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The article is devoted to research the Cauchy problem for singularly perturbed higher-order linear
integro-differential equation with a small parameter at the highest derivatives, provided that the
roots of additional characteristic equation have negative signs. The aim of this paper is to bring
asymptotic estimation of the solution of a singularly perturbed Cauchy problem and the asymptotic
convergence of the solution of a singularly perturbed initial value problem to the solution of
an unperturbed initial value problem. In this paper the fundamental system of solutions, initial
functions of a singularly perturbed homogeneous differential equation are constructed and their
asymptotic estimates are obtained. By using the initial functions, we obtain an explicit analytical
formula of the solution. The theorem about asymptotic estimate of a solution of the initial value
problem is proved. The unperturbed Cauchy problem is constructed. We find the solution of the
unperturbed Cauchy problem. An estimate difference of the solution of a singularly perturbed
and unperturbed initial value problems. The asymptotic convergence of solution of a singularly
perturbed initial value problem to the solution of the unperturbed initial value problem is proved.
Key words: singular perturbation, small parameter, the initial functions, asymptotics, passage
to the limit.
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B pabore paccMaTpuBaeTcs CHHTYJIDHO BO3MYINEHHas 3aJa4da Komu i JUHEIHOr0 WHTEerpo-
auddepeHIMaIbHOr0  YPaBHEHNsT BBICHIErNO IIOPsJIKA C MaJblM HapaMeTpOM MPH CTapIINX
IPOU3BOJAHBIX IIPU YCJOBUH, YTO KOPHH JOIOJHUTEIBHOTO XapPaKTEPUCTHUYCCKOTO yPaBHCHUA
WMEIOT OTpHUIaTe/IbHbIe 3Haku. PaboTa IMOCBLAIEHA MOJYYEHUIO ACUMITOTHIECKHX OIEHOK
peIlleHnsT CUHTYJISIPHO BO3MYIIeHHOH 3ajadn Komm u acuMmToTHYecKas CXOANMOCTD PEIIeHUS
CUHI'YJIIPHO BO3MYIIIEHHOU HAYaJbHOU 3aJa4d K PEIICHUIO BBIPOXKJACHHON HAYaJIbHOU 3aJad4u.
B crarbe mocrpoena dyHIaMeHTaJIbHAA CUCTEMAa PeIIeHUil, HaYaJbHble (PYHKINNA CUHIYJISPHO
BO3MYIIEHHOT'O OJIHOPOHOTO i DepeHINaIbLHOI0 yPABHEHUSI, [TOJIYUIEHbBl UX ACUMITOTHYECKUE
oreaku. C TOMOIBIO HAYAJIBHBIX (DYHKIMH TIOJy9YeHA siBHASI aHAJUTHIECKasi (DOPMYJIa PEeIeHmit
3aJIaHHOM HavdaJbHOW 3agadn. C TOMOIIBI0 AHAJIUTUYIECKONW (OPMYJIBI JOKa3aHa TeopeMa
00 ACHUMIITOTHYECKON OIIEHKE PeIeHns paccMaTpuBaeMoil HadaabpHO#i 3amaqun. IlocTtpoemna
HeBO3MyIeHHas 3amada Komm. Haiineno pemenne neso3myinennoil 3aga4un Komm. Ilosyuena
OIlCHKa PAa3HOCTH MEXKJIy DEIICHUNl CHHTYJIAPHO BO3MYIIECHHOM M HEBO3MYIICHHON HaYaJIbHBIX
3amad. JlokazaHa acHMITOTHYECKAs CXOAUMOCTH DeEIleHUs 33JaHHON CHHTYISPHO BO3MYIIEHHOM
HaYaJIbHOI 33189 K PEIICHUI0 HeBO3MYIIEHHOI HAaYaJIBLHON 3a1avn.

