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Generalized singular exponents linear system of differential equations

Consider a finite-dimensional linear homogeneous system of differential equations with continuous
bounded coeflicients in an infinite interval in critical cases of singular exponents. We introduce
generalized singular upper and generalized singular lower exponents of the finite-dimensional linear
homogeneous system of differential equations with continuous and tending to zero coefficients in
an infinite interval. Formulas for calculating the generalized upper and generalized lower singular
exponents of the linear homogeneous system of differential equations with continuous and tending
to zero coefficients in an infinite interval were found. Introduced the asymptotic characteristics of
linear homogeneous systems of differential equations are used for researches of nonlinear systems
of differential equations. With the first approximation method investigated non-linear system of
differential equations and uniform upper bounds of solutions of nonlinear differential equations in
a defined class of nonlinear differential systems were established. We found sufficient conditions
for asymptotic stability of the zero solution of the nonlinear system of differential equations.
The generalized exponential stability of the zero solution of the nonlinear system of differential
equations was established.
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O6o06IIIeHHBIE 0COObIe MoKa3aTe I JUHEHHON’
cucreMmbl guddepeHnaIbHbIX YPaBHEHUN

PaccmarpuBaercs KoHeYHOMepHas JIMHEHHAs OJHOPOAHAsA cucTeMa nuddepeHInaJIbHbIX ypaBHe-
HUIl C HENPEPBIBHBIMU OIPAHUYEHHBIMU KO3(MduUimeHTaMu Ha OECKOHEYHOM ITPOMEXKYTKE B KPU-
THUYECKUX CJIydasX OCOOBbIX IoKazareseil. Beomsrcs 0bobmeHHOE 0c000€e BepxHee u 0DODIIEHHOE
0co00e HUKHEE TIOKA3ATE I KOHETHOMEPHON JIMHEIHO! 0THOPOIHON CUCTEMBI M hePEeHITNATBHBIX
yPpaBHEHUI C HEIIPEPHIBHBIME, CO CTPEMSIITEHCcs K HYJII0 KoddduiimeHTaMu Ha 6eCKOHETHOM IIPOMe-
xkyTKe. Haiijiens! hopMysIsl Jj18 BIYHUCIeHNs 00001IIeHHON BepXHell 1 0000IeHHOI HI2KHEe 0COOBIX
oKa3areJieil TMHEIHON OIHOPOIHON cucTeMbl Aud depeHnnabHbIX YPABHEHUN C HElIPEPBIBHBIMA
U CO CTPEMSIIIIUMUCS K HYJII0 Ko3dduimeHTaMu Ha OECKOHETHOM ITPOMEXKYTKe. BBeIeHHbIE acuMII-
TOTHYECKHE XAPAKTEPUCTUKU JIMHEWHON OIHOPOMHON crucreMbl auddepeHnnaabHblX yPaBHEHUA
[IPUMEHSIOTCS [IJIsl UCCIIe0BAHUs HeJUHeHO! cucTteMbl nuddepeHInanbibiXx ypasuenuii. Mero-
JIOM TIEPBOTO TIPUOJIMKEHUSI UCCJIeIOBaHa HeJnHeliHas cucteMa auddepeHIna bHbIX YpaBHeHT T
U YCTAHOBJIEHA PAaBHOMEDPHAasi OIIEHKa, CBEPXY PeIleHuil HeJIMHEITHON cucTeMbl uddepeHIna bHbIX
ypaBHEHUIl B OIPEEJIEHHOM KJlacce HeJMHeHHbIX mauddepeHnua bHbx cucreM. Haiineno mocra-
TOYHOE yCJIOBAE ACHMIITOTHIECKON YCTOWIMBOCTH HYJIEBOTO DEINeHUs HEJIUHEHHON cucTeMbl nud-
depennmaabubIX ypaBHenuil. [IpuBenen 0600meHHAsT SKCIIOHEHITHAIbHAS YCTONIUBOCTD HYJIEBOTO
pelennst HeJTMHEHHOH cucTeMbl TudOepeHnnaIbHbIX YPaBHEHHIA.

