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Programed motion of the magnetized spacecraft

This paper focuses on the problem of creation of control of the rotational motion of the magnetized
dynamically symmetric Earth’s satellite in a polar circular orbit plane in the geomagnetic field.
It is assumed that the permanent magnetic moment of the satellite is directed along the axis
of its dynamic symmetry. The rotational motion of the satellite is caused by interaction of the
magnetic moment of the satellite and the Earth’s magnetic field, which is modeled by the direct
dipole. Influence of gravitational moment is not considered. The objective of the control system
is to implement the required programed motion. The satellite’s rotation around its own axis is
selected as the programed motion (in this case the angle deviation of the axis should be constant).
Equations of programed motion of the magnetized satellite in the semi-combined coordinate system
are derived. The control moments that ensure the specified programed motion are obtained. The
solutions of the motion equations of the control system are found by Runge-Kutta method using
the mathematical package Maple. According to the results the graphs of change of the kinematic
parameters of the motion are obtained with and without control moments which demonstrate
uncontrolled motion of the satellite. It is shown that the programed motion can be implemented
by selection of the values of the deviation angle and the angular velocity, even when there is an
asymptotic instability of Lyapunov’s programmed motion.
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Kumcbaesa K.C., Cacmaesa A.Jl.
ITporpaMmmHOe ABM>KEHNE HAMATHUYEHHOTO KOCMUYECKOro aIapara

B nmanHO# pabore paccMaTpuBaeTcs 3a7a4a MOCTPOEHUsT yIIPABJIEHNS BPAIATEIbHBIM JIBUXKEHUEM
HAMATHIIEHHOTO MUHAMUYIECKN CUMMETPUYIHOTO CIIY THIKA 3€MJIA IT0 MOJISTPHON IJIOCKO KPYTOBOit
opbure B reomarauTHoM noJie. IIpemonaraercs, 9T0 MOCTOSHHBIN MATHUTHBIA MOMEHT CIIy THUKA
HaIIPaBJIEH II0 OCH €ro JMHAMUYECKON CHMMeTpUU. BpalaresbHoe IBIKEHNE CIIyTHUKA O0YCJIOB-
JIEHO B3aUMOJIEfiICTBIEM MAIHUTHOTO MOMEHTa CIIyTHUKA U MATHUTHOIO IOJIsT 3eMJIM, KOTOPOE MO-
JIeJINPYeTCs MPSMBIM JIUIOJIEM. BiMsiHrEe IPABUTAIIMOHHOIO MOMEHTA He YIUTHIBAETCS. 3aJiadeit
CHCTEMBI YIIPABJIEHUS sBJISETCS peajn3alus TpPeOyeMOoro MporpaMMHOIO JIBUXKeHHHA. B KadecTBe
IIPOrPAMMHOTO JIBH2KEHHUsI BHIOPAHO BPAIEHNE CIyTHUKA BOKPYI COOCTBEHHOW OCH C ITOCTOSHHOMN
VIVIOBOIl CKOPOCTBIO, IIPH ITOM YIOJI OTKJIOHEHWS OCH JIOJKeH ObITh mOCTOAHHBIM. [locTpoensr
YPaBHEHHS IIPOrPAMMHOIO JIBU2KEHUSI HAMArHUYEHHOT'O CILyTHUKA B IIOJIyCBSI3aHHOI cCTeMe KOOp-
auHaT. [losryueHbl yIpaBJisroie MOMEHTBI, 00eCIIeInBaloIIye 3aJaHHOe TPOrPAMMHOE JBUKEHIE.
C momomipio MaTemarudeckoro nakera Maple merogom Pynre-KyTra Halimensr pemrenust ypaBHe-
HUW JABUXKEHUS yhpaBisgeMmoil cucrembl. [lo pesysmbraram perneHuil moaydeHbl rpaduKn n3MeHe-
HHUs KUHEMaTUYeCKUX I1apaMeTpPOB JIBUKEHHUs C YIPaBJIAIOMMMUA MOMEHTAMU U B CjIydae OTCyT-
CTBUS YIIPABJIAIONIAX MOMEHTOB, KOTOPbIE JIEMOHCTPUPYIOT HEKOHTPOJIUPYEMbIE JIBUXKEHUs CILyT-
Huka. ITokazaHo, 94T0 OJOOPOM 3HAYEHUIT yTJIa OTKJIOHEHUS OCH U YIVIOBOI CKOPOCTH MOXKHO pea-
JIM30BaTh IIPOTrPAMMHBIE JIBUXKEHUS JlazKe IIPU aCUMIITOTHYECKON HEYyCTOMYMBOCTUA ITPOI'PAMMHOIO
JBUKeHud 1o JIamyHoBy.