KimtoueBble cJji0Ba: CHHTYJISIDHOE BO3MYINEHHE, MAJIGIi HapaMmeTp, HadaJbHble (YHKINA,
ACUMIITOTHUKA, IIPEJIeIbHBII Ilepexos,
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ZKyMmbIcTa YIKEeH TYBIHBLIAPBIHBIH aJIBIHIA Kilnll napamerpi 6ap KOraprbl PeTTi CHHIYIISPJIBI
ayBITKBIFAH CBI3BIKTHI HHTEIPaJIIbI- 1M OEPEHIIUAJIBIK, TEHIEY YIIiH "KOCBIMINA CHUIATTAYBIII
TeHgiey " e artajiaThiH TeHJeyAiH TyOipsepiHiy TaHOackl Tepic OGoJiraH karaiibiHta Komu ecern
KapacTeIpbliral. 2KyMBIC CHUHTYJISAPJIBI aybITKbIFaH Kommm ecen ImenmiMiHiH aCHMITOTUKAJIBIK,
OaraJiayblH aJIyFa KoHE CHHIYIISAPJIbI AYBITKBIFAH OACTAKBI €CeOIHIH IMenriMi ColKec aybITKbIMAFAH
GacTamnKkbl ecebiHiH MTeITiMiHe AaCHMIITOTHKAJIBIK, JKTHAKTAJIYBIH 3epTTeyTe barnirTaaran. Makamama
OepinreH TeHjieyre coiikec OIPTEKTI CHUHTYIAPABI AyBITKbIFaH JudMEPEHITHAIBIK, TEeHIEYIiH,
ipreii memriMaep Kyiieci, Oacramkbl (DYHKIUSIAPbl KYPBLIBII, OJIAPIbIH, ACHMITOTHKAJIBIK,
OaraJyiaysiapbl  ajiblHFAH. Dy (yHKOUsIApABIH KOMEriMeH KapacThIPBLIbIN OTbIpraH Ko
ecell MeNiMiHIH aHATUTHKAJIBIK, (POPMYJIACHl AJbIHFAH. AHATUTUKAJIBIK, (DOPMYJIAHBIH, KOMEriMeH
KOMBLIFaH OACTAIIKBI €CeIl MIEeNTiMiHIH ACHMIITOTHKAJIBIK, Oaraiaybl TyPaJIbl TEOPEMA [IQJIEIEHT€H.
Ocbl cuHTYJISpJbl aybITKbIFaH Koimn ecebine coiikec aybITKbiMaraH Ko ecebi KypbLIJIHL.
Aywbirkbivaran Koru ecebiniy, mienriMi aibiaabl. CUHIYIISIPIIBL 8y BITKBIFAH ODACTAIIKBI €Cell IIeniMi
MEH aybITKbIMAFraH OacTallKbl ecell IMeNNMiHIH apacblHIAFbl aflbIpbiM OarajiaHibl. bepiarexn
CHUHTYJISPJIbI ayBITKBIFAH OACTAIKBI €CeIl IENIiMiHIH aybITKbIMAFraH OacCTAlKbl €Cell IIelriMiHe

YMTBUIATBIHBI JIJIEJJIEH]T.
TyitiH ce3aep: cuHTYISApJIBI aybITKY, Killl mapamerp, OGacTankbl (QyHKIUSIApP, ACUMITOTHKA,

ITEKTIK KOTTy.

1 Introduction and review of literature

Singularly perturbed equations act as mathematical models in many applied problems related
to diffusion, heat and mass transfer, chemical kinetics and combustion, heat propagation
in thin bodies, semiconductor theory, gyroscope motion, quantum mechanics, biology and
biophysics, and many other branches of science and technology.

