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On dynamic stability of drill strings in a supersonic gas flow
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In this work stability of the drill string nonlinear dynamics, complicated by the effect of an ex-
ternal axial load, initial curvature of the drill string, geometric nonlinearity and the influence of a
supersonic gas flow as a circulating medium is studied. The drill string is modelled as a rotating
elastic isotropic rod with constant cross-section. Pressure of the gas flow used to clean the borehole
from drill cuttings and to transport them from the bottom to the surface is determined by the
nonlinear dependences of the piston theory in the third approximation. Utilization of the Galerkin
method allows to reduce the drill string mathematical model to an ordinary differential equation
for the generalized time function, containing an asymmetric nonlinear characteristic, which is fur-
ther eliminated by introducing the corresponding substitution. Considering a small perturbation
to the system and applying the harmonic balance method, characteristic determinants are con-
structed. Equations describing boundaries of instability zones of basic resonance, which allow to
determine the range of dangerous frequency regimes and to increase safety of the drilling process,
are obtained.
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Ocbl KyMmbIcTa OUTIKKE TYCETIH CHIPTKBI YKYK-CAJIMAKTBHIH OpeKeTi, Oyprbuiay OaraHaCHIHBIH,
O6acTanKbl KHCBIKTHITBI, T€OMETPUSIIBIK CHI3BIKTHI €MECTIK KoHe affHAJBICTAFbI OpTa TYPIHIe
JIBIOBICTAH Ta3 arbIHBIHBIH OCEPIH €ecKepe OTBIPBII Oyprbliay OaraHachl CBI3BIKTBI €MeC
JUHAMUKACBHIHBIH, TYPAKTBUIBIFBIH  3epTTejedi. Dyprbiiay OaraHachl TYPAKTbl  KOJJICHEH
KAMAaChIMEH affHAJIMaJIbl CEepIMIl W30TPONTHIK, OUINK TYpiHJEe Kapasajbl. YHFBIMAHBI Ta3apTy
JKoHe OYprblaay ILIAMBIH KeHXKapAeH Kep OeTiHe TachIMajaay VINH KOMIAHBIIATHIH Tal
AFBIHBIHBIH, KbICHIMbBI TTOPIITEH/Ii TEOPUSHBIH, YIITIHII KYBIKTAY/Ia CHI3BIKTHI €MeC TOyeJJIiJIIKTepiHeH
aHBIKTAIIbl. [aJepKuH oJiciH ThaigaaHy yaKbITTBHIK (DYHKIUSHBI Kail auddepeHmasiibiK
TeHJeyTre aybicyra MYMKIiHmIK Oepemi. TwuicTi aybICTBIpY €Hri3y 2KOJbIMEH OYJI TeHJIEYIiH
CAMMETPHUSIBI €MeC CBI3BIKTBI €MeC CHIIATTAMACHIH IIbIFapbLIaabl. [IIarbiH yHTKY aHbIKTasIail
JKoHE TapMOHUKAJBIK OajaHc 9mici KOJJaHbLIai, CHIATTaMajblK AHBIKTAYBIIITAD KYPbLIaIbl.
KayinTi