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On the stability of a difference scheme for the three-phase non-isothermal
flow problem

The article presents a study of stability of a finite difference scheme in terms of initial values
and right-hand sides of the equations for the problem of three-phase non-isothermal flow in
homogeneous isotropic porous media without capillary, gravitational forces and phase transitions.
It is assumed that oil is homogeneous non-evaporable fluid, and phases are in local thermal
equilibrium which means that fluids saturating the porous media and the rock have the same
temperature in any elementary volume. The model describing this process consists of the mass
conservation equation, equation of motion in the form of linear Darcy’s law, equation of state,
and phase balance equation. In the present work, so-called “global” formulation of the problem
is used which is based on the introduction of a change of variables for pressure, called "global
pressure". Using this approach, the original model equations reduce to a system of five partial
differential equations with respect to pressure, temperature, velocity, and two saturations. The
stability analysis of the scheme is carried out using the method of a priori estimates. A priori
estimate for the solution of the difference problem is obtained with limitations on the value of the
time step and the norm of the temperature derivative.

Key words: three-phase non-isothermal flow, finite difference method, stability, non-linear term,
a priori estimate.

Temupbexos H.M., Baiirepees I.P.
UccnenoBanue ycTOMYNBOCTA PA3HOCTHON CXe€MBbI [JIsi 3a4a49u TpeXda3HOui
HEN30TEePMUYIECKON (PUIbTPAIIANA

B pabore mpoBoguTcs mccieoBaHAE YCTONIMBOCTH KOHETHO-PA3HOCTHON CXEMbBI [0 HAYAJIbHBIM
JIAHHBIM U IIPABOI 9aCTU yPABHEHUI CUCTEMBI [IJTsl 3aa9u TPex(ha3HOl HEM30TEPMUIECKON (DUIh-
TpaIUU B OJHOPOIHON M30TPOIHOI cpere 6e3 ydeTa KalWUISAPHBIX, FPABUTAIMOHHBIX CHII U (a-
30BBLIX Tepexo/ioB. lIpeamosraraercs, 1To HeMTH - OJTHOPO/IHAS HEHUCHapseMasi KUJIKOCTh 1 (pa3bl
HAXO/ISITCSI B JIOKAJIbHOM TEILJIOBOM PaBHOBECHU, IIPU KOTOPOM (DJIFOU/IBI, HACKIIIAIOIIIE TTIOPUCTYIO
CpeJy, U TIOPO/Ia MMEIOT OJIMHAKOBYIO TEMIIEPATYPY B JIOO0M d1eMeHTapHOM 00beme. Mosmens, omu-
CBHIBAIOIAS JIAHHBIN IIPOIECC, BKJIIOYAET B ce0s ypaBHEHNE HEPA3PHIBHOCTH, YPABHEHUE [TBUYKEHUS
B BHje JuHeiiHOro 3akona Jlapcu, ypaBHEHHE COCTOSHES U ypaBHEHHE DaJiaHCca HACHIIIEHHOCTEH
da3. B pabore ncrnonb3yercs Tak Ha3biBaeMas «TiobabHasg» MOCTAHOBKA pAcCMATpPUBAEMON 3a-
JIaYU, B OCHOBY KOTOPOI IOJIO?KEHA 3aMeHa, [IePeMEHHBIX JIJIsI JIaBJIeHUsI, Ha3BaHHAs «TJI0OAIbHBIM
JaBjaeHueMs. VIcnoyb3ys JaHHBINA TOJIXO0JI, UCXO/IHBIE YPABHEHUS MOJEJU CBOJIATCA K CUCTEME U3
it TudOepeHInaIbHBIX YPABHEHUN B YACTHBIX ITPOU3BOIHBIX OTHOCUTEIBHO JTABJIEHUS, TEMIIE-
PATYDBI, CKOPOCTH U JIBYX HACBHIIMEHHOCTEH. AHAIN3 YyCTOWYUBOCTH CXEMbI MPOBOJUTCS METOJIOM
anpuopHbIX oneHoK. [loydena anpuopHast oneHka it Pellennsl Pa3HOCTHON 3a/1a9K ¢ OrPaHude-
HUAMM Ha BEJIMYUHY BPEMEHHOI'O Iara U HOPMY IIDOU3BOJHOI TeMIlepaTyphl.