Various asymptotic methods exist to approximate solutions of certain singularly perturbed
problems: the method of matching of outer and inner expansions (Cole, 1968), (Hinch, 1981),
(Kevorkian, 1981), (Nayfeh, 2008), (Van Dyke, 1964), (Lagerstrom, 1988), (Eckhaus, 1973);
the boundary layer function method (or composite asymptotic expansion) (O’Malley, 1974);
the method of Lomov or regularization method (Lomov, 1992); the method WKB or Liouville-
Green method (Olver, 1974); the method of multiple scales (Verhulst, 2005); the averaging
method (Sanders, 1985); methods for relaxation oscillations (Grasman, 1987) and others. De-
velopment of different asymptotic methods can be found, e.g., in O’Malley (O’Malley, 1991)
and Vasil’eva (Vasil'eva, 1994: 440-452). Each of these methods has a certain area of applica-
bility; it successfully works in solving certain problems and becomes inapplicable in solving
other problems. The initial value problem with initial jumps for a nonlinear ordinary differ-
ential equation of the second order with a small parameter was studied by M.I. Vishik and
L.A. Lyusternik (Vishik, 1960: 1242-1245) and K. A. Kassymov (Kassymov, 1962: 187-188).
They show that the solution of the original initial value problem tends to the solution of the
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degenerate equation with changed initial conditions, when the small parameter approaches
zero. Such problems became known as the Cauchy problems with initial jumps. Solution of
a singularly perturbed problems have the phenomenon of an initial jump at some point (for
example, at the initial point) in given segment if the value of the solution at this point is
not the same as the solution of the unperturbed problem and the fast variable of solution at
this point is unbounded as the small parameter tends to zero. Singularly perturbed problems
with the initial jump possess specific characteristics, which is not typical for a singularly
perturbed problems, do not have the phenomenon of the initial jump.

2 Material and methods

Consider the following singularly perturbed the Cauchy problem:

1

m n +1
Ly=> Aty (te)+>  Aut)y®(te) = F(t)+ / > Hj(t, x)y (x,e)dx, (1)
r=1 k=0 o =0
y(l)<07€) = Oy, Z:07n+m_ 17 (2)

where ¢ > 0 is a small parameter, a;, ¢ = 0,n+m — 1 are known constants, A, ,,(t) =
1, 1= fiz{0,1,...,n—2}.

We will need the following assumptions:

(C1)A;(t) € C™t™1([0,1]), i = 0,n+m, F(t) € C([0,1]) and H;(t,z), j = 0,0+ 1 are
sufficiently smooth functions in the domain D = {0 <t <1, 0 <z < 1}.

(C2) A,(t) #0, 0<t<1.

(C3) The roots py; # pe # ... # py of "additional characteristic equation"u™ +
Apima(Op™t + o+ Ay (B + An(t) = 0 satisfy the following inequalities Rep; <
0, Reps <0, ... Rep,, <O.

Similarly the Cauchy problem (1),(2) for ordinary differential equation was considered in
(Nurgabyl, 2012: 4-8). In the particular case, similarly boundary value problem with initial
jumps for this case m = 2, [ = 2 (Dauylbaev, 2016: 145-152), (Dauylbaev, 2017: 214-225).

2.1 Construction of the fundamental systems of solutions

We consider the following homogeneous singularly perturbed differential equation associated
with (1):

Ly =3 Ay (™ (12) + 3 A0y (1,2) = 0. ®)
r=1 k=0

The fundamental systems of solutions of the equation (3) has the following asymptotic
representation as € — 0:

y-(q)(t,e) = yfg)(t) +0(),i=1,n, ¢q=0,n+m— 1,

1
=]

¢
% ()f wr(x)dx

yibq—i)-r(tag) - € (Mg(t)yn+T,0(t) + 0(8)) y T = 17m7 q= 07 n+m—1 (4)
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where y;0(t), ¢ = 1,n are solutions of the problem:

Loyio(t) = 0, 4450 (0) = 65, i =T,m, j = T,m, (5)

d;; is a Kronecker symbol, y,,4,0(t), 7 = 1, m are solutions of the following problem:

pr(t)y;-i-r,o(t) + qr(t)yn-i-r,O(t) - 07 yn+r,0(0) = 17 r= 1, m

where -
pr(t) = ZAn+i(t)(n + Z')/ubfg'i_l(t), r=1,m,
i=0
qr (t) = M;O(t) Z An-i—i (t)CZ_,_Z,U:}S_l_Q(t) + An_1<t)[t%_l(t), r=1m,
=0
Cn+i - 2|(n+2_ 2), 1 = O,m.

