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About the group approach in the task of fuzzy synthetic evaluation

The fuzzy synthetic evaluation method can be applied to problems where we need to evaluate
object determined by various heterogeneous features. The problem is to determine quantitatively
significances of various features th6666/at is their weights. Using various weight vectors leads to
the different results of evaluation. There are various methods to define weight vectors but there
is no criterion to determine the best of them. The work is devoted to the problem of determining
the balance in the method of fuzzy synthetic evaluation sites. The paper proposes the use of the
cluster approach to determine the weights of the criteria which in a sense, a universal and can
be applied to various modifications of this method. We establish a connection between the fuzzy
synthetic evaluation method and fuzzy classifications and propose a group approach to determine
weights of the method. Also, the article describes the proof of the theorem, which determines the
weight of the criteria for the group approach.
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O rpynmoBoM IIOAXOJ€ B 3ajiaye HEeYeTKON CHHTETUYUECKOUN OIeHKU

CunTeTnvecKkuil MeTOJ] HEYETKOIM OIEHKU MOXKET ObITh IPUMEHEH K 3aJadaM, B KOTOPBIX HYKHO
OIIEHUTDH OO'BEKT, OIPEIE/IAeMbIil PA3JINIHBIMU PA3HOPOTHbIME (yHKIMsaME. [Ipobiema cocTout B
TOM, 9TOOBI OMPEIETUTD 3HAYCHUA PA3INIHBIX DYHKIHIT, KOTOPBIM SIBJISI€TCS KOJUIECTBEHHAS Xa-
paKTepucTuka — ux Bec. Vcromp30Banne pa3IMaHbIX BECOBBIX BEKTOPOB IPUBOJUAT K PA3IUIHBIM
pesyibrataMm oneHku. CyIIecTBYIOT pa3jndHble METOJIbI JIjIsl OIIPeJIeJIeHUsI BECOBBIX BEKTOPOB, HO
HET HUKAKOI'O0 KPUTEPUsi, YTOOBI OIPEIE/IUTh JIydIline U3 HuX. B MeTojie HeUeTKOi CHHTeTUIeCKON
OIIEHKM OOBEKTOB MOXKHO OIPENe/nTh Beca. IIpeiaraercst ncmo/ib30BaHne IPYIIOBOTO MTOIXOA,
¢ TIOMOIIBI0 KOTOPOrO MOYKHO OINpEJIeSIUTh Beca KpurepueB. OH SBJISIETCS YHUBEPCAJIBHBIM U MO-
JKeT OBITh MPUMEHEH K Pa3JIMIHBIM MOAMMUKAIIAIM 9TOT0 MeToa. s onpenesiennst Beca MeTo/ia
YCTAHOBJIEHA CBSI3b MEXKJIy CUHTETUYECKMM METOOM OIEHKU M HedeTKOi Kiaccudukanuu. Kpome
TOrO, B CTAThe OIUCHIBAETCs JIOKA3aTEbCTBO TEOPEMBI, KOTOpas OIpeesiseT BeC KPUTEPUEB JIJIst
IPYIIIOBOIO TOIXO/IA.

KuroueBbie cjioBa: CHHTETHYECKUN METO/T, TPYIIIIOBOI TIOIX0/, BeCa KPUTEPUEB, HEUETKAs KJIac-
cudpuKaIms.
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Axwmerosa A.2K., JIa. JI.JL.
Byaapip cuHTEeTHKAJBIK Garajiay ecebGiHaeri TONTHIK 9IiC Ty PAaJIbl