KuroueBble ciioBa: Tpexda3HbIil HEU30TEPMUIECKUIT ITOTOK, METOJ KOHEUHBIX PA3HOCTEH, yCTOM-
YUBOCTb, HEJIMHEHHOE caaraeMoe, allpuopHas OLCHKA.
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Temipbexos H.M., Baiirepees /I.P.
Y1 dpazasnbl n3orepMaibiK, emec puabTpalus ecebi YIliH albIpbIMABIK, CYJI0aHbBIH
OPHBIKTBIJIBIFBIH 3€PTTEY

Byt xxymbicTa 6ipTeKTi H30TPONTHI OPTA/a KAIMJISPJIBIK, IPABATAIISIIBIK KYIITEPI] 2KoHe daza-
JIBIK affHAJIBIMIAP/Ibl €CKEPMENTIH YNl (ha3alibl N30TEPMAJIBIK eMec (DUIbTpaIis ecedl YINiH aKbIp-
JIBI afibIPBIMIBIK, CYJI0AHBIH, OACTAIKbI IIIAPTTAPBI MEH XKYiie TeHJIeyJIePIHIH OH KaKTaphbl OOIBIHIITA
OPHBIKTBLIBIFBL 3epTTee/ll. Byl )KymMbIcTa MyHail - 6ipTekTi Oy/laHyFa YIIbIpAMARTBIH CYHBIKTHIK,
2KoHe (azaiap JOKAJIbI XKbITY Tele-TeHIKTe, SFHI OPTAHBIH 9POIp 9JIeMEeHTaPJIbl ayMAFbIHIA MY-
Hail KaTIaphl 2KOHe OHbI KAHBIKTHIPATHIH (DIIIONITEP/IIH TeMIIepaTypachl bip/eit 60IaThIHbL yitFa-
pbLIaIbl. Byut ypaicTi cumaTTaiThIH MOJIETb Y3KCI3AIK TeH ey, ChI3bIKTRI Jlapcu 3aHbl Typineri
KO3FaJIbIC TeHJIeY1, KYil TeH ieyi MeH (da3aiap/IblH KAaHBIKTHIK, OaJIaHChI TeHIEYIePiHEH TYpabl. By
KYMBICTa KAPaCTBIPBLILII OTHIPFAH €CEIITiH “TI00a b’ KORBIIBIMBI Maiiaaaanaabl, o1 “Taobaabl
KBICBIM JIell aTaJIaThlH aflHBIMAJIBIHBI ayBICTBIPYALI €Hri3yre Herizmenared. byur Tociial maiinata-
HBIII, MOJEJIB/IIH OACTAIKBI TEHAEYIePi KbICHIM, TEMIEPATYPA, YKBIIJAM/IBIK KOHE €Ki KAHBIKTHIK,
yIIiH 6ec jepbec TYBIHABLIBI audhepeHualIblK, TeHIeY/IeH TYPaThiH XKyiiere Kearipijges. AKbip-
JIbI afibIPBIMJBIK, CY/I0a OPHBIKTBHIIBIFBIHBIH aHAJIN3]1 alpHOpJIbl Oarajay oJiciMeH Kyprisiiesi.
AKBIPJIBI AfBIPBIMJIBIK, €CENTIH MIeNiMi YIMNH yakKbIT KaJaMbl MEH TEeMIIEpPaTypa TYbIHJIBICHIHBIH,
HOPMACHIHA KOUBLIFAH IEKTEYJIEPMEH AIPUOPJIbI Oarasiay aIbIHIb.