In view of (4), for the Wronskian W (t,¢) the following asymptotic representation holds
ase— 0:

Wi(t,e) = %W(t)ﬂ(t)w(t)exp é/ﬁ(m)dz (14+0(g)) #0, (6)
where W (t) is the Wronskian,
Y10 (t) Ce Yno (t)
W) =| : ,A=2n+;n_1,
(n—1) (n—1)
yio (t) - Yno (1)

fi(r) = pa(x) + -+ p(x) = (), 7(t) = [ [ ynss @) (t),
k=1 k=1
the determinant w(t) is the m—th order Vandermond determinant,

1 e 1

W ()

2.2 Construction of the initial functions

Definition. The functions K;(t, s,¢), i = 1,n + m are called initial functions, if they satisfy
the following problem:

L.Ki(t,s,e)=0,i=1,n+m, 0<s<t<1,

Becrauk KasHY. Cepusi maremarnka, Mexannka, nadopmaruka Ne 1(97)2018



18 Mirzakulova A.E. et al.

Ki(j)(s7 S, 5) = 5i—1,ja J=0n+m—1,
and that can be represented in the form:

Wi t7 ) . T
K;(t,s,e) = %, i=1,n+m,

(7)
Wi(t,s,€) is the n + m—th order determinant obtained from the Wronskian W (s,¢) by re-
placing the i—th row with y;(t,€), y2(t,€),. .., Ynitm(t, €).

In view of (6),(7), for the initial functions Ki(q) (t,s,€), i=1,n+m, ¢=0n+m-—1
the following asymptotic representation hold as ¢ — 0:

7 (@) m L q _
St 1 z)dx t t i
KO(5,0) = T09) | o g Hmom oo d(0) wuls) Wils)
W(s) P Yntro(s)pp(s)  w(s)  W(s
m 1 f z)d _
+O(e+€"“q26‘esf“k() ),z: ,n, ¢=0,n+m—1;
k=1

K(Q)

(8)
(@)
L(t,se)=¢" ((_1)1" wr+1(8) _ W, (t,s)

n )i (t r m %t x)dz
Sno@ill) wrils) | g ety e PN T, g =0 m =1, (9)
Porro () w(s)

where w;;(s) is the m — 1—th order determinant obtained from the determinant w(s) by
deleting i—th row and j—th column, w;(s) is the m—th order determinant obtained from the
following determinant

1

1
() o pimls)
W) e Hs)

(9)

by deleting i— th row, Wﬁlq) (t,s) is the determinant obtained from the Wronskian W (s) by
replacing the n—th row with yi%) ), s Yo
obtained from the following determinant

(t), Wi(t) is the n + 1—th order determinant

Yno(t)
yio (t) Z/;z()(t)
0@ Ly

by deleting the :—th row.
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2.3 The analytical formula of solution

Let us denote by the right-hand side of the equation (1):

Ly

o(t,e) = F(t) + / > Hy(t )y (@, )de. (10)

We seek to find the solution of the differential L.y = z(t,¢) equation in the form:

n—+m t
1
y(t,e) = E C;K;(t,0,¢e) + g—m/Kmm(t,s,a)z(s,a)ds, (11)
i=1 ,

where K;(t,s,¢), 1 = 1,n + m are the initial functions, z(¢,¢) is a unknown function.
Substituting (11) into (10), we obtain the following expression:

1 +1 n+m

2(t,e) = F(t) + / S H(t2) Y CKY (x,0,€)dv+

1 1+1 x
1 .
+/ZHj(t,az)€—m / K,(lﬂzm(x, s,€)z(s,e)dsd.
o J=0 0
By replacing the order of sum and integral, we obatin

n-+m 1 +1

2te) =F(t)+ > C; / > H(t,2) K (2,0, ¢)da+

; L
1 ,
—i—/z(s,s)ds—/ZHj(t,x)K,(l{Zm(x,s,a)d:v.
gm
0 s J=0

By introducing of additional symbols, we obtain the following Fredholm integral equation
of the second kind:

1

z(t,e) = f(t,e) +/H(t,s,5)z(s,5)ds, (12)

0

where
n—+m 1 +1

f(te)=FH+3 C / S H, () KD (2, 0,¢)d,

Ly

1 .
Hit.s.2) = o [ S Myt o)k (w5,
=0
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(C4) 1 is not an eigenvalue of the kernel H(¢, s, ¢).
In view of condition (C4) integral equation (12) has an unique solution, that can be
represented in the form:

1

z(t,e) = f(t,¢e) +/R(t,s,e)f(s,5)ds, (13)

0

where R(t,s,¢) is a resolvent of the kernel H(t, s, ¢).
Substituting (13) into (11), we obtain the analytical formula of solution:

n+m

ZC’ K;(t,0,¢) +—/Kn+mt55)@z(ss)d +

t

1 _
+_/Kn+m<t757€)F(37€)d87 (14)
é«m
0
where C;, i = 1,n+ m are unknown constants, K;(t,s,c), ¢ = 1,n+m are the initial
functions,

+
(s,¢) /Z sxsK(])(xss)dm 1 =1,n+m,
=0

)(s.2.6) = Hy(s.) + [ Rlsp o) Hy(p,)dp. (15)
0
1
F(s,e) = F(s)+ /R(s,p, e)F(p)dp.
0

By using initial conditions (2) in (14), we find the constants C; = a;_1, i = 1,n +m — 1.

Theorem 1. Let assumptions (C1)-(C4) hold. Then the Cauchy problem (1),(2) on the
interval 0 <t < 1 has an unique solution and expressed by the formula:

n+m

ZO‘% 1| Ki(¢,0,e —I——/Kn+m t,s,e)p;(s,e)ds | +

t
1 _
+€—m/Kn+m(t,s,€)F(s,5)ds, (16)
0

where K;(t,s,¢), i = 1,n+m are initial functions, functions %,(s,e), F(s,e), H;(s,x,¢)
defined by the formula (15).
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2.4 Asymptotic estimations of solution

Theorem 2. Let assumptions (C1)-(C4) hold. Then for the solution of the Cauchy problem
(1),(2) and its derivatives the following asymptotic estimation hold as ¢ — 0:

n—1 m
() < . .,
[y 9(t,e) <C (ZO || + 28 [on—14r] + 12X IF(t)|> +

- T () wimk (1)

—~ gt 0)

, (17)

n m—1
n—q —'yé ) T
+Ce" e <Z; || + z; €' |angr| + max |F(t )|>

where g =0,n+m — 1, C' > 0,7 > 0 is a constant independent of ¢,

m
( wmk
Z —n+1
=1

Iy,

=0,7=n+1,n+m-—1.

t=0

Proof. In view of (7)-(9) and conditions (C1)-(C3), for the initial functions K;(t, s, ¢), i =
1,n + m the following asymptotic estimation hold:

t—s

‘Ki(q)(t,s,a)‘ §C(1+€”qexp (_ )) ,t=1,n,¢g=0n+m—1, (18)

t_
‘ 9D (t,s,e ‘ < Ce" (14—5”‘1“1693]9(— €S>), r=1m, ¢=0n+m—-1. (19)

By applying the asymptotic estimations of the initial functions (18),(19) in (15), we obtain
the following asymptotic estimations for the function g;(s,¢), i = 1,n + m:

|o;(s,e)| < C,, i=1,n, ‘@nw(s,g)‘ <Ce,,r=1,m. (20)

By applying (18)-(20) in (16), we obtain asymptotic estimations of the solution (17).
Theorem 2 is proved.