KurogueBbie ciioBa: nuHeitHble tuddepeHIaibHble CUCTEMBI, OCOObIE ITOKA3aTeN, HEJINHETHbIE
nuddepeHIuaibHble CUCTEMBI, YCTONINBOCTD, ACUMIITOTHYECKAsT YCTONINBOCTD
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Mup3saxymnosa A.E., Annaxkaposa M.M., Monnabexk 2K.T., Ommudexos T.M.
ChI3bIKTHI auddepeHNnAIAbIK, TeHAeYyJIep »KyieciHin
XKaJIIbLJIaMa epeKIlle KepceTKimnrepi

Koaddurmenrrepi yaimicci3 meHeares akpIpJibl OJIMIEM/Il ChI3BIKTBI OipTeKTi aud depeHna bk
TEHJIEYJIep YKYHECiHIH aKbIPChI3 apaJIBIKTa €PEKINe KOPCETKIMTEPl ChIHYU Karaiapaa KapacTbl-
peutagel. Koadbdunmentrepi y3imiccis, Hesre yMTBUIATBIH aKbIPJIbI OJIMEMIl CHI3BIKTHI OipTeK-
Ti muddepeHnmaaabK TeHaeyaep *KYHeCciHiH aKbIPChI3 apaJIbIKTa YKAJMbIIaMa epeKIne KOFaprbl
2KOHe JKaJblIaMa epeKIlie TOMEHTI epekIie KopceTKimrepi enmaipineni. Koaddurmentrepi y3imicciz
JKOHE HOJII'e YMTBIJIATBHIH CBI3BIKTHI OipTeKTi auddepeHnuaiiblK, TeHIeyIep KyHeciHiy aKbIpChI3
apaJbIKTa KaJITbLJIaMa epeKIlle YKOFapFbl XKoHe »KaJIIbLJIaMa epeKIlle TOMEHT1 epeKkIie KOpCeTKilll-
Tepin ecenreydid dopMmysiagapbl TadbburaH. KearipiireH ChI3bIKTHI OipTeKTi auddepeHnuaibk,
TeHIeyIep KyHeaepiHin acCuMITOTHKAJIBIK, CATATTAYBIIITAPHI CHI3BIKTHI eMec M depeHITnAIIbIK,
TeHgeyJIep XKyliejaepid 3eprrerenie KoJaaabuiaabl. ChI3bIKThI eMec uddepeHuaIblK, Kyheaep-
JIH aHbIKTAJFaH KIACKIHIA OIPIHII XKYBIKTay 9JIiCiMEH CHI3BIKTHI eMec TudOepeHIInaIbK TeH Ie-
yJaep XKyi#ecinig menriMaepiHin KorapblIaH OipKAJIBIITHI Oaraaaybl OPHATHLIFAH KOHE CHI3BIKTHI
eMec uddepeHIuaIbIK, TeHaeyep xKyieaepi 3eprresred. Co3bIKTHL emMec audepeHnaibIk,
TeHJIeyJIep YKYHeCiHIH HOJIIK IIelTiMiHIH AaCHMITOTUKAJBIK, OPHBIKTBLIBIFBIHBIH, XKETKITIKTI TIapThI
tabbLral. ChI3BIKTBI eMec AuddepeHnnaiablK TeHaeyIep KyHeciHid, HoIaiK meniMiHiH >KaJIbl-
JlaMa, 9KCIIOHEHTINAJIIBIK, OPHBIKTBLIBIFBIHBIH Oe/rici KeaTipiareH.