KuroueBbie ciioBa: HAMArHUYEHHBIN CIIyTHUK, T€OMATHUTHOE TI0JI€, YIIPABJISIONINI MOMEHT, IIPO-
rpaMMHOe JIBU2KEHHE.
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2Kruisicoaesa K.C., Cacnaesa O. /1.
MaruuTTe/reH FapbIIIThIK, AllllapaTThIH, 6aF apiiaMaJiblK, KO3FaJIbIChI

MakaJiajia TEOMArHUTTIK ©picTeri JUHAMUKAJIBIK, CUMMEDPHSIJIbI, MAIHUTTE/ITeH FAPBIIITHIK, aIlla-
PATTHIH TTOJISIPJIBI YKa3bIK, OpOUTAJAFhl affHAIMAIB KO3FAJBICHIH OACKApyabl Kypy ecebi KapacThl-
poutran. CepiKTiH TYpaKThl MATHUTTIK MOMEHT] JIMHAMHUKAJIBIK, CHMMETPHUsT OCIMEH OArbITTAJIFAH.
CepikTiH aiffHaJIMaJbl KO3FAJBICHI CEPIKTIH MarHUTTIK MOMEHTI MEH Typa JMIIOJbMEH MOJIEJIle-
Herin 2KepiH MarHuTTIK epiciHiH e3apa opekeriMeHn Oepineni. ['paBuTanusiibik MOMEHTTIH 9cepi
eckepismereH. backapy kyiiecinis ecebi - KaxkeTTi Dargap/iaMaJiblK, KO3FAJIbIC OOJIBIT TaObLIAIbI.
BarmapmamMabIK KO3FAJIBIC PETiHIE CEPIKTIH 63 oci OOMbIHIa TYPAKTHI OYPBIIITHIK, >KbLIIAMIHIK-
[IeH afiHAJIATBIH KO3FaJIbICHl ajibIHFaH. ATajraH »Karaaiijga ecTeH aybITKy OypBIIbl TYPaKThl 00-
JIBITT KaJ1a/1bl. MaruuTTeIrTeH CepiKTiH KO3FaabIC TEeH eyl »KapThliail OeKiTiireH caHak »Kyiecinmge
KYypbLIIbl. Bepinren 6armapiaMablk KO3FAIBICTBI KAHAFATTAHIBIPATHIH OACKApy MOMEHTTEpi Ta-
ObLIBI. BackapbuIaThIH XKYieHIH KO3FaIbIC TeHaeyinin merriymi Maple MaTeMaTHKAJIbIK, [TAKETiH e
Pynre-Kyrra omicimen mbrrapbuiasl. [lermmivuin HoTHXKeci OOUBIHITIA KO3FAJIBICTHIH, KTHEMATHKA~
JIBIK, TTapaMeTpJIepJiepiHin rpaduKTepi aIbIHBII, KEJIeCiIell KOPBITHIH b 2KACAIBIHIbI: 0ACKAPY MO-
MEHTTEP] eCKEPiJIMEreH Ke3/e CEePiKTiH, KO3FaJbIChl 0aCKAPbLIMANTHIHIBIFBI AaHBIKTAIIBI. ACIMTO-
TUKAJIBIK, OPHBIKCHI3/IBIK KE3iH/Ie OCTIH aybITKY OYPBIIIbI MEH OYPBINITHIK, KBIIIAM/ILIKTBIH MOHIH
TaHJAIl a1y 0apbICHIHIA OaFIap/IaMAJIBIK, KO3FAJIBICTHI YKy3ere achblpyFa OOJIATHIHIBIFBI KOPCETLIII.
Tvyiiin ce3aep: MarHUTTE/NreH CEPiK, NEOMATHUTTIK ©pic, OacKapyIIbl MOMEHT, OafIap/IaMaJIbIK,
KOBFAJIBIC.