Tyiiin ce3zep: yur (pa3aibl H30TEPMAJIBIK, €EMEC aFbIH, AKBIPJIbI ABIPBIMIAD O/1iCi, OPHBIKTHIIBIK,
CBI3BIKTHI €MeC KOCBLIFBII, AIIPHOPJIbI Oarasay.

1 Introduction

The models describing non-isothermal multi-phase flow in porous media have received
significant attention in applied mathematics recently. For example, different approaches to
the numerical solution of the multi-phase non-isothermal flow problems have been studied
in [1, 2, 3,4, 5,6, 7]. In [7], a new “global” formulation of the three-phase non-isothermal
flow problem is proposed, which is based on the introduction of a change of variables for the
pressure, called “global” pressure, to eliminate the gradients of capillary pressures from the
equations for pressure and temperature. This approach was initially proposed in [8, 9] for
two-phase and three-phase isothermal flows.

In this paper, we consider a three-phase non-isothermal flow of immiscible fluids in
homogeneous, isotropic porous media without capillary and gravitational forces. The system
of equations describing three-phase non-isothermal flow is considered under the assumptions
that the movement of phases obeys a linear generalized Darcy law, the phases are in the
local thermal equilibrium, which means that the fluids saturating the porous media and the
rock have the same temperature in any elementary volume. Furthermore, oil is assumed to
be a homogeneous non-evaporable fluid and the oil reservoir consists of a single rock. In this
case, the model describing this process is usually consists of the mass conservation equation,
Darcy law, energy equation, equation of state, and an equation for balance of saturations.
Using the approach, proposed in [7], the original equations of the non-isothermal model are
reduced to a system of partial differential equations with respect to pressure, temperature
and two saturations. We study a finite difference scheme for the considered problem. A priori
estimate, showing the stability of the difference scheme with respect to the initial data and
right-hand sides of equations, is obtained.
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2 Formulation of the problem

We consider the problem of three-phase non-isothermal flow in the domain Qr = Qx |0, t1],
where 2 = [0, [] x [0, {] is a square with boundary I" [7]:

oT
dp oT
o=V (VD) = Bros + . 2)
O5a _ V- (VD) = fo, a=w, o, (3)
0t
— _AVp (4)
with initial and boundary conditions
T(I’,O) :T07 p(J}',O) = Po, Sa (I,O) = Sa0; (5)
oT dp
~kns| =0, —kyoo| =0 (6)

where subscripts w, o, g denote the phases of water, oil and steam; 7" is temperature; p is
pressure; s, is the saturation of the phase a; cp, A, ky, kp, Br, Vo are some functions of the
space variable and time for which the following conditions hold:

co < (e, A, kn, kp, Br, vo) < c1. (7)

To solve the problem, we use the finite difference method. Let us introduce a uniform grid
W, with the steps in the spatial variable hy = ho = h and time 7 in QT

Whr =W X w, ={(x,t): z€w, t€w,},
W= X Ws, = {alm =inh: in=0,1,.., Ny, Nyh=1},
ET:{tn:m’: n=0,1,..., Ny, Nq=11}.

We associate the following difference scheme with the differential problem (1)-(6) in @y,

erTy + MT = fr, (8)

pe + Nop = BTy + fp, (9)

Sat + */\30413 = fom a=w, o (10)
with the initial conditions

T? =T, P} =Do; Sei=Sa0 (11)
where Ap = AV + AP Ay = AN+ AP Az =AY + AP,

_% (Aﬁfm)(—’—lm) witm - %kf(l—i_lm Tm Tm = U,
Agm)w - _% ()\ﬁim)(+lm) wxm 1 (Apm) wafm (khwl’m) m Lm € (JJm,
_% ()\]55 )wxm + khwzm7 Tm =L,
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27.(+1m) _ 2 (+1m)
(m) ThE " Wans I = (m) —pla Wy Tm =0,
A2 w = - (kpwfm)xm ; Ty € Wiy A3a w = - (Vawfn)xm y T € Wi,
27 2~ —
skpws,, T =1, FUaWs,,, T =1,

and w,, is a set of internal nodes of the grid @,,. Here and below we use the notation accepted
in [10]. Let us define norms and a dot product as follows:

2 2 2 2 2 2 2
lwllo = (w, w)z, [Vl = llws o + l[wellg,  wlly = [Vwllg + l[wllg .

w?

oz 2= 3N w?, () B w2 = ZZw

w+ w2 w1 w
(0, w)] N .
el o = sup == vl = maxfw @), (w, @)g = > D w(@)w () h?,
w 1 — —

{x’m =inh, im=1,..., Ny, th:l}.

