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About gauge equivalent of the generalized Landau-Lifshitz equation

In mathematics an inverse scattering transformation is a method for solving some nonlinear
equations with partial derivatives. Discovering of the method became one of the crucial events
in mathematical physics in the last 40 years [1]-[6]. The method presents a nonlinear analogue, in
a sense generalized Fourier transformation, which is applied to solve a lot of linear equations with
particular derivatives. Title "inverse scattering problem"is originated from key idea of recovery
time evolution of the potential from time evolution its scattering data: inverse scattering is related
to the problem about recovery of the potential from its scattering matrix, in difference from
direct scattering the problem of finding a scattering matrix of potential. The inverse scattering
transformation can be applied to many co-called exactly decided models, i.e. completely integrable
infinite systems. Firstly it was presented by Clifford S. Gardner, John M. Greene and Martin D.
Kruskal and others (1967, 1974) for Korteweg de Vries equation, and soon spread to nonlinear
Scrodinger equation, sine-Gordon equation and Toda chain equation. Later the method was used
to solve many another equations, such that Kadomtsev-Petviashvili equation, Ishimori equation,
Dime equation etc. Characteristic property of solutions obtained by inverse scattering method is
existence of solitons, solutions reminding as particles as waves, which do not have any analogues
for linear equations with particular derivatives and are applied to nonlinear optics and plasma
physics, and its quantum version describes many-particle system with 6-shaped interaction.

Key words: spin system, soliton, inverse scattering transformation, integrable systems,
compatibility condition, Lax pair.

2Kynycosa 2K.X., Hyrmanosa I''H., Monnanazaposa V.
O kananGpoBOYHOM 3KBUBAJIeHTE 0006mIeHHOTO ypaBueHus Jlannay-JIludmmmna

B maremarnke mpeobpazoBaHmeM OOPATHOIO PACCESHUsI SBJISIETCS METOJ| PEIIeHUs] HEKOTOPBIX
HEJIMHEHHBIX YPABHEHUN ¢ YaCTHBIMUA IPOU3BOAHBIMU. OTKPBITHE JAHHOIO METOJ/A CTAJIO OJHIM
U3 caMbIX BayKHBIX cOObITHIT B MaTeMaTuueckoil dusuke B nocaexane 40 aer [1]-[6]. Merox npen-
cTaBjisieT coOOl HEJIMHEIHBI aHAJIOr, & B KAKOM-TO CMbIcJie 0000IIeHnst npeobpa3oBanust Pypbe,
KOTOPOE caMo 10 cebe MPUMEHSETCS I PEIIeHsT MHOTHX JIMHEHHBIX YPABHEHUH B YACTHBIX TPO-
u3BOAHBIX. Haspanue "meron obpaTHO# 3a1aum paccesHus" IPOUCXOAUT OT KJIFOUEBON HIEH BOC-
CTAHOBJIEHUSI BDEMEHHOI 3BOJIIONAY TOTEHIINAJIA OT BPEMEHHON SBOJIIOIUHU €0 JAHHBIX PACCESTHUSL:
obpaTHOe paccesiHie OTHOCHTCS K 3aJ1a9€ O BOCCTAHOBJIEHUU ITOTEHIINAJIA OT €0 MATPUILI PACCes-
HUsI, B OTJIMYUE OT IIPSIMOTO PACCESHUS 33,1298, HAXOXKIEHUS] MaTPHUIIBI PACCESTHUS OT TOTEHIIAAJIA.
ObpaTHoe peobpa3oBaHue pacCesHus MOXKET OBbITh TPUMEHEHO KO MHOTMM M3 TaK HA3bIBAEMBIX
TOYHO PEIAEMBIX MO/IeJIeH, TO eCTh BIIOJHE HHTEIPUPYEMBIX OECKOHETHOMEPHBIX CUCTEM. BriepBbie
on ObL1 npescrasieH Kimddopaa C. Tapauep, Hxxou M. I'punom, u Maprun . Kpyckamna u ap.
(1967, 1974) nas ypasuenusi Kopresera-je ®@pusa, 1 BCKOPe PACIPOCTPAHSIETCsI HA HEJMHENHOe
ypasuenue lllpenunrepa, ypaBuenue cunyc-l'opmona u ypasaenusi nernodku Toga. [losmuee man-
HBI MeTOJT GBI MCHOJIBL30BAH JIJIsl PEIIeHUs] MHOTUX JIDYTMX YDABHEHUI, TAKUX KaK ypPaBHEHUE
Kamowmresa-IlerBuamsmim, ypasuenne Mmmmopn, ypasuenune um, n tak manee. XapakTepPHBIM
CBOWCTBOM peIIeHn i, OJyIeHHBIX METOJOM ODPATHOI'O PACCESTHUSI SIBJISIETCST CYIECTBOBAHUE CO-
JINTOHOB, PeNIeHNii, HAITOMUHAIONNX KAK YACTHUIBI U BOJHBI, KOTOPbIE HE UMEIOT aHAJIOIOB JIJIst
JIMHEWHBIX YPABHEHUI C YaCTHBIMU I[IPOM3BOJHBIMU U IPUMEHSIIOTCS B HEJIMHENHON OITHKE U B
dusHKe 1Ia3Mbl, a €r0 KBAHTOBBI BApUAHT OMUCHIBAET MHOTOYACTHIHYIO CUCTEMY C O-0Opa3HBIM
B3auMOJECTBUEM.