Bynasip 6aramaymaer 2Ky3ere acbIpaTblH CHHTETUKAJIBIK, OICTI TYpJii (DYHKIMSIIAPDMEH CHUIATTAJIA-
TBIH O0BEKTTEP Al Oarajayra MyMKIHIIK OepeTin ecemrepre KoamaHyra 6omamapr. MyHmail ecemrep-
Jleri Herisri mMocese — CAHJBIK CHUMATTaMa OOJIBIT TAObLIATHIH TYPJ (DYHKIUSIAP/IBIH, MOHJIEPI,
SIFHU OJIAPJIbIH, CAJIMAFblH AHBIKTAy OOJIBbII TabbLIaAbl. TypJi CAJIMAKTBIK BEKTODJIAP/bl KOJIIa-
Hy OaraJiayablH TYPJIi HOTHUXKejepiHe ayibin Keyei. CalMakThIK BEKTOPIAPIbl AHBIKTAYIBIH, TYPJIi
oicTepi OoITaHBIMEH, OJTAPILIH IMIHEH eH THIMIICIH TaHaan OepeTin KpUTepuitaepaiH *KOKTHIH Ka-
cor. O6beKkTTep/Ii OYIIBIP CHHTETHKAJIBIK, Oarayiay 9/1ici apKbLIbI CAJIMAKTHI AHBIKTAYTa MYMKIHJIK
6ap. Kpurepuitiepin caaMarblH aHbBIKTayFa MYMKIH/IIK O€peTiH TONTHIK eCenTeyai KOIIAHY YChI-
HbLTya. OJ1 yHUBEpCAJIBI 2KOJI OOJIBII CaHAJIAIbI KOHE OHbI CHHTETUKJIBIK, Oarajiay oiCiHiH TypJIi
Mo UKaIusiIapblHa KoJimanyFa 601161, COHbIMEH KaTap 9/IICTiH CAJIMaFbIH AHBIKTAY MAKCATHIH-
T Garajiay/IblH CHHTETHKAJIBIK, 9/1iCi MeH OVIIbIp KiracCuUKAIUsIay Oici apachlHIa OaillaHbIC
OpHATBHUIIBI. Byman Oesiek Makasiajia TONTHIK, ecelTeyre apHajfaH KPUTEPUIIED CAJIMAFbIH aHbI-
KTaWTBIH TeopeMa JIDJe eyl CUTIaTTAIA IbI.

Tvyiiin ce3ep: CHHTETUKAJIBIK 9J1iC, TONTHIK, €CEIl, KPUTEPUILIED CAJIMAFbl, OYJIIBIP KIaCCU(pUKaA-
102828

Introduction

This article is devoted to an application of the group approach for solution of an object
evaluation problem where the object is described by numerous non homogeneous attributes.
The group approach is used to determine the weights in the fuzzy synthetic evaluation method
and a theorem that allows us to find the corresponding weights of the group solution is proved.
The fuzzy synthetic evaluation method can be applied to numerous problems where we need
to evaluate object determined by many heterogeneous features. Examples include assessment
of fire safety in buildings, river and ground water quality [1-3],[9], evaluation of seismic safety
of buildings, road transport congestion, air pollution [4-8|, [10] and so on. We propose to
use a group approach for determining weights which is in some sense universal and can be
applied to various modifications of the fuzzy synthetic evaluation method.

Let’s remind the definition of the fuzzy synthetic evaluation method and define necessary
auxiliary concepts and notations.

Let M = {S4,..., 51} be a finite set of evaluated objects. When an object S € M is the
vector S = ($1,...,8,) € R" of dimension n, we say that S is described by n features or
attributes. The magnitude s; expresses the quantitative value of i-th feature of the object
S. In applications attributes characterize various properties of an object that are measured
in different units. For example, a roll of fabric S = (s1, 2, 53) can be determined by three
features: width, length of the roll and the price for 1 meter of fabric.

As a result of applying the fuzzy synthetic evaluation method we get object’s evaluation
that is equal to one of the m values of natural language. For example, the evaluation of fire
safety of building can accept one of the values: very safe building, safe, medium, not safe,
dangerous. That is after applying of the method the object will be evaluated to belong to
one of 5 classes of buildings.

Let L = ({a1, ..., am}, <) be a finite lattice, where a; < a; iff i < j.

Definition 1 [11]. A fuzzy subset A of the set M is a map

pa: M — L.
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Here M is a set of evaluated objects and the value p4(.S) is interpreted as the degree of
membership of an element S to the fuzzy set A, in our case, we suppose that S with a degree
of 1a(S) possesses the evaluated property. The task of assessment of S € M will consist
in determination of p4(S). Definition of 14(S) happens at some stages called model levels.
Depending on quantity of levels we will distinguish one, two, etc. level models.

We suppose that a; accept values of the natural language, expressing some quality, for
example, good, bad, etc.

Now we proceed to the description of the method applied to the two-level model.

Assume that there are k factors @, ..., ®, on which the object will be evaluated. Each
factor is described by n;, t = 1, ..., k, attributes. Let’s consider how an object is evaluated for
factor ®,.

In the initial phase, with respect to each attribute, object belongs to one of m classes that
corresponds to a;, j =1,...,m. Object’s belonging to one of the classes is defined as follows.

Let’s determine the matrix R" = (r};)n,xm by the following way.

Let s; € J; = [Yi1, Yim+1) C R, i =1,....,n and [yi1, Yim+1] be partitioned into m intervals

[Z/z'h yi2)7 [yi2> yi3)7 e [yz'my yi,m+1]-

The values vi2, Yis, ..., Yim and the functions pj, : J; — L such that py(s;) = a; iff s; €
[Yij, Vi j+1) are defined by experts of subject’s domain of the solved problem. We suppose
that the functions pu, are either increasing or decreasing i.e. py, (a) < py,(b), whereas a < b
(or pug,(a) > py,(b) at @ < b ) Then if py, increases the values rf; are defined as follows:

Yij+1—Yiz’
0, otherwise.

