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The links of high-speed mechanisms and manipulators are deformed under the action of inertia
forces and external loads. These deformations have significantly influence on the accuracy of execu-
tion of the required law of motion by the operating point of the mechanism and the positioning of
the manipulator grip. Accordingly, longitudinal and transverse displacements, angles of rotation of
cross-sections of links under the action of distributed dynamic and external loads are investigated
in this paper. The developed technique allows defining deformations of links of mechanisms and
manipulators and can be applied at their designing. To determine the transverse displacements,
the angles of rotation of the cross-sections of the links — the basic differential equation of the elastic
line of the beam, to determine the longitudinal displacements of the points of the links — Hooke’s
law and the boundary conditions of the computed scheme of the investigated linkages for elastic
computation are used. The bending moment in the basic differential equation of the elastic line of
the beam and the longitudinal force in Hooke’s law were determined by the theory developed by
the authors of the analytical definition of internal forces in the links of planar linkages with stat-
ically determinate structures, taking into account the distributed dynamic loads from the masses
of links, dead weight and from the acting external loads. According to the developed technique,
programs are created in the MAPLE system and animations of the movement of mechanisms are
received, with the construction on the links the diagrams of transverse, longitudinal displacements
and angles of rotation of the link cross-sections. The developed analytical technique for determin-
ing deformations in the cross-sections of links is used to calculate the strength and stiffness of
elements of movable linkages.

Key words: Mechanisms, movable linkages, displacements, distributed dynamic loads.
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2Koraprbl KbLIIAMIBIKTH MEXAHI3MIEP MEH MAHUITYJIATOPJIAP/IBIH OybIHIaPBI MHEPIUs KYIITePi
MeH CBIPTKBI KYKTeMeep ocepiHeH medopMalusaaaHaabl. bya medopManusiap MeXaHU3MHIH
JKYMBIC HYKTECIHIH KaXXeTTi KO3FaJly 3aHblH aTKapy JIJJIrHe KoHe MAaHUIIYJIATOP/IBIH
KapMayblIIIbIH TYPFbLIAHIBIPYFa aifiTap ibikTail ocep eresii. OcbiraH opail, 0yJ1 >KyMBICTa TaApPKAJIFaH
JIMHAMUKAJIBIK, KOHE CBIPTKBI YKYKTEMeJIep ocepiHjeri OybIHIAp KUMAaChIHJA IMaiiga OoJaThiH
OOMJIBIK [T€H KOJIJIEHEH OPBIH aybICTBIPYJIap, OypaJly OYpBITAphl 3€PTTEIIHIeH. O3ipJIeHTeH 9JIiC
MeXaHu3MIep MEH MaHUITYIATOPIAP/IBIH OYBbIHIAPBIHIATHI 1eOpPMAIUIHBI aHBIKTAyTa MYMKIHIIK
Oepesi koHe oJlapAbl KobaJsiay KesiHme KoIgaHyra 0o0aabl. ByblH KUMaJapbHIATHl KOJICHEH
OPBIH ayBICTBIPYIAP/IbI, OYpaTy OYPBIITAPBIH aHBIKTAY VITiH apKAJJIBIKTHIH, CEPIIM/II CHI3BIFBIHBIH,
Herisri auddepeHnuaIbK TeH1eyi, OybIH HyKTeIepiHiH OOMJIBIK OPBIH &ybICTHIPY/IAPbIH AHBIKTAY
yirin 'yk 3aHbI, KOHE Jie CEePIMJIl ecenTeyre KaXKeT 3ePTTENIETIH cepHiM/ii KyHeepin ecenrey
CXEeMAJIAPBLIHBIH, IIEKAPAJIBIK [MAPTTAPbl KOJIAAHBLIAABI. APKAJIBIKTHIH, CEPIIMJ]l ChI3LIFBIHBIH
Herisri auddepeHnuaiablK, TeHIeyiHe KipeTiH uiomr MOMeHT »KoHe ['yK 3aHbIHa KipeTiH OOMIBIK,
KYIIT aBTOPJIAP/IBIH, KacaraH KYPbLIBIMBI CTATHKAJIBIK aHBIKTAJIFAH »Ka3bIK, CEPIIM/II MEXaHU3MIEP
MEeH MaHWITYJIATOPJIAPIbIH OYBIHIAPBIHIA Taiiga 60IaThiH iIKi KyIITep/Ii, OybIHIap CaJIMarblHAH,
CBIPTKBI KYIITEPJI€H TYBIHIAUTHIH TapKAJFaH JNHAMUKAJBIK JKYKTeMejep OCepiH ecKepeTiH
TaJJIaMaJIbl JKOJIMEH AHBIKTay TeopusichbiMeH Tabbliann. 2Kacamran meronuka Goiibiama MAPLE
XKyieciHge mporpaMMasap KYPBLIBII, TaOLIIFaH KOJAeHEH, OONIBIK OpPBIH AybICTHIPYIAp MeH
OypaJsty OYpBIMITapbIHBIH, SMIOpPJIepl OybIHAapFra TYPFBI3BLIBIN, MEXaHU3MIEDP KO3FABICHIHBIH
AHUMAITUSICHI AJTBIHILI. BybIHIap KIMACHIHIAFDI J1e(hOPMAITHSIIAP/Ibl AHBIKTANTHIH OCHI TAJIIAMAJIBI
9MIiC KO3FaJIMaJIbl CEePHiMJI KYHeTep/iH 3JEeMEHTTEePIH OepiKTIK IeH KATAHJBIKKA €CelnTeyre
BIHFANJIBI.