KuiroueBbie coBa: CIMHOBasi CHCTEMa, COJIMTOH, peobpa3oBaHne 0OpPaATHOTO PACCESHUsI, MWHTE-
IpUpPYEMbIe CHCTEMBI, YCJIOBAE COBMECTHOCTH, mapa Jlakca.
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2Kymnicosa 2K.X., Hyrmanosa I''H., Monnanazaposa V.
Kammneuiama Jlangay-JIndimig Tenaeyinin KaanbpJii 9KBUBAJIEHTTIT TypaJibl

Keiibip chI3BIKTHI eMec 1epbec TyBIHIBLIBI TEHAECYIEP/Il eIy IiH 91ici MaTeMaTHKaaa Kepi ceitiry
TypJieHaipyi gen artaiagbl. Ockl 9iCTiH ambLIybl COHFBI 40 XKbLIIarbl MATEMATUKAJIBIK (DU3UKa-
JIarbl esneyti okuragapabie 6ipi [1]-[6]. Byt ojic e3irinen ChI3BIKTBI €Mec aHAJIOT, ajl Keil MarbiHa-
Ja 1epbec TYBIHJIBLIBI ChI3BIKTHI TEHJIEYJIEPl eIy YIIH KOJIaHbLIaThiH Pypbe TYpJIeHIipyiHiH
KaJmbLuTaybl 6osibin Tabbutaabl. "Kepi ceitity ecebinin omici"araysl ceiiioy 6eplireHaepiHis, yaKbIT
IBOJIIOIUSICHIHAH YaKbIT JBOJIONNSACHIHBIH, MTOTEHIINAIBIHBIH KaiiTa KYPbLTYybIHBIH HETi3r MIesChIH
Kypaiiapl: Tikeseil ceffimyre Kaparamia, TOTEHITHAIAH CEeHiTy MATPUIACHIHBIH TabbLTYy ecebi Kepi
ceftity i ceflily MaTPHUIAChIHAH ITOTEHITHAJIBI KaliTa Kypy ecebife KAThICThI KOJIJaHbLIa bl Ket-
TereH HAKTHI IIEIIJIeTiH MOJIeJI/iepre HeMece MHTETPAJIAHATBIH aKbIPChI3 YKyliemepre Kepi ceitiay
TeHeyep i Kostanyra 6osaapl. Anram per o Knuddopy C. Fapauep, Txxoun M. I'pun, Maprun
. Kpyckau xoue 6ackanapbiven (1967, 1974) Kopreser ge @pus Teneyi v yCbIHBUIIbI, Keiin
Ipemuurepain CHI3BIKTHI eMec TeHaeyine, cunyc-I'opaonHbrH TeHaeyine kome Toma MIBIHAKBIPBIHA
Tapanabl. Keitin ocer omic Kamomnes-Ilersuamsuiu temmeyi, Umumopn teraeyi, Jdum tenmeyi,
T.C.C KOIITEreH TEHJEYJIeP/Ii IIeNTy VIIiH KOJIAHbLLIbI. Kepi ceffimy omici apKbLIbl aJbIHFAH IIe-
MIMIEPIH XapaKTePUCTUKAIBIK, KACHETTEP] OOJIBII COJTUTOHIAP/IBIH, 1ePOeC TYBIHIBLIBI ChI3BIKTHI
TeHJIeyJIepre aHaJOrbl YKOK OOJIIIEeKTep MEH TOJKBIH CEKiJIl IIeniMaepais 6ap 60Iybl caHaIa bl
2KOHE CBI3BIKTHI €MeC ONTUKA MEH TIa3Ma (PU3UKACHIHIa KOJIIaHbLIAIbI, aJl OHBIH KBAaHTTHIK TYPi
O-TypJ1i ©3apa dcepiii KOMOOIIIeKTi Ky HeHi CUmaTTai/Ibl.