¢ { S if p(si) = aj;
r
Similarly, if p, is decreasing then

Yij—Si . N
rt.g = Yij—Yi,j+1’ if MJi(SZ) Qyj; (2)
N 0, otherwise.

The first level of the fuzzy synthetic evaluation method is described by equation

(W) R! = bt 3)

where w' = (wi, ..., w}, ), 0 < w! < 1, is a weight vector, b = (b1, ..., b!,), the vector (w')’ is
t

the transpose of w*,

b= S uir (@)

j=1,..m. We call b* = (b%,...,b! ) the evaluation vector. On each level, starting from
the second one, factors of the prior acts as attributes of the current level We now describe
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the second level of the fuzzy synthetic evaluation method. On the first level we estimated the
object S € M with n; attributes in each of the factors ®, t = 1, ..., k we used.Let

bt — (Wt)/ Rt7 (5)

be equations determined on the first level of the method in factors ®!, where w! =
(wi, ...,w!,) is the vector composed of the weights of its attributes, R’ is a matrix composed
of the values of the membership function uf;, R* = (r};)n,xm, 1i; = piiz, b = (b7, ..., 0,) is
the evaluation vector on the first level of the method. Let B = (by;)xxm,

by = b;- = Z wfrfj , (6)

t=1,...k, j=1,...,m. Then the second level of the fuzzy synthetic evaluation method
is described by equation

c=W'B (7)

where W = (W, ..., W},) is a weight vector on the second level, W, is a weight of the factor
k

D, ¢ = (c1,...,¢,,), ¢j = >, Wibyj is the evaluation vector on the second level. Analogously,
t=1

o bm

the fuzzy synthetic evaluation can be determined on the higher levels. Let ¢ = (cy,...,¢,,)

oy Uy

be an evaluation vector on the last level of the fuzzy synthetic evaluation method, ¢ is
m

positive integer closest to ) jc;. Then object S will be estimated by a linguistic meaning
j=1

that corresponds to an element a; of lattice or in other words, we assume that it belongs to

c-th class.

A correspondence between fuzzy synthetic evaluations and fuzzy classifications

In this section the accordance between the fuzzy synthetic evaluation method and fuzzy
classifications is established. It’s shown that the application of the method to the set of
objects will result in a fuzzy classification of these objects. Let’s remind the definition of
fuzzy classification. Denote

Vit = {AJA = (@) 0<ay <1, > ay=1; i=1,..,h}. (8)

j=1
Definition 2 [1]. Each matrix Ax € V;™ defines a fuzzy classification K of the set M =
{S1, ..., Sn} on m classes. Elements a;; of the matrix A are interpreted as the membership
degree of S; in the j-th class. We say that classification K is given by matrix Ay and that

matrix Ax determines classification K. The j-th class is a fuzzy set determined by the
membership function p;(S;) = a;;. We call a vector x = (21, ..., z,) normal if

ixj =1.
j=1
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Any vector with positive components can be normalized by dividing each component by the
sum of all components. On the each level of the fuzzy synthetic evaluation method we get an
evaluation vector b = (b, ..., b, ). Denote by b its normalization, that is b™ = (b, ..., b)),
where

b =bi/ 32711 by (9)

Let M = {Si,..., S} be the set of objects to be evaluated, b; be the normal evaluation
vector of S;, @ = 1,.., h on some level. Then the matrix composed of these vectors

by
BK = = (bij)hxm
by,

is the matrix of fuzzy classification of the set M = {51, ..., Si}, here b;; is j-th element of b;.
The element b;; expresses the membership degree of the object S; in the j-th class.

Proposition 1. Let (b)Y = (b%,...0%), t = 1,..., k, be the normal evaluation vector of the
object S in the factor ®; on the [-th level. w = (wy, ..., wy) is the normal weight vector, where
wy is the weight of the factor ®,. Let ¢ = (¢y, ..., ¢) be an evaluation vector on the level [+ 1.
Then

=1 (10)

Proof. Let B be a matrix composed of the vectors (b)Y, ¢ = 1,....k, B = (bij)kxm;
by; = b5 is the j-th component of the vector (b’)". Then

k k
C:W/B = (Zwtbﬂ,...,Zwtbtm> . (11)
t=1 t=1
Let’s find the sum of the component of the vector c.

m

ch => O wiby) = Zwt(z by)=> w-1=1. (12)

j=1 t=1

Thus, by normalizing the evaluation vectors and weight vectors in each factor on the first level,
we will have normal evaluation vectors on the next levels. Accordingly, if on some level of the
fuzzy synthetic evaluation method for each of the factors we have fuzzy classification of the
evaluated objects represented by the matrix By then on the next level the matrix composed
of evaluation vectors of the S; ¢ = 1, .., h also will be the matrix of fuzzy classification of the
set M ={51,...,Sn}.