Tvyitin cesmep: Mexanm3amuep, KBIDKBIMAJIBI CHIPBIKTHL 2KYUeJE€p, OPBIH AybICTBIPYJIAP,
TapKaJraH JUHAMHAKAJIBIK KYKTEeMeIep.
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B BBICOKOCKOPOCTHBIX MeXaHH3MaX U MAHUIYJIATOPAX 3BEHbs JeDOPMUPYIOTCS 110, BO3eiCTBIEM
CUJI WHEPIUU U BHEIIHUX HArpy30K. IDTU Je(OpMalliid CYIIECTBEHHO BJIUSIOT HA TOYHOCTH
WCITOJTHEHUsT TPeOyeMOoro 3aKOHa JABUXKEHUs pabodeil TOUKON MeXaHU3Ma U Ha MO3UIMOHUPOBAHIE
CXBaTa MAaHUITYJIATOpa. B CBsi3U ¢ 9TUM, B JaHHOI padOTe UCCIIELYIOTCA MPOIOJIbHbBIE, IIOIIEPETHBIE
IepeMeleHns, yribl I0BOPOTa CeUYeHNi 3BeHbeB HaXOIAIINXCA 10T BO3/IeICTBIEM Paclpe/ieIeHHbIX
JUMHAMAYECKUX ¥ BHEITHUX HArpy30K. Pa3paboTaHHblil MeTOJ II03BOJISET OPEeATh nedopMariiii
3BEHBEB MEXaHU3MOB M MAHUIIYJISITOPOB M MOYXKET IPUMEHSATHhCI IIPU HUX IPOEKTUPOBAHUU.
s onpesesieHnsT TONEPEYHBIX IIEPEMEIeHnit, YIJIOB TOBOPOTa CEYEHHH 3BEHbEB HCIOJIB30BAHBI
ocHOBHOE T dEpPEHITNATBHOE YPABHEHNE YIIPYTOi JIMHUK OAJIKHU, IS OIpee/IeHns] TPOI0TbHBIX
IepeMeIeHnit TO9eK 3BeHbEB — 3aKOH |'yKa 1 rpaHnvHbIe YCIOBHUA PACIETHON CXEMBI UCCIIELYEMbIX
CTEPXKHEBBIX CHCTEM I YIPyroro pacdera. V3rubarommit MOMEHT, BXOIMAIUI B OCHOBHOE
nuddepeHnaIbHOe YpaBHEHNE YIIPYIoi JIMHAN OaJIKM U IPOJIOJIBHAA CHUJIA, BXOJSAINAas B 3aKOH
I'yka ObLIM OIpeJieIeHbI 10 pPa3pabOTAHHON aBTOPAMHU TEOPUN AHAJIUTHIECKOI'O OIPEIEJICHUS
BHYTPEHHUX YCUJIAI B 3BEHbAX INJIOCKUX CTEPXKHEBBIX MEXaHU3MOB U MAaHUILYJISITOPOB CO
CTATUYECKHN OIPEIEIUMBIMHU CTPYKTYPaMH C yYeTOM PaCIpPe/IeJICHHbIX JUHAMUYECKNX Harpy30K
OT MACC 3BEHBEB, COOCTBEHHOI'O BeCa U OT JIEUCTBYIOIMIMX BHEITHUX HATPY30K.
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ITo pazpaboranHoii MeToUKe cocTaByieHbl nporpaMmbl B cucreme MAPLE u nostydensr anumarumn
JIBUKEHUS MEXaHU3MOB C IIOCTPOEHUEM Ha 3BEHbSX IIOIMEPEYHBIX, MPOJOJbHBIX IepeMeIeHni
W YIJOB TOBOPOTA CEYEHUN 3BEHLHEB. Pa3paboTaHHBIN aHAJUTUYECKHII METOM OIpEeIe/IEHIST
JedopMmaluit B CeE€HNAX 3BEHBEB TPUMEHSIETCS JJIsT PAcUeTa MPOIHOCTH U YKECTKOCTH IJIEMEHTOB
ITOJIBUKHBIX CTEPXKHEBBIX CHCTEM.