Tvyitia ce3aep: criuHIiK Kyiie, COJUTOH, KEPi ceilijly TypJeHIipyl, HHTerpaIaHaAThIH XKyiie, Yii-
JrleciMITTiK TIapThl, JIake »KyObI.

1 Derivative nonlinear Schrodinger equation

Derivative nonlinear Schrodinger equation-I;

compatibility condition of the linear differential equations

b, =Ud (2)
O, =V, (3)

where U, V can be expressed in the form
—¢* 0
i 0 ¢ 0 o e
V= —(2i\ —i|¢g]* N2 4@%( . >+A(, . (3b

Derivative nonlinear Schrodinger equation-II;

U= —i)0o3+ )\ ( 0 ¢ ) (3a)

compatibility condition of the linear differential equations;
Q: =WQ (5a)
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Qt = ZQ7 (5b)

where W and Z the following matrixes

, 1 0
W = (—i)? + 1 g os + A ( g g ) (6a)

. . 1, . . l 0
7 = <—21A4+z|q\2A2+1(qqx—qqx)—§IQI4>ag+2A3( ) g>+

\ ( 0 iz |Oq|2q/2 > | (6b)

iq; + laI” ¢*/2
here ¢(t, 2) and q(t, z) is a complex function (classic charged field), and |¢|* = ¢¢*, |q|* = qq¢*,
where * mens complex conjugation.

2 Spin system which is gauge equivalent the derivative nonlinear Schrodinger
equation

In the chapter we propose a new spin model which is gauge equivalent the derivative nonlinear
Schrodinger equation.

We present the notion of gauge equivalent introduced by L.Takhtadzhyan and V.Zakharov
as the following definitions [1]:

Definition 1. Equations allowed the Lax pair

th_‘/jx_l_[Uj?‘/}]:O? ]:172

or

o, = U;®
o, = V;®

are called by integrable.

Definition 2. Integrable equations are called gauge equivalent, if they are connected by
transformation ®; = g~ '®y, Uy = gUsg ! + g.g7*, Vi = gVag ™' + g:g~" with matrix function
g, not dependents on symbols pseudo-characters by other nondependable values operators
entering to U u V.

We formulate the theorem.

Theorem 1. Spin system

. l 2 2 1 2
— — = —4X2 1 - =
Sp — 985 — 5tr(S7) )\0( = )\étr(Sx)) S, =0 (7)

9 (10
sor 1o ()0)

is gage equivalent the derivative nonlinear Schrodinger equation-I (1).
Proof. We consider gauge transformation

with boundary condition
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=g, (8)
where ®(z,t) is a solution of the system equation (2), and ¢ (z,t) is a function of a
class continuous functions which is solution of origin Lax pair corresponding equivalent spin
system. Let g(x,t) be a solution of the system (2) at A = Ao, \g = const: g = ®|y=»,-
Derivatives by x from (8) give the following

