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The Boltzmann equation is a complex integral-differential equation and the basis of the kinetic
theory of gases. It describes the behavior of a rarefied gas in space of time and velocity. It is used to
the study of electron transport in solids and plasmas, neutron transport in nuclear reactors, in the
tasks of remote sensing of the Earth from Space. The moment method is one of effective methods for
solution of the Boltzmann equation. The system of Boltzmann’s moment equations is intermediate
between kinetic and hydrodynamic levels of description of state of the rarefied gas and form class
of nonlinear partial differential equations. If particle distribution function will be decomposed into
an Fourier series on complete orthogonal system of functions, then Boltzmann’s equation will be
equivalent to an infinite system of partial differential equations relative to the moments of the
particle distribution function in the complete system of eigenfunctions of linearized operator. But
solving infinite system of differential equations impossible. Therefore, an approximate solution of
the initial and boundary value problem for the Boltzmann equation can be determined by the
moment method. This article describes the one-dimensional nonlinear nonstationary Boltzmann’s
moment system equations in the third approximation, which a hyperbolic system of partial
differential equations and contains six equations for the moments of the particle distribution
function. And formulates the statement of the initial and boundary value problem for the
Boltzmann’s moment system equations in the third approximation and shows the results of the
numerical solution with the Vladimirov-Marshak boundary conditions.

Key words: Boltzmann’s six moment system equations, Vladimirov-Marshak boundary
conditions, particle distribution function.

Buaagnvmupos-Mapiiak 1merTik maprrapbiMeH BoabiiMaHHBIH 6ip eJnieM/Ii ChI3bIKChI3
aJITBI-MOMEHTTIK TeHJeyJiep »Kyieci YIIiH agfranikbl-1IIeTTiK eCelnTiH caHabIK, Imernrimi
CaxabekoB O., {.-m.r.1., mpodeccop, K.M.Corbaer arbinmarsr Kazak, yITTBIK TeXHUKABIK, YHUBEPCUTETI,
Anvarer ., Kazakcran pecriybnukacet, +77772255722, E-mail: auzhani@gmail.com
Trneyosa T.H., marucrpant, Osi-Qapabu arsiajgarel Kazak yaTTeik yausepcureri, Aamarst K., Kazakcran
peciybiiukacel, +77715258453, E-mail: gaynyt@gmail.com

Bombnman termeyi - kypaesai maTerpasi-aundepeHimal TeHIey KoHe ra3aIapablH KHHETHKAJIBIK,
TEOPUSACHIHBIH, HETi31. YaKbIT XKOHe XKBLIJAMIBIK, OONBIHITIA KeHICTIKTEri CHPeTIITeH Ta3/IblH, KYHiH
cumnaTTaiiabl. KaTTe! /eHe yKoHe m1a3MaJarbl 9JIeKTPOHIAP/IBIH TaChIMAIIAHYBIH, IPOJILIK PeaK-
TOpJIAPJIarbl HEATPOHIAPILIH TACBIMAJIAHYBIH 2KoHEe FapbImTaH 2Kepji KalbIKTBIKTaH 3epPTTey
2KYMBICTAPBIH]IA KOJIIAHBLIAIbI. BObIIMAH TEHIEYIH MIENTyiH THIMI 91icTepinin 6ipi MOMEHTTIK
omic 6osbIn TabOBLTAABI. BOIBIIMAH MOMEHTTIK TeHJEyJIepiHiH Kyiieci CHpeTLIreH ra3iblH KYWin
CUTIATTAYIa KUHETUKAJDBIK »KOHE TMIPOJINHAMUKAJBIK JeHMeHIep/IiH, apaabiFbHIa KAaTKAH Jepoec
TYBIHJBLIBI CBI3BIKTHI €MeC TeHJIey/Iep KJIACHIH KypaiiIbl.
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Erep GesmiekTep iy, yirecTipiM (DyHKITUSICHI TOJIBIK, OPTOTOHAJ (DYHKIUSIIAP Kyiteci 6oiibraima Py-
pbe KaTapblHa XKiKTesice, OHAa BosbiMan TeHeyi KikTey KoaddunmenTTepite cail ChI3bIKTHI OIe-
PaATOPABLIH O3IHIIK PYHKITUSIAPBIHBIH TOJTBIKTHIFBIHAH Jep0eC TYBIHABLIB Aud(epEeHIaIIbIK, TeH-
Jeyaep i IeKci3 xkyitecinin 6amamackr 6omaabl. Bipak anddepeHInan bk, TeHIeYIep/IiH, MeKci3
»)Kyitecin mernry mymkia emec. CoHjipIKTaH BoJsibIiMan TeH eyl yIIiH 6acTalKbI-IIIETTIK €CEITiH, Ky bl-
KTaJIFaH IIemriMia Taby YIIH MOMEHTTIK OiCTi KOJIAaHaMbl3. Byl Makasaaa Jepbec TYBIHIBLIbI
CBI3BIKCBI3 TUIEPOOJIANBIK, MM OEPEHITNANIBIK TeHIEeYJIeD KIIAChIHA, KATATHIH YKOHE aJIThl j1epbec
TYBIHIABIIBI CHI3BIKCHI3 UM MDEPEHIINATIBIK TEHAEYIeH TYPATHIH BOJBIIMAHHBIH, AJITHI-MOMEHTTIK
TeHJIEYIEP/IiH KYyiteci KapacThIpbLIFaH. BOIbBIIMAHHBIH Oip OJIIeM/Ii ChI3BIKCHI3 AJITHI-MOMEHTTIK
TeHJIeY/Iep Kyiheci YIMTiH aJralrKpl-MeTTIK ecenTiH KOWBLIBIMBI KeaTipitin, Biaagumupos-Mapimak
JKAJIIBLIBIHFAH MTapTTapbIMEH OChI XKYieHIH CaHJbIK MIEeNNMiHIH HOTUXKeJIepi KOpceTiareH.