KoroueBble ciioBa: MexaHusMbl, IIOJBHKHBIE CTEpPXKHEBbIE CHCTEMBI, IIepeMelleHuns,
pacupejiesleHHble TUHAMUYEeCKIe Harpy3KH.

1 Introduction

Dynamic analysis of high-speed mechanisms and manipulators received considerable atten-
tion in the last two decades. Every frame structure is deformed under the action of large static
and dynamic loads. Whenever such a load occurs, several problems persist, for instance: the
problems of failure, caused by large forces of inertia; elastic deformations of the mechanism
can be significant, as a consequence, the mechanism become unusable; the mechanism cannot
satisfy the kinematic requirements because of the large deformations of links. When design-
ing high-speed mechanisms, the designer must either reduce the elastic deformations of the
mechanism, or take them into account in computation. To test on stiffness and stability of
the structure, it is necessary to be able to determine the displacements caused by the defor-
mation of its elements. The techniques for determining these displacements are very diverse.
They mainly differ from each other by the degree of complexity and scope of application.

2 Literature review

The method of direct integration of differential equation of elastic beam line is an earlier
one for determination of displacements. However, in the case of beams with a large number
of cross-sections, the implementation of this method involves considerable difficulties, which
are not in the integration of differential equations, but in the technique of determining the
arbitrary integration constants — drafting and solving of systems of linear algebraic equations
(Jindal, 2012 : 294), (Timoshenko, 1948 : 134 — 135), (Darkov, 1975 : 289).

When computing by the displacement method, the main sought values are the displace-
ments of the nodal points caused by the deformation of the system. Knowledge of these
displacements is necessary and sufficient to determine all internal forces that arise in the
cross-sections of the elements of a given system (Kaveti, 2014 : 412), (Tschiras, 1989 : 111),
(Pisarenko, 1979 : 85). In the works of Sadler and Sandor (Sandor, 1973 : 497 — 516), the
lateral bending vibrations of the elements of mechanisms, which can be considered as pin-
ended beams making planar motions, are investigated. The normal dynamic stresses caused
by the concerted actions of bending and axial loads are studied. A scheme is given for min-
imizing the maximum stresses in the flexible linkages of a given length without increasing
the total mass. This is done using an iterative method of finding a full-strength form seek-
ing method. The study is limited to the case of a rectangular cross-section, where the only
variable is the width. Longitudinal deformations are considered negligible and, therefore, are
not considered here. Abe proposed an accurate mathematical model of the flexible link in
two-link rigid-flexible manipulators by taking the axial displacement and nonlinear curvature
arising from large bending deformation into consideration for suppressing residual vibrations
in optimal trajectory planning (Akira Abe, 2009 : 1627 — 1639). Mingxiang et al. presented
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a kinetostatic modeling method for flexure-hinge-based compliant mechanisms with hybrid
serial-parallel substructures to provide accurate and concise solutions by combining the ma-
trix displacement method with the transfer matrix method. This work established a general
kinetostatic model of the whole compliant mechanisms based on the equilibrium equation of
the nodal force (Mingxiang, 2018).

Finite element method (FEM) is used to structure the system into single finite elements
and the stiffness matrix of element and of the whole system provides connection between
displacement of nodes of element and system, as well as forces therein (Hutton, 2007 : 387),
(Gokhale, 2008 : 416). Du and Ling have developed a general non-linear finite element model
for dynamic analysis of three dimensional beam-like mechanisms undergoing both large rigid
body motion and large elastic deflections. They adopted the non-linear strain-displacement
relationship taking into account the axial strain and the shear strains due to the pre-twist in
the beams (Hejun Du, 1995 : 56). Absy and Shabana show that the consideration of longitu-
dinal displacement caused by bending would eliminate the third and higher order terms from
the strain-energy expression, if the strain energy is written in terms of axial deformation.
This leads to nonlinear inertia terms and a constant stiffness matrix (El-Absy, 1997 : 207).
Zhaocai studied the dynamic stress of the flexible beam element of planar flexible manipu-
lators. Considering the effects of bending-shearing strain and tensile compression strain, the
dynamic stress of the links and its position are derived by using the Kineto-Elastodynamics
theory and the Timoshenko beam theory (Ding Zhaocai, 2006 : 17-20). Yue computed the
maximum payload of kinematically redundant manipulators using a finite element method
for describing the dynamics of a system (Shigang Yue, 2001 : 36). Korayem et al. considered
a complete dynamic model to characterize the motion of a compliant link capable of large
deflection (Moharam H. Korayem, 2010 : 17).