Vp=—9 9.9 '@+ g 'D,, (9)

where ® = g1 u @, is taken from system (2).
We introduce the notation [1]
S=glosg (10)

(1 0
O3 = 0 —1 /-

Then from (9a) with take into account (10) we obtain

where o3 is a Pauli matrix

Yy = (—z’()\Q — S + A;Aj‘)ssx)qp. (11)

Now we calculate the derivative by ¢ from (8)

Vr=—g g9 '@+ gD, (12)

This equation is transformed with consideration (2) and (10)

Y= [ = [2000% = X = (A= Ao)2r(S2) | S+
82
No23 42 (A= X)) i — o)
_ BAT Ao) . 1

Thus, we solved the problem of finding the Lax pair which is gauge equivalent to linear
system (2), it is Lax pair of the derivative nonlinear Schrodinger equation-I. The next step is
reveal a spin system corresponding to Lax pair. We consider compatibility condition of the

system (11), i.e.t0y = Yy

A—Xo
2o

A—Xo
2o

Vot = (—z’(A2 — S + (Ssx)t> Wb+ (—i(A2 —A)S + 55x> ve o (14)

Ura = <—2¢(A4 — S, — SLAQ(A — X0)*(Str(S3))at
0

(A= Qo)
1673

i(A = Ao)
2o

LN 208+ A3

" (SS3)z —

(SSatr(S7))a + Smx:r) Y+
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+ (— 2i(A — M) — #(A — Xo)2r(S?)| S+
0
N =23+ 2N A= X)) i — Xo)

Equating (14) and (15) to each other with take into account the system (11) and (13), as
well as expansion in powers A we obtain the equation (7). Since the equations at A5 A% A3
are equal to zero and we have combined the equations at \, \°, then the obtained equation
and equation at \? are the same.

Theorem 1 is proved.

Theorem 2. Spin system which gauge equivalent the derivative nonlinear Schrodinger
equation-II is equation (7).

Proof. We consider the gauge transformation

r=g'Q (16)

where Q(z,t) is a solution of the system equation (5), and r(z,t) is a function of a
class continuous functions which is solution of origin Lax pair corresponding equivalent spin
system. Let g(x,t) be a solution of the system (5) at A = Ao, A\g = const: g = ®|r=y,-

Derivative by x of (16) gives the following

re=—0'0:9"'Q+ g Qs (17)

where ) = gr u @), is taken of the system (5).
Then from (17) with consideration (10) we get

A=A
re = | —i(A2 = A2)S + 2255, |r. (18)
2o
Now we calculate the derivative by ¢ from (16)

r=—9"99"'Q+ 9 'Q. (19)

This equation is transformed with taking into account (2) and (10)

re = ([_mw = M)+ 55V = BN+ 2Mo)tr(S2) | S+
0
N34 (A=), 1A~ Ao)
" [ 2o T ooy B T e 2

We consider the compatibility condition of the system (18) u (20), T.e.7y = 744

A—Xo
2o

Tyt = (—Z()\2 - )\g)St + 2A0

(ssx)t> "t (—W _a2)g 4 A2 Ssx> ro (1)
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= [ =200 = M), 5 (O = 3+ 200) (St (S2))a
0
AP —2X% + AN (A=) A= o)
{2000 = X) + 5 (0 = 3N+ 20)tr(S2) | S+
0
AP =203+ AN (A=) A= do)
_ tr(S2)|SS, + "8, | e 22
" 63 r(Sz) + g r (22)

By equating (21) and (22) to each other and substituting the expressions ry, r,, expansion
by powers A we get equation (7). Since the equations at A3, A\* A\? are equal to zero and we
have composed the equations at A, \°, the the obtained equation and equation at A? are the
same.

Theorem 2 is proved.

3 Conclusion

Derivative Heisenberg models which are equivalent two type derivative nonlinear Schrodinger
equation obtained in this work. Estimated results have shown, that two type derivative
nonlinear Schrodinger equation, considered in the work, corresponds the same derivative
spin model.

This work was supported by the grant of the Committee of Science of the Ministry of
Education and Science of the Republic of Kazakhstan (project 0893/GF4 MES RK)
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