Tvyiiia ce3aep: BosbiMaHHBIH aITBI-MOMEHTTIK TeHEYep XKyiteci, Biragnmupos-Maprak xkaJi-
IIBUJIAHFAH MIAPTTAPBI, OOJIIIEKTEPIH VIecTipiM (DYHKIUACH.

HYucsieHHOE pellieHne HAaYaJIbHO-KPAEBO 3a1a4u Jisi OGHOMEPHOI HeCcTalMmOHaAPHOM
HeJIMHEIHOU MIECTUMOMEHTHOI cucTeMbl YypaBHeHUII BosbliMana mpu rpaHUYHBIX
ycaoBusax BaagumupoBa-Mapiiraka
CakabexkoB A., j1.¢d.-M.H., npodeccop, Kazaxckuil HalmoHaIbHBIN TEXHUYECKUN YHUBEPCUTET WM.
K..Carnaesa, r.Anvarel, Pecriybuka Kazaxcran, +77772255722, E-mail: auzhani@gmail.com
Tneyosa T .H., marucrpant, Kazaxckuii HanmoHa/ IbHBINA yHUBEpCUTET UM. ajib-Dapabu, T.AMaThl,
Pecriybiinka Kazaxcran, +77715258453, E-mail: gaynyt@gmail.com

Vpasuenune Bosbnmana - ciioxknoe mHTErpo-aud depennnaabHoe ypaBHEHNEe U OCHOBA KHHETUYIe-
ckoit Teopun razoB. OHO OIMCHIBAET COCTOSTHME PA3PS’KEHHOTO Ta3a B MPOCTPAHCTBE TI0 BPEMEHH
u ckopocTsiM. IlpumMeHsiercs Jijisi U3ydYeHHUs] IIEPEHOCA DJIEKTPOHOB B TBEPJBIX TejlaX U ILIa3Me,
[IepEeHOCce HEATPOHOB B SIIEPHBIX PeaKkTOpax, B 3aJadax JIUCTAHIIMOHHOIO 30HIUPOBAHUS 3EMJIU
u3 Kocmoca. Omanm n3 3pdEKTUBHBIX METOJIOB PEIleHus ypaBHEHUs BoJsibIMaHa SBJISETCHS MO-
MeHTHBIH MeTo]. CrucreMa MOMEHTHBIX ypaBHeHUit BosibiiMana siBJIsieTcsi TPpOMeyKYTOTHON MEK Ty
KHHETHIECKUM U THUJIPOINHAMUIECKUMHI YPOBHSIMY OIICAHUST COCTOSTHUST PA3PSZKEHHOTO Ta3a u 00-
pasyer KJacC HeJMHEHHBIX ypaBHEHWI B YACTHBIX IIPOM3BOJAHBIX. Kcim (DyHKIWMS pacipeiesieHust
qacTull OyJeT pasjoxkeHna B psig @ypbe 10 MMOJHOW OPTOrOHAJIBHOM cucTeMe (DYHKIWIA, TO ypaBHe-
Hue BosbIiMaHa OKaskeTcst SKBUBAJIEHTHBIM O€CKOHEUHOM cucTeme TudhepeHInalbHbIX YpaBHEHU I
B YACTHBIX IIPOU3BOMHBIX OTHOCUTEIBHO KOI(DDUIMEHTOB PA3JIOKEHN B CHILY ITOJTHOTHI CHCTEMBI
CcOOCTBEHHBIX (PYHKITUN JUHEAPU30BAHHOTO omepaTopa. Ho permmuTh OeCKOHEUHYIO cucTeMy aud-
depeHnraIbHBIX ypaBHEHUI HEBO3MOXKHO. [[09TOMY /1711 HAXOXKJIEHUsT TPUOIMKEHHOTO PEIeHMsT
HaJaIbHO-KPAEBO 3aJla4n il ypaBHeHUsI BoJibIMaHa MpuMeHsieM MOMEHTHBI MeTos. B maHHOi
CTaThe PaCcCMOTPEHA OJHOMEpHas HeJIMHeHasi HeCTAIlMOHapHAsl CUCTeMa MOMEHTHBIX ypaBHEHU
Bousbiivana B TpeTbeM mpubIMAKEHNN, KOTOPast SBJISIETCS THIepOonaecKoil cucreMoil muddepen-
[MAIBHBIX YPABHEHUI B 9aCTHBIX IPOM3BOIHBIX U COIEPKUT 6 yPABHEHUI OTHOCUTEIFHO MOMEHTOB
dyukiym pacupegenerns dactuil. ChopMyInpoBana MOCTAHOBKA HAYAJIHLHO-KPAEBOIl 3a/1a9u Jjist
cHUCTEMBI MOMEHTHBIX ypaBHeHUil BosibliMaHa B TpeTbeM NMPUOJIMXKEHUU U [IPUBEIEHBI PEe3yJIbTaThl
YUCJIEHHOTO PEIeHns JJAHHOM cucTeMbl Tpu 0600IEeHHBIX yeaoBusx Biamgumuposa-Mapimaxka.
KuirouyeBbie cJjioBa: IIECTMMOMEHTHAsI CHUCTEMa ypaBHeHHil DBoJibIMaHa, IpaHUYHBIE YCJIOBHUSI