In this paper the longitudinal and transverse displacements, the angle of rotation of link
cross-sections under the action of distributed dynamic loads and external forces are studied.
The developed analytical technique makes it possible to accurately and quickly determine
the deformations of links of mechanisms and manipulators and can be used in their design.
Earlier the authors have developed a new analytical technique for determination of internal
forces in the links of planar mechanisms and manipulators under the action of distributed
dynamical loads and it was described in the work (Utenov, 2016 : 5-10).

3 Materials and methods

The main differential equation of elastic beam line (for the element k) has the form (Darkov,
1975 : 289), (Kaveti, 2014 : 412), (Tschiras, 1989 : 111), (Pisarenko, 1979 : 85) :

Py, M) "

When a transverse distributed trapezoidal load acts on the element, the bending moment
in the cross-sections of the element is determined by (3) from the previous work (Utenov,
2016 : 5-10). Substituting the values of Mg(z}) from (3) into (1) and integrating one time,
we will have expression to the rotation angles of cross-sections of the element & :
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which contains one arbitrary constant Cj;. By integrating second time, we find the ex-
pression for beam deflection v, (z},)

, L 1 1, 1, 9 9
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which contains two arbitrary constants C; and Cis. The values of these arbitrary constants
Cy1 and Cjy are defined from consideration of two boundary conditions, i.e. from the condi-
tions of end restraint.

The element aspect ratio dzj, from the longitudinal force Ni(x}) by Hooke’s law would
be:

T By (4)

When a distributed trapezoidal load is applied to the element, the longitudinal force is
given by (5) in the work (Moharam H. Korayem, 2010 : 17). Substituting it into (4) and
intergrating one time, we find the following expression for longitudinal displacements of the
element points:

L 1 3, 2
i) = g, [ Mutanas = g [{[1- g el

4 4 1 2 1 3 2
+ E%—E(%)?}NMJF[ I $k+lz( )2}Nk3}d$§g = m{[%—z—lk(%f*‘?)—lz(%)g N1+

Becrauk KasHY. Cepusi maremaTuka, Mexanuka, uadopmarnka, N.2(98), 2018



50 Utenov M.U. et al.

4, 4 1 2
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gl

The arbitrary constant CY,, is determined from the conditions of end restraint.

Let us consider the determination of displacements in the links of four-bar mechanism
(Figure 1). As the displacements of the link 1 cross-section O are known (Phiy(0) = 0
— the angle of rotation of cross-section O, uyl0 = w;(0) = 0 — the displacement that is
perpendicular to the axis of the rod of the same cross-section, uzrl0 = w,(0) = 0 — the
displacement along the axis of the rod of the same cross-section, that it is possible to define
constants C1, C and CY,,. Substituting into (2), (3) and (5) the value of 7}, =, 0 and taking
into account above said three boundary conditions, we will receive that Cy;, Ci2 and Cj,
are equal to zero. It allows defining transverse and longitudinal displacements in any cross-
section of the link 1. Let us introduce three Cartesian coordinate systems BX|Y/, BX}, Y,
and BX,Y; at the point B (Figure 1), where X is directed along the axis of the first link,
X/ is directed along the axis of the second link, X, is directed parallel to the axis X. Let us
determine the coordinates of the point B of the first link B’ (a new position of the point B
after deformation) uxlly, uyll; with respect to the coordinate system BX]Y]. For this we
substitute into (5) and (3) the value of X| = [y, we will get:

L1 2 1
1= “Ny + =Ny + =N 6
ux A, <6 11—1‘3 12+6 13> (6)
2 (13 3 3
U= My +-—My+-—M 7
YT EL (120 et g 13) (7)

We will denote the coordinates of the point B’ in the coordinate system BX)Y, through
ux20, uy20. Then position of the point B’ with respect to the coordinate system BX5Y5,
using the coordinates of the point B’ in the coordinate system BX/Y/, will be equal to:

oy | | costh — sin 64 uxlly (8)
yor | | sinb, cos 6, uylly

and using the coordinates of the point B’ in the coordinate system BX}Y;, we get:
Toy | | cosbh — sin 6y ux20 ()
yo | | sinfy cos 0, uy20