2.5 The unperturbed initial problem

We consider the following unperturbed initial value problem:

n 1 I+1
Ly = Y 4050 = FO) + [ 3 Hy(t. 05 @) (21)
k=0 0 Jj=0
790) =0y, i=0,n—1. (22)
Let us denote by
L
Z(t) = F(t) + [ Y H;(t, )y (x)dx (23)
o J=0
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We seek to find the solution of the problem (21),(22):

ZOKto

(24)

where C;, i = 1,n are unknown constants, K;(¢,s), i = 1,n are the initial functions, Z(t) is
a unknown functlon. By substituting function (24) in (23), we obtain the following Fredholm
integral equation of the second kind:

Ly

+ZC/ZH (t,2) K (2,0)d / (25)

where

Hit.s) /ZH t.2) (%)‘”dx.

(C5) 1 is not an eigenvalue of the kernel H (¢, s). Then the integral equation (25) has an
unique solution and that can be represented in the form:

() + Z (1), (26)

where R(t, s) is a resolvent of the kernel H(t,s),

Ly

/ZH t:z:Ki' (z,0)dz, i =1,n,

F(tx +/ H;(s,x)ds, j =0,l+1, (27)

Substituting (26) into (24) and by using initial conditions (22) into obtained solution, we
obtain the solution of the initial value problem (21),(22):

i=1
where K;(t,s), i = 1,n are the initial functions, functions @?(s), Fo(s) are defined by the

formula (27).
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Let us denote by
u(t,e) =y(t,e) —g(t) = y(t.e) =ult,e) +y(t). (29)

Substituting (29) into the initial value problem (1),(2), in view of the problem (21),(22),
we obtain the following problem for u(t, ¢):

Lou= Z € Appr (Du" (8, €) + Z Ag(t)u® Z € Ap e ()T ()4
r=1 k=0

Ly

/§:Htx <), (30)

u(i)((],&?) =0,71=0,n—1, u(i)(()’g) = q; _g(i)(o), i=n,n+m— L. (31)

The problem (30),(31) is of the same type as the problem (1),(2), by applying estimates
(17), we obtain asymptotic estimations for the function u(t,¢) as € — 0:

|U(Q)(t, 5)| <C (Z e ‘Oén—l—&-r _ y(n—1+r)(0)| + 5) +

r=1

o i (&= (nr) T () wm(t
#0122, =0 ) - |Y D) (52)
= — Mk (0)

q=0,n+m— 1.

From the estimations (32), the following limiting equalities hold:

limu'?(t,e) =0, 0<t <1, ¢=0,n,

e—0

limu(q)(t,e) =0,0<t<1l,g=n+1,n+m-—1.
e—0

Theorem 3. Let assumptions (C1)-(C5) hold. Then for the solution y(t, ) of the Cauchy
problem the following limiting equalities hold:

limy@(t,e) =7'9(t), 0<t <1, ¢=0,n,
e—0

lin%y(q)(t,a) 791, 0<t<1,g=n+1Ln+m—1
e—

where function 7(¢) is the solution of the unperturbed problem (21),(22) and defined by the
formula (28).
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3 Conclusion

The article is devoted to research the Cauchy problem for singularly perturbed n 4+ m order
linear integro-differential equation with a small parameter at the m—th derivatives. In the
work the fundamental system of solutions, initial functions of a singularly perturbed homoge-
neous differential equation are constructed and their asymptotic representation are obtained.
By using the initial functions, we obtain an explicit analytical formula of the solution. The
asymptotic convergence of solution of a singularly perturbed initial value problem to the
solution of the unperturbed initial value problem is proved.
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