nonlinear system (15)
asymptotically Lyapunov stable as t → +∞, where perturbation f(t, x) ∈ L(φ(t)).

Proof. In fact, for all nonzero solutions of the system (15) is valid uniformly the inequality
(18) for all t ≥ t0 and linear system (1) with the condition (2) have negative generalized upper
singular exponent with respect to q, hence follows assertion. Theorem 2 is proved.

Such (18) means by the definition exponential stability with respect to q, as t → +∞, zero
solution of nonlinear system (15) then we have the following statement to clarify Theorem 2.

Theorem 3. If linear system (1) with the condition (2) have negative generalized upper
singular exponent with respect to q, then zero solution of nonlinear system (15) exponential
stable with respect to q, as t → +∞.
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Example. Consider the differential equation

ẋ =
sint− 2

t
x+ f(t, x), x ∈ R

where f(t, x) is a continuous function in t ≥ t0 ≥ 1 and continuously differentiable with x
function such, that f(t, 0) = 0.

Equation of the first approximation

ẋ =
sint− 2

t
x+ f(t, x)

has generalized upper singular exponent

Ω0(q) = −1, q(t) = lnt, t ≥ t0 ≥ 1.

Therefore, when the following condition is satisfied

|f(t, x)| ≤ δ(t)|x|, tδ(t) → 0, t → +∞

zero solution of the nonlinear differential equation is asymptotically Lyapunov stable as
t → +∞.

4 Conclusion

Defined the upper and lower generalized singular exponents of linear systems of differential
equations in critical cases of singular exponents. Established the uniform upper bound for
solutions of nonlinear system of differential equations in a defined class of nonlinear differential
systems. We found a sufficient condition for the asymptotic stability of the zero solution of
the nonlinear system of differential equations. The generalized exponential stability of the
zero solution of the nonlinear system of differential equations was established.
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