1 Introduction

Today, the interest in problem of rotational motion control of magnetized satellites has
risen due to the practical needs of progressing technology of space flights and systems of
magnetic stabilizing [1-2]. Especially, it concerns targets of orientation and stabilization of
the magnetized artificial satellites of Earth in the geomagnetic field. Non-uniform rotation
of the vector of geomagnetic field strength in inertial space and variation in its magnitude
during the motion of the satellite’s center of mass along an orbit does not allow providing
exact orientation of a longitudinal axis of the satellite along this vector. In addition, the
presence of forcing oscillations of the satellite relative to the local vector of geomagnetic field
strength causes danger of onset of resonances between a basic frequency of the satellite and
a frequency of the forcing moment. Therefore, there is a question to reduce the amplitude
of forcing oscillations of the satellite by selection of control input. The physical meaning of
control input can be of different nature: it can be directly the control forces and moments
or control signals that are supplied to these mechanisms when their functioning is needed
to take into account. This paper deals with the problem of forming the control moments
through rotational motion of dynamically symmetric Earth satellite that has permanent
magnetic moment directed along the axis of its dynamic symmetry. The magnetized satellite
moves on a flat circular polar orbit in the geomagnetic field simulated by the dipole, which
is antiparallel to the Earth spin axis. The orbits will be assumed to be independent of the
satellite motion regarding their own center of mass.

2 Equations of motion

Hereafter, we consider the rotational motion of magnetized dynamically symmetric Earth
satellite moving on a flat circular polar orbit in the geomagnetic field. It is expected that
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Table 1. The table of direction cosines

- T3 Y2 22
x cos Y sin ) 0
y | —sinycosf | cosycosf | sinf
z | sinysin® | —cosysing | cosf

the rotational motion of satellite is caused by interaction between the satellite’s magnetic
moment and the Earth magnetic field, which is simulated by the direct dipole. The effect of
the gravitational torque is not taken into account. Derivation of equations of satellite motion
will be carried out relative to the system of x5ys29 axes with the origin at its center of mass G,
parallel regarding the geocentric reference frame (Fig.1). The permanent magnetic moment of
satellite is directed along the axis of its dynamic symmetry. We will choose the semi-related
right system of Rezal axes in the satellite body:zaxis is directed on a symmetry axis; then x
and y axes will lie in the equatorial plane, and the x axis will be directed perpendicularly to
the 2Gz9 plane so that looking through its end it will be seen the turn from the 2y axis to z
anticlockwise on the fangle. An angle between the x5 and axes is defined via v [3]. Mutual
position of introduced reference frames can be determined by the table of direction cosines
(Table 1). By means of projection of the vector of magnetic strength H onto the x and y
axes this yields:

H, = H/ cos1) + Hy/ sin 1 H, = —H/sincosf + Hy/ cos ) cos @ + H/ sin ),
Then the magnetic torque is defined as follows:
M=TIxH

and for the projections of the magnetic torque onto the satellite axes we have:

M, =— %‘; (1.5 sin i sin 2u sin ) cos @ + [sinv — 3sini cos(v — 1) sin? u]cosf+

+[cosv + 3sinisin(v — 1)sin?u] sin )
M, = %‘; (—1.5sinisin 2u cos v + (sinv — 3sini cos(v — 1) sin® u) sin v))
M,=0

(1)

where [ is the magnetic moment of the satellite.
Projection of the satellite’s resulting angular velocity < onto the Rezal axes has the form:

Wy zé,wy = sin b, w, :z/}cose—i—gb

where ¢ is the angular velocity of satellite rotation with respect to xyz reference frames.
Hence, the equations of satellite motion regarding the center of mass will be written as
follows [4]:

A0 — A¢?sinfcosd + Cripsind = M,
Ay sing + 2Ayp0 cosd — Cro = M, (2)
r=Tp

These equations do not depend on ¢, i.e., the angle at which the satellite turned around its

axis. Then the projection of angular velocity onto the axis of symmetry r is permanent, and
the 6 and 1) angles are defined from the first two equations (Eq. 2).
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Figure 1 - The coordinate system

3 Building the programm motion

In this work as the program motion we will understand a task of determination of the active
forces and moments applied to the spacecraft at which the motion with the given properties
is one of its possible motions. The task of definition of the control vector, which provides the
program of motion, leads to the solution of the linear equation relative to the control vector.
The obtained common solution allows defining the sought differential equations for which
using numerical methods of solution is possible to derive the methods of solution of non-
linear equations system. Now, let us pass to consideration of building the program control
for the prescribed motions of the satellite described in this paper. As a program motion we
will choose the satellite’s rotation around its axis with permanent angular velocity 1/.11, = ko,
by the same time saving the constant magnitude of angle of the axis deviation 6, = k;, then
we have:

0, = ki

3
{ozh ®)
In order to realize this prescribed motion (Eq. 3) we will add the control moments M; and