Baamnvmuposa-Mapiaka, GyHKIHS pacupe/iesieHus TacTuir.

1 Introduction

An approximate solution of the initial and boundary value problem for the Boltzmann
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equation can be determined by the moment method.According to the moment method particle
distribution function decomposed into an infinity series of complete orthogonal system of
functions.Boltzmann’s equation is equivalent to an infinite system of differential equations
relative to the moments of the particle distribution function in the complete system of
eigenfunctions of linearized operator. As a rule we limit study by finite moment system
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of equations because solving infinite system of equations does not seem to be possible. There
arises the problem of boundary conditions for a finite system of equations that approximate
the microscopic boundary conditions for Boltzmann’s equation. We consider the third approxi-
mation of one-dimensional nonlinear nonstationary Boltzmann’s moment system equations
and give the approximation of a homogeneous microscopic boundary condition for a nonlinear
onedimensional Boltzmann equation.

Moment methods differs from each other by choosing different systems of basis functions.
For instance, Grad [1,2] obtained the moment system by expanding the particle distribution
function in Hermite polynomials near the local Maxwell distribution. Grad used Cartesian
coordinates of velocities and Grad’s moment system contained as coefficients such unknown
hydrodynamic characteristics like density, temperature, average speed, and so forth. In work
[3] we have obtained the moment system which differs from Grad’s system of equations. We
used spherical velocity coordinates and decomposed the distribution function into a series
of eigenfunctions of the linearized collision operator|4,5|, which is the product of Sonine
polynomials and spherical functions. The expansion coefficients, moments of the distribution
function is defined differently than in the Grad. The resulting system of equations, which
correspond to the partial sum of series and which we called Boltzmann’s moment system
of equations, is a nonlinear hyperbolic system in relation to the moments of the particles
distribution function. The differential part of the resulting system is linear in relation to the
moments of the distribution function and nonlinearity is included as moments of collision
integral [6]. The moments of a nonlinear collision operator are expressed through coefficients
of Talmi and Klebsh-Gordon|7,8|.