Equating the equalities (8) and (9) we receive two equations with two unknowns ux20 u
uy20 :

ux20 cos Oy — uy20sin Oy = uxlly cos By — uylly sin O
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Figure 1 — The displacements in the links of four-bar mechanism

ux20 sin 0 + uy20 cos Oy = uxlly sin 6y + uylly cos Oy

Solving the resulting system of equations, we have:

uz20 = (uxlly cos 6y — uylly sinby) cos by + (uxzlly sin 6y 4+ uylly cos ;) sin Oy (10)

uy20 = (uxlly sin Oy + uylly cos0y) cos Oy — (uxlly sin by + uylly cos ;) sin by (11)

Now, let us introduce three Cartesian coordinate systems C' XY, C’X;)Y?: and CX3Y3 in
the point C' where the axis X7, is directed along the axis of the second link, the axis X7 is
directed along the axis of the third link, the axis X3 is directed parallel to the axis X. Then

position of the point C’ with respect to the coordinate system CX3Y3, using the coordinates
of the point C" in the coordinate system CX3}Y;] will be equal to:

x3y | | costy — sin 6, ux2l (12)
ysy | | sinf cos 0, uy2l [’
using the coordinates of the point € in the coordinate system C'X. :;Y?)/ will be equal to:
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x3y | | cosO —sin 6} ux3l (13)
ysy || sin6 cos 04 uy3l |’
where 6} = arctgu.
Te — Tp

Equating the equalities (12) and (13) we receive:

—uy2l sin Oy + uy3l sin 0y = —ux2l cos O 4+ ux3l cos b (14)

uy2l cos 0y — uy3l cos Oy = —ux2l sin O + ua3l sin 0 (15)

As the point D is hingedly fixed, that we have following boundary conditions:

luz30 =0
ux (16)
uy30 =0

Substituting the value of X/ =[5 into (5) we get:

Iy 1 2 1
2] = ux20 —N. —N. —N.
uzx UL +E2A2 (6 21+3 22+6 23)

Using the first boundary condition (15), and substituting a5 = I3 into (5) with respect to
the coordinate system CX,Y; we have:

s /1 2 1
3= ——3 2Ny + 2Ny + —N.
ur Esls (6 e 33)

Substituting the found values uz2l and ux3l into (14) and (15), solving in common, we
get:

—(—ux2l cos Oy + ux3l cos 0}) cos 0y — (—ux2l sin Oy + ux3l sin b3) sin b5

uy2l =
Y sin 0, cos 05 — sin 0% cos 6,

—(—ua2lsin Oy + uz3l sin }) sin Oy — (—ux2l cos Oy + ux3l cos 65) cos by

uy3l =
Y sin 0, cos 05 — sin 05 cos 6,

Substituting the found values uy20 and uy2l into (2), conducting some simple transfor-
mations, we find:
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21 20 b 5 My + 5 M.
uy2l — — — —
Y i Ey1, \ 10 ST

D20 =
ly

Using the second boundary condition (16), we get:

g B (B 3y
_u — — R
YT B L \107 T g

30 =

4 Results and discussion

For the first time the authors have developed the technique for analytical determination
of longitudinal and transverse displacements and the angles of rotation of cross-sections of
links of the four-bar mechanism under the action of distributed dynamical loads. According
to the given algorithm the programs in the Maple system were created and animations of
the movement of mechanisms with the construction on the links the diagrams of transverse
and longitudinal displacements and angles of rotation of the link cross-sections were received
(Figure 2 - 6).

Figure 2 — The investigated mechanism with the construction on the links the diagrams of
longitudinal inertial loads
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Figure 3 — The investigated mechanism with the construction on the links the diagrams of
transverse inertial loads
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Figure 4 — The investigated mechanism with the construction on the links the diagrams of
the angles of rotation of the link cross-sections

Figure 5 — The investigated mechanism with the construction on the links the diagrams of
the longitudinal displacements of the link cross-sections
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Figure 6 — The investigated mechanism with the construction on the links the diagrams of
the transverse displacements (deflections) of the link cross-sections

5 Conclusion

The developed technique allows determining the deformations in the links of mechanisms and
manipulators under the action of distributed dynamical loads and can be used in the study of
stress-strain state of the projected and existing movable and fixed linkages (planar linkages,
manipulators, frames, etc.).
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