Group approach to determine the weights

When we use the fuzzy synthetic evaluation method, it is an important task to determine
quantitatively significances of various criteria that is their weights. Usually the weights are
defined by experts, using the various weight vectors leads to the different results of evaluation.
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There are many methods to define weight vectors but there is no criterion to determine the
best of them. In this section the group approach is proposed to determine the weights.
The essence of this approach is to determine an evaluation vector that is the closest to
the evaluation vectors obtained by using different weight vectors. We will call it the group
evaluation vector. The weight vector corresponding to the group evaluation vector is the
required one.

Let’s define the group evaluation vector which is modification of the definition of the
group classification|[1]. Group evaluation vectors and corresponding weight vectors will be
determined separately on each level. For definiteness, we consider the procedure of finding a
group decision on the second level of the fuzzy synthetic evaluation method. Group solutions
on the first, third, etc. levels are determined in a similar way. Note that on the first level we
consider the group evaluation vector for every factor.

We will denote by c¢(w) the evaluation vector obtained on the second level as a result of
application the fuzzy synthetic evaluation method with the weight vector w = (wq, ..., wy,).
Let X be the set of all weight vectors, c(X) = {c(x) : x € X} be the set of evaluation vectors
for all weight vectors from X.

Definition 3. Let c(wy), ..., c(w,) are evaluation vectors obtained on the second level by
applying the fuzzy synthetic evaluation method to the object S by using different weight
vectors wy, ..., w,.. We call c* a group evaluation vector for c(wy), ..., c(w,) if the minimum
of the functional

F(c) =) p*(c(wy),c). (13)

is attained on this vector, i.e.

cec(

F(c') = mi%ZpQ(C(Wp),C)- (14)

r

Lemma. Let hq,..., h, be arbitrary real numbers, xr = <Z hi> /r. Then
i=1

r

Z(iﬂ — hy)? < Z(?/ — hi)?, (15)

i=1
for any real y.

Proof. We have

(= hi)? =ra® = 2w(hy+ .+ b))+ DRI =ra’ =22’ + ) D7, (16)
i=1 i=1 i=1
Z(y —h)?=ry* —2y(hs + ... + h,) + Z h? = ry* — 2yrx + Z hZ. (17)
i=1 i=1 i=1
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Assume that for some y

T

D= i) > Sy =)’ (18)

i—1
then

ra® — 2ra? > ry? — 2yrx (19)
or

0>y*—2yr+2*=(y—x)° (20)

The last inequality is impossible, the contradiction proves the lemma.

The next theorem allows us to find the weight vector corresponding to the group evaluation
vector.

Theorem. Let cq,co,...,c, be the evaluation vectors obtained on the second level of the
fuzzy synthetic evaluation method by r different ways, w1, ws, ..., w,. be corresponding weight
vectors, ¢, = (d},...,c%), ¢, = ¢(w,), p=1,...,7. Let c* be the group evaluation vector for
C1,Co,...,C., p be the Euclidean metric. Then the components of the weight vector w* =
(w7, ...,wy) corresponding to ¢* are determined by the following formula

wr = (wa) Jr.oi=1,.. k. (21)
p=1

Proof. For the group evaluation vector ¢* = (cf, ..., ¢,) we have

ey Oy

cec(X) p=1 cec(X) p= c€c(X) j=1lp=1

F(c*) = min 3 #*(c,,c) = min §;1< ﬁ:;l(cg—cm) —min > 3 (= o) (22)

where ¢ = (cy, ..., ¢;). By Lemma the group evaluation vector ¢* = (cf, ..., ¢},) is defined as
follows

i = (ch) /r, j=1,..,m. (23)

Let’s show that w* is a weight vector for c*, i.e. Then

k

r k
i=1 1 =1

p:
k
> wib. (24)
=1
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So,
c* = (w")'B. (25)

The theorem is proved.
Note that if w,, ¢, = ¢(w,), p = 1,...,r are normal vectors then ¢* and w* are normal

vectors too.

Conclusion

Fuzzy synthetic evaluation method can be applied to problems of estimation of objects

is determined by many heterogeneous criteria and factors. The paper proposes the use of

the
can

cluster approach to determine the weights of criteria, which in some sense universal and
be applied to various modifications of this method. The article established a connection

between the method of fuzzy synthetic evaluation and fuzzy classification, proved the theorem
that determines the weight of the criteria for the group approach.
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