2 Literature review

Note that Boltzmann’s moment equations are intermediate between Boltzmann(kinetic
theory) and hydrodynamic levels of description of state of the rarefied gas and form class
of nonlinear partial differential equations. Existence of such class was noticed by Grad in
his articles (Grad,1949:331-407) and (Grad,1958:205-294). He obtained the moment system
of equations by expanding the particle distribution function in Hermite polynomials near
the local Maxwell distribution. Grad used Cartesian coordinates of velocities and Grad’s
moment system contained as coefficients such unknown hydrodynamic characteristics like
density,temperature,average speed,and so forth. Formulation of boundary conditions for Grad’s
system is almost impossible, as the characteristic equations for various approximations of
Grad’s hyperbolic system contain unknown parameters like density,temperature, and average
speed. However, 13- and 20-moment Grad equations are widely used in solving many problems
of the kinetic theory of gases and plasma. In work (Sakabekov,2002) we have obtained the
moment system which differs from Grad’s system of equations. A homogeneous boundary
condition for particles for particles distribution function was approximated and proved the
correctness of initial and boundary value problem for nonlinear nonstationary Boltzmann’s
moment system of equations in three-dimensional space.

In works (Cergignani,1975) and (Kogan,1967) used spherical velocity coordinates and
decomposed the distribution function into a series of eigenfunctions of the linearized collision
operator, which is the product of Sonine polynomials and spherical functions. The structure
of Boltzmann’s moment system of equations corresponds to the structure of Boltzmann’s
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equation;namely, the differential part of resulting system is linear in relation to the moments
of the distribution function and nonlinearity is included as moments of collision operator
(Kumar,1966:113-141).In work (Sakabekov,2014) the initial and boundary value problem for
one-dimensional nonstationary Boltzmann’s equation with boundary conditions of Maxwell
was approximated by a corresponding problem for Boltzmann’s moment system of equations.
The boundary conditions for Boltzmann’s moment system of equations were called Maxwell-
Auzhan conditions. In work (Levelmore,1996:1021-1065) has been presented a systematic
nonperturbative derivation of a hierarchy of closed systems of moment equations corresponding
to any classical theory,it is a fundamental work where closed systems of moment equations
describe a transition regyme.

3 Material and methods

We write in an expanded form system of one-dimensional Boltzmann’s moment equations
in the k-th approximation:

Ofo 19 2(n+1+1) 2(n+1)
5 ¢ + E%[l(\/@l D+ l)fn,l—l - \/(2[ “ D@+ 1)fn+1,l—1) +

2(n+1+ 1) 2n
i+ 1)(\/(2l +1)(20 +3) fudrr = \/(2l +1)(20 + 3)f”‘”“)] = 2+ 1=0,1,2,k (1)

where the moments I,,; of a nonlinear collision operator are expressed through coefficients

of Talmi and Klebsh-Gordon |7,8] and have the next form:

110150
Inl = Z<N3L3n3l3 . l ‘ nlOO . l><N3L3n313 : l ’ nlllnglg . l>( 1102 )(0'[3 — UO)fn1l1fn2l2 (2)

where (N3Lsnsls : [ | nilingls : 1) are generalized coeflicients of Talmi, (1,015,0/10) are Klebsh-
Gordon coefficients, @ = ﬁ is the constant , R is Boltzmann’s constant, and 6 is the
ideal gas temperature. This system corresponds to decomposition of the particle distribution
function by eigenfunctions of the linearized collision operator.

If in (1) 2n+1 takes the values from 0 to 3 , we get Boltzmann’s moment system equations

in the third approximation:

Oho  10fun

ot a or 0 (3)

0 fo2 2v/2
ot +o¢ (\/—f01 \/—f03 \/—fn)

(9f1o - \/7f01+\/>f11 (5)
afOI a (f00+ f02 \/7f10 (6)

Becrauk KasHY. Cepusi maremarnka, Mexanuka, uadopmaruka Nel(93)2017

Joz, (4)