For sunphClty, we also assume that the following conditions hold:
(fT7 1)@ = (fp? 1)5 = 07 (p7 1)5 = 157 (T7 1)5 = T (12>
3 Investigation of the stability of the difference scheme

Lemma 1. The following estimate is valid:

(A, vl > 8 (I ol — (v, 1)2). (13)

Proof. Using the difference analogue of Green’s formula and conditions (7), we obtain:

(AQUa U)w - (I%PUEN U@) tym, T (l%pvfzv U@)* + = Co ||VU||3 (14>

wq Xw2 w1 ><w2
Further, using the Poincare inequality and the definition of the norm ||v||,, we obtain:
2
IVolls > 2 (lolly = 1Vellg) = 55 (v, Dz

which implies
2
Te] (v, 1)2. (15)
Substitution of (15) into (14) gives the lemma.

2 2 2
190l > 5 el -

Lemma 2. The following estimate holds:
N 1 c N
(Asow, ) < SerMe [Vullg + o [V, > 0.
Proof. Indeed,

<A3aw’ ID) - (Vawfla wfl) T (Vawigv UN]EQ)

wq Xwa x

W1Xwy —
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ClME‘:
2

2 C1 ~ 112
Vwl} + 5 73]

o 2 1 ~ 2 " 2 1 ~ 2
<o | = llws g+ 2 |z, |5 + 5 |wa, |5 + 20 [0z, g | <

We now obtain an a priori estimate for the solution of the difference problem (8)-(11).
Let us multiply the equation (9) by 27p:

1115 = 115 + 72 lpell§ + 27 (Aeb, By = (BrTh, 27D)g + (s 27D) (16)
and evaluate the inner products using Lemma 1, Cauchy inequality, and conditions (7):

41cq

27 (o, D)5 = - (P Il — (B, 1)Z)

) ) T )
(BT, 27p)g| < 27er [Tl 1Dllp < o IT2lg + Mureter 1817

~ o T 2 A2
|(for 27D) 5] <27 1 fplly 1Bllg < — [1Fpl12, + MaTea || -
€2

Here and below M; denote some positive numbers not depending on h and 7. Applying
these inequalities to (16), we obtain:

47cy

2 (», 1)2 (17)

~112 2 2 ~(12 — 2 — 2
1Bl — lIpllo + 7 llpellg + Mir Bl < e 7 I Tellg +e2 7 1fll 2, +

with M{ = (4/3)60 — Mlcfel — M1€2.
Let us multiply the equation (10) by 275, for a = w, o:
13allo = Isally + 7% 15a.tll + (Asads 278a)5 = (fas 2750)5 (18)

and evaluate the inner products in (18) using Lemma 2, Cauchy inequality and conditions
(7):

A A A TC A

27 | (Asab, 8a)5] < TerMaes [PI + — 11V3all5

3

~ ~ 2 ~ 12
27 |(far Sa)zl < 27 [ fall -y [1Bally < 7fallZy + 7 l15allo-

Using these inequalities, we obtain from (18):

A N2 2 2 2 TC A N2 2 A 112
13allo = Isallo + 72 Isally < Te1 Maes [|p]]] + . Vsallg + 71 fallZ1 + 7 l|3all; -

Using the inequality || Vv||2 < = |[v]|2, valid for any grid function defined on a uniform
grid, we obtain:

87¢y A2 2 2 112 2
(1= 7= S8 Uull — sall + 7 sl < resaca 517 + 7 Aol

Choosing g3 and 7 < 79,

€3h2

T = —>,
0 861 + €3h2
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we obtain the inequality
A2 2 2 12 2
13allg = Ms lIsally + Mam* l|sally < 7Ma (&3 1511 + [1fallZ,) - (20)

Similarly, we multiply the equation (8) by 27T

2
o (2] - 1+ 72 iiE) —2r 3 () ) <
m=1 om

w

2

<r Z( AT, T +Tz:(m Tr,. T) +(fr. 7). (21)

m=1

and evaluate the inner products in (21) using Poincare inequality, Cauchy inequality and
conditions (7):

) 4
,T) > 276, HVTH TCO <12

2 N 2
T —(T,l)),
1 w

, 2
A(F1m) ("Flm)Tw T) E ()\ T A) < 2relM 2: & HVTH HTH =
TZ( Dz - +7 Pt Tm = ran — ozl 0 °

m=1
2 2, Tl M
<7y €4||Vp||0+ ‘ ) < terMaey |plly + ‘
. - Mt
(7)o et 2
Applying these inequalities to (21), we have:
~ 12 4¢, M et M? | 12 ~ 12
la —||T||§+72||Tt||§+r(—”——1—# 1) 2] <
0 3 CoEs CoE4 1 1
T01M1€4
< T T g+ g (T1). (22)
Combmlng the estimates (17), (20), (22), we obtain:
. 112 1 4e M M2 |- NP
7] - i (1= 2 it e (B2 - 2 - 2 7| [+
0 a7 3 Co€s CoE4 1 1
. 2 4C 2
Bl = lIpllg + 7> llpell + 7 < — Micier = Miey — 2Maes | [IpIf; +
+ Z [3allo = M3 Z [sallo + Ms7® D lisaallg <
T01M1€4 2 4TCO 2 857'
IplE + 575 (7. 1)+ 3 (5 D2+ 0 el +
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-
+= 1ol + Maeam D | fall?y - (23)
Choosing 7, 1 and €5 from the conditions
cier +ea < 2M7 1 ((2/3)co — Myes) (24)
el << (25)
with 79, defined in (19), and assuming that the condition
4 M M 1 112
ﬂ__1<cl 1+—) Tl >0 (26)
3 Co €4 €5 1

holds for some €4, €5, we obtain from (23):

~ 2 ~ (12
TH 5|2 ol + M TH M |I]2 <
7], + 1005+ 3 el + 7 7]+ 2t ol <

2 2 o T Mgy 2 &E5T 2
<75+ llplly + Ms > sally + v Iplly + o Sl +
-
+, £l + 90 + Mazar > (1fall?y (27)

where vy = ?‘)1772 <T + coﬁ>. Summing the inequality (27) over n’ from 0 to n, we obtain:

7 g+ et llg + D2 Mlsat llg + I+ 1+ o1l <

a=w,o

<M (’Yo + 1 Tollg + llpolls + > (lsaollg + fally) + 1fz 12, + ”fp”2—1) : (28)
Thus, the following theorem is proved.
Theorem. Under the conditions (7), (12), (24)-(26) the following inequality holds for the
solution of the difference problem (8)-(11):

T+ s+ il + [sa e < M (ITollg + llzolly + swollg + lseollf) +

2 2 2 2

+M (70 + waH_1 + ”f0||_1 + ||fTH_1 + ||fp”-1) :
The obtained estimate implies the stability of the difference scheme with respect to the initial
data and right-hand sides of equations (8)-(11).

4 Conclusion

Thus, the stability of the considered finite difference scheme is studied in the present paper.
A priori estimate for the solution of the difference problem is obtained under assumptions
on the value of the time step and the norm of the temperature derivative. These restrictions
result from the presence of the nonlinear term in the temperature equation, and the term
with the time derivative of the temperature in the pressure equation. The obtained results
can be used to study the stability of the difference scheme for a model taking into account
capillary and gravitational forces.
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