M, to the right side of equations of the motion of satellite (Eq. 2), and, when the polarity of

the satellite : = 7, v = 7 is taken into account, we will get:

Ab — A2 sinf cos 0 + Cripsin 0 =

= I“P(l551n2us1n¢cos@+(1—3sm u) cos 1 cos 0) + M, 4
Asin@ + 2410 cos§ — Cr = )
I“e( 1.5sin2ucos ) + (1 — 3sin®u) sinw)) + My

To find these control moments, which are program control, we will substitute the values
0, = ki and 1, = kot relative to prescribed motion. Then, for defining of control moments
we obtain the following expressions:

M, = Ak2sin ky cos ki + Crky sin ky+
+% Lite (1.5 sin 2u sin kot cos ky + (1 — 3sin? u) cos kot cos k1) (5)
M2 I“E( 1.5sin 2u cos kot + (1 — 3sin® u) sin kot)
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In consideration of Eq. 5 the equations of motion of control system will assume the form:

Al — A2 sinf cos 0 + Cripsin § =

= —%(1.5 sin 2usin 1 cos 6 + (1 — 3sin® u) cos 1 cos ) + Ak2 sin k; cos ky + Crky sin ky+

+§§§ (1.5 sin 2u sin kot cos ki + (1 — 3sinu) cos kot cos ki)

Ay sinf + 2AY0 cosf — Cr =

= %(—1.5 sin 2u cos ) + (1 — 3sin? u) sin 1)) — —%(—1.5 sin 2u cos kot + (1 — 3sin® u) sin kot)

(6)
Note that investigated program motion (Eq. 3) is a solution of this system of equations by

the choice of control moments M; and M. Let’s resolve these equations regarding the second
derivatives:

0 = Y2 sin 6 cos 0 + k2 sin ky cos ky + Cr(kysink, — ¥ sin 0+

+€’{§ (1.5 sin 2u(sin kot cos k1 — sin ) cos @) + (1 — 3sin® u)(cos kat cos k) — cos 1) cos 6)

Y = 246 coth 6 + Acs;fe + e (—1.5sin 2u(cos 1 — cos kat) + (1 — 3sin® u)(sin ) — sin kyt)
(7)

iy 1_,"1}:.\'%' hafur I'f by “'T;'f‘-' by ._w"'.‘
| r
24 4

Figure 2 -Solution of the equations of motion without control

4 The solution of the motion equations

The motion equations of control system are obtained by the Runge - Kutta method using a
mathematical package Maple. Solutions of equations of non-control motion show uncontrolled
motion of the satellite. The primary program motion is a solution of the received system,
however, it will be one of possible for physical realization only in case of its asymptotic
stability by Lyapunov. If the decision is asymptotically unstable by Lyapunov, then the
possibility of unlimited growth of deviations of magnitudes from their preset values actually
means that the system makes the uncontrollable motions (see Fig. 2). Similar results were
obtained in [7-9].Here are following descriptions in the Figures 2, 3: 1 - ¢(t) (precession
angle), 2 - 0(t) (nutation angle), 3 - ¢(t), 4- p(t) (the projections of satellite’s angular velocity
onto the equatorial principal axes of inertia of the satellite).
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Figure 3 -Solution of the equations of motion with control

The figure 2 represents the graphs of the variation of precession angle, nutation angle and

the projections of satellite’s angular velocity onto the equatorial principal axes of inertia of

the satellite in case of absence of control moments that demonstrate the non-control motion

of satellite. Similarly, the figure 3 shows the graphs with presence of control moments, which

provide prescribed motion, also are possible for realization. The results point out that through
27

selection of values k1 = 5% and ky = 0.5 it is possible to realize the program motion even at

an asymptotic instability by Lyapunov.

5 Conclusion

The equations of control motion of magnetized satellite that moves on a flat circular polar
orbit in the geomagnetic field simulated by the dipole, are constructed in this paper. The
control moments that provide prescribed motion are obtained for chosen program motion. The
solution of motion equations of control system is obtained by the Runge - Kutta method using
a mathematical package Maple. Also we received the graphs of the variation of precession
angle, nutation angle and the projections of satellite’s angular velocity onto the equatorial
principal axes of inertia of the satellite in case of absence of control moments that demonstrate
the non-control motion of satellite. It is shown that through selection of values ki and k5 it is
possible to realize the program motion even at an asymptotic instability by Lyapunov. This
work was partially supported by the grant of the Committee of Science of the Ministry of
Education and Science of the Republic of Kazakhstan (project 0091/GF4 MON RK)
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