50 Sakabekov A., Tleuova G.

Ofos 10 3
ot adx\/5

dfn 10 22 \/g B
wre + E£(_\/_1_5f02 + §f10) =Jn

x € (—a,a),t >0,

foz = Jos,

where foo = foo(t, ), for = foi(t, ), for = fo2(t, @), foz = fos(t,v), fro = fro(t, v), fu1 =
fi1(t,z), are the moments of the particle distribution function; Joo = (02 — 00)(foofo2 —
forfor/V'3)/2, Jos = (1/4)(03 + 301 — 40) foofos + (1/4V5)(201 + 09 — 303) for foz, Ju =
(0'1 — UO)(fOOfll + (1/2)(\/5/\/§)f10f01 - (ﬁ/ﬁf))(f(nfog) are moments of the collision

integral, where o, 01,09andos are the Fourier coefficients. We consider the Vladimirov-

Marshak boundary conditions:

[ (—v2fo0 — \/7.]002 + —f1o) + fo1l le=—a= 0

i

3\

\/7f00 - 2\/_f02 + fi0) + \/—f01 + \/—f03 — f/\/—_fn] |s=—a=

%[%(\/%foo*"fm f10 \/>f01+\/7 ] lo=—a=10

\/_foo - \/7f02 + f10) fo1] |z=a=

s;:|’*

3\

SIS
S\

—\/gfoo - 2\/§f02 + fi0) — %fm \/—fos + \/[fn] |lz=a=

%[%(%foo + fo2 — %fm) + \/gfm — \/gfn] lz—a= 0,

and introduce the following vectors and matrix :

u = (foo, foz, f10)',

w = (fo1, fos, fu1),
Jl = (O? ‘]0270)/7
J2 = (07 J037 JOI)/7

1 2 _ 1
o a i
A=— NI 5 |,B=——F+ 2 92y2 -1

“ —\/g 0 \/é T _i -1 2
V3 V2
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where matrix A u B are nonsingular.
We write the initial and boundary value problem for six-moment Boltzmann’s system
equations with boundary conditions (9)-(14) in a vector-matrix form:

ou ou
o A T (15)
Ju ,0u
E"‘A%—Jg,te(O,T],ZEG(—(I,@), (16)
U |t:O: Uo(ﬂf),w |t:0: wo(x),x € [_aa a]a (17)
(Aw F BU) |z::|:a: O7t € (Oa T])v (18>

where ug(z) u wo(z) are given initial vector functions. It requires to find the solution of the
system (15,16) with the initial conditions (17) and boundary conditions (18).

4 Results and discussion

We use the explicit method for solving the initial and boundary value problem numerically.
According to the explicit method we approximate the system (15,16):

yrtl _pgn wr., —Wwn
7 1 A i+1 v _ n n
wrtl ,Ur —ygr
i [ A =2 i—1 _ n .
At + A.I JQ(Uz 7VI/Z )
And the values of U and W™ are equal to:
il . At " n n opm
Urt = Uf = AW = W) + AL (U7, W),
_— . At n n oyin

We use the next initial values:
f(())o(x) =1-uz, f&(l’) =T, f?o(x) = x(l - x)a f((])l(x> =1- xQ, f(?g(x) = 352» f&(m) =
xz(]‘ - 332)7

11—z l1—x
Uo(z) = T ,Wo(z) = x? ,
z(1—x) 2(1 — 2?)

00=0.3,00 =0.5,00 =0.7,03 = 0.9, = 0.2,n € [1,10],7 € [1,9].
The numerical results ( the values of U(x,t) and W(x,t), corresponding to the values of
foos fo, foz, fos, fi0, f11 ) were obtained on C++ program and shown in this 6 figures.

5 Conclusion

The study of various problems for Boltzmann’s moment system of equations is an important
and actual task in the theory of a rarefied gas and applications of the moment system
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Figure 3 — The behavior of the moment fi¢ in space of time and variable x
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Figure 6 — The behavior of the moment fi; in space of time and variable x

Becrauk KasHY. Cepust maTemarnka, Mexannka, nadopmaruka Nel(93)2017



54

Sakabekov A., Tleuova G.

equations.The Boltzmann equation describes the behavior of a rarefied gas in space of time
and velocity and the numerical solution of the initial and boundary value problem for
Boltzmann’s six-moment system equations allows us to see the behavior of the moments
of the particle distribution function foo, fo1, fo2, fo3, fi0, fi1 in space of time and variable x.
Obtained results showed that the parameter o (o depends on gas temperature) has influence
on the behavior of the moments of the particle distribution function foo, fo1, fo2, fos, fi0, fi1-

(1

2]
(3]

(4]
(5]
(6]
[7]
(8]

[9]

[10]
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