Tyitin ce3mep: ChIBLIKTHI AU @EPEHITUAIBIK, KYHeIep, epeKIne KOPCETKIITeD, ChI3bIKTHI eMeC
muddepeHnnaIablK, KyiieJep, OPHBIKTHLIBIK, aCUMITOTHKAJIBIK, OPHBIKTHLIBIK,

1 Introduction

The upper and lower singular exponents of the differential system introduced in the works [1,
2]. History of the discovery of these important asymptotic characteristics is contained in |[3].
Detailed information about singular exponents of a homogeneous system of linear differential
equations with bounded continuous coefficients is contained in the book [4] and review in [5].
In this paper, singular exponents of the differential system is investigated in critical cases,
i.e., for zero values of these characteristics. Definition of generalized exponential stability of
the zero solution of the nonlinear system of differential equations is given in [6].The work is
closely related with the work [7].

2 Linear system of differential equations
Consider linear homogeneous system of differential equations

= A(t)x,z € R",t > tg (1)
where A(t) is a continuous matrix and satisfies the condition

A < Cap(t), t = to, (2)
where C4 is a constant depending on the choice of matrix A, (¢) is a positive continuous
function on the interval [ty, +00) and these function such, that,

+o0

tlim ©(t) = 0 and integral I(p) = [ ¢(s)ds are diverges.
—00 i

ISSN 1563-0285 KazNU Bulletin. Mathematics, Mechanics, Computer Science Series Ne1(88) 2016



Generalized singular exponents linear system of differential equations ... 49

Denote by

alt) = [ es)as. ®)

to

Definition 1. Constants n(q) and N(q) are called respectively generalized lower and
generalized upper exponents with respect to ¢ for system (1) with condition (2), if for any
e > 0, for all nonzero solutions z(t) of the system (1) is performed the estimation

=)l
[(s)]

for all t > s > ¢y, where Dy. d, . are constants, depending on the choice of N(q), n(q)
e > 0 and function ¢(t) defined by the formula (3).

The set {N(q)} generalized upper constants of the system (1) is called upper class of the
system with respect to ¢ and denoted by the symbol By(A, q).

The set {n(q)} generalized lower constants of the system (1) is called lower class of the
system (1) with respect to ¢ and denoted by the symbol Hy(A, q).

Definition 2. Number

dnecexp{(n(q) —€)q(t)} <

< Dycexp{(N(q) +€)q(t)} (4)

Qo(A,q) =  inf  N(q) (5)

N(q)€Bo(A,q)

is called a generalized upper singular exponent of the system (1) with respect to gq.
Number

wo(A,q) = sup  n(q) (6)
n(q)€Ho(A,q)

is called a generalized lower singular exponent of the system (1) with respect to g.
From definition 1 it follows, that is valid the inequality

wo(A,q) <Q(A,q) (7)

Remark 1. If we consider linear system (1) with continuous bounded coefficients without
the condition (2) and ¢(t) = t, then the generalized singular exponents will convert to
numbers, entered by Bohl-Persidskii.

Note, that for any ¢ > 0 exist D, > 0 and d. > 0 and for Cauchy matrix of the linear
system (1) with the condition (2) are valid the inequalities

| X (t,t0)|| < DoelotAatelat)=alto)) 5
and
N A )

for all t > t,.
Remark 2. Singular exponents of Bohl and Persidskii of the system (1) satisfying the
condition (2) are equal to zero, i.e., occurs critical cases.
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Lemma 1. Generalized upper singular exponent of the system (1) with respect to ¢,
satisfying the condition (2) defined by the formula
— In||X(t
g T BIXE]
t=s—+oo q(t) — q(s)
Proof. From the inequality (8) follows, that for any ¢ > 0 for all ¢ > s > t; is valid the
inequality

In || X (¢, )| < In D,
q(t) —q(s) ~ a(t) —q(s)
Consequently, take place the inequality

— In[|X(t,s)]
Iu , lm 70 —a5) = Q(A,q) +¢

+Q(A,q) +¢ (10)

Hence, turn to € — 0 we obtain the inequality
1< Q(4,9) (11)
We will prove that take place and the converse inequality. Such that
o Bl
t=s—+oo q(t) = q(s)
then, for any € > 0 exists  —5 > 0 and for all t — s > ¢ — 5 > 0 is valid the inequality

X L

q(t) —q(s) —

It follows that,
1X(t,s)| < eltela®)=a)

In respect that the segment [to, ], we obtain, that for £ > 0 exist D. > 0 and for Cauchy
matrix of the linear system (1) with the condition (2) is valid the inequality

1X(t, 5)|| < Doelrra-a)

for all ¢ > s > ¢, Such number Q4(A4,¢q) is a infimum of numbers performing such
estimation, then occurs the inequality

Qo(A,q) < (12)

Combining the inequalities (11), (12) we obtain the required assertion. Lemma 1 is proved.
Lemma 2. Generalized lower singular exponent of the system (1) with respect to ¢ ,
satisfying the condition (2) is defined by the formula
In || X (¢
(A )= lm KOS
t—ssto0 q(t) — q(s)
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Proof. From the inequality (9) follows, that for any ¢ > 0 for all ¢ > s > t is valid the
inequality

Ind.
q(t) —q(s)
Consequently, take place the inequality

In || X (¢
= RIXE)]
t—s—too () —q(s)
Hence, turn to € — 0 we obtain the inequality
We will prove that take place and the converse inequality. Such that

V= lim In || X (¢, )|l
t—sto00 q(t) —q(s)

In || X(Z, 5)|l

+wo(A,q) —e < m

> WO(A7 Q) — €

then, for any € > 0 exists t —5 > 0 and for all t — s >t — 5 > 0 is valid the inequality
In [|X (2, 5)] B
q(t) —q(s) ~

E.

or
| X (¢, )| > e a®)=als)

for all t — s > ¢ —5 > 0 In respect that the segment [to, ], we obtain, that for ¢ > 0 exist
d. > 0 and for Cauchy matrix of the linear system (1) with the condition (2) is valid the
inequality
X (t,s)|| > d_eO=9)at)=a())
for all t > s > ¢y Such number wy(A4, q) is a supremum of numbers performing such
estimation, then take place the inequality

wo(A,q) > (14)

Combining the inequalities (13), (14) we obtain the required assertion. Lemma 2 is proved.
Lemma 3. Equality

QO(A7 Q) = _WO(A7 Q)
holds if and only if
{N(@)} = —{n(e)}

Proof. From the inequality (4) follows, that for any ¢ > 0, for all nonzero solutions z(t) of
the system (1) occurs the inequality

(1)
[(s)]]
< Dycexp{(—n(q) +¢)q(t)}

Hence, using definition of the generalized singular exponents, we obtain the required
assertion. Lemma 3 is proved.

dpcexp{(—N(q) —e)q(t)} < exp{(=1)(N(q) +n(q))q(t)} <
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3 Nonlinear system of differential equations

Consider nonlinear system of differential equations
T=At)r+ f(t,x),z € R",t € [ = [ty, +0), (15)

where A(t) is a continuous matrix for ¢ > ty and satisfy the condition (2), f(¢,z) is a
continuous vector function in the domain G = I x R" and f(t,0) = 0.
Denote by L(p(t)) class of vector function f(¢,z) satisfying the inequality

LF () F < o)l (16)
where () is a continuous perturbation norm for ¢ > ¢, and satisfy the condition

i) _
Ao Y (17)

Theorem 1. If a nonlinear system (15), first approximation of the system (1) satisfy the
condition (2) and perturbation f(t,z) € L(¢(t)), then for any € > 0 exist D, > 0 such, that
uniformly for all nonzero solutions of the system (15) are valid the inequality

||:r(t)|| < D8||x(t0)||e(ﬂo(qu)wLe)(q(t)—q(to)) (18)

for all t > t,.
Proof. As is well known solutions of the perturbed system (15) satisfy the equation

t
z(t) = X(t,to)x(to) + /X(t, s)f(s,x(s))ds. (19)
to
We fix € > 0. From (8) follows the inequality
X (2, )] < Doy PAD T 010) (20)
where
€1 = 3’ D, > 0.

Using (16) and (20) estimating the norm (19) we obtain the inequality

t
Hx(t)H < Dgle(QO(A’q)“l)(q(t)*q(m))Hx(to)H +/D51€(90(A,q)+61)(q(t)q(s))5(5)Hx(3)HdS (21)
t

0

for all t > s > t.
From (21) follows the following inequality

y(t) < De [l (to)l +/Dsl5(8)y(5)d8 (22)
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where
y(t) = [|=(t)|| e~ (Qo(A9)+e1)(a(t)—a(to))

From (22) we obtain, that

ftD€1§(T)dT
y(t) < De, ||z (to)][e

or

(Q(Aq)+e1)(a(t)=q(to))+ | De, 6(r)dr
lz(t)|| < De,||z(to)|le o

Consequently, by virtue of (3) follows, that

(R0(Ag)+en)(a(O)—a(to))+ [ Doy 2 dg(r)
tO .

[z()]| < De, [|(to) e (23)
From the condition (17) follows, that exist such T > ¢, that for all t > T > ¢, have place

the inequality

i _,
Dey o(t) ="

Then from (23) we obtain the following inequality

12(t)]| < De,De||z(to)||e oA +2=0(at)~alto)

Y

where

exp(f D., 6(T)dr)

PR to

exp(e1(q(T) — q(to)))

Now supposing D, = D,, D, and considering, that 2e; < ¢ we obtain, that for all nonzero
solutions of the system (15) uniformly the inequality (18) for all ¢ > ;. Theorem 1 is proved.

Note, that generalized upper singular exponent with respect to ¢, is stable up of a
asymptotic characteristic linear system (1) with the condition (2) in the class L(y(t)). The
following assertion holds.

Theorem 2. If a linear system (1) with the condition (2) have negative generalized
upper singular exponent with respect to ¢, then zero solution of the nonlinear system (15)
asymptotically Lyapunov stable as t — +o00, where perturbation f(¢,z) € L(p(t)).

Proof. In fact, for all nonzero solutions of the system (15) is valid uniformly the inequality
(18) for all t > ¢, and linear system (1) with the condition (2) have negative generalized upper
singular exponent with respect to ¢, hence follows assertion. Theorem 2 is proved.

Such (18) means by the definition exponential stability with respect to ¢, as t — 400, zero
solution of nonlinear system (15) then we have the following statement to clarify Theorem 2.

Theorem 3. If linear system (1) with the condition (2) have negative generalized upper
singular exponent with respect to ¢, then zero solution of nonlinear system (15) exponential
stable with respect to ¢, as t — +o0.
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FExample. Consider the differential equation

nt — 2
i‘z%x—irf(t,x), rER

where f(t,z) is a continuous function in ¢ > tq > 1 and continuously differentiable with x
function such, that f(¢,0) = 0.

Equation of the first approximation

nt — 2
m’z%aﬁ—f(t,x)

has generalized upper singular exponent

Therefore, when the following condition is satisfied

(8, 2)| < 6()]z], to(t) = 0, t = 400

zero solution of the nonlinear differential equation is asymptotically Lyapunov stable as
t — +o0.

4 Conclusion

Defined the upper and lower generalized singular exponents of linear systems of differential
equations in critical cases of singular exponents. Established the uniform upper bound for
solutions of nonlinear system of differential equations in a defined class of nonlinear differential
systems. We found a sufficient condition for the asymptotic stability of the zero solution of
the nonlinear system of differential equations. The generalized exponential stability of the
zero solution of the nonlinear system of differential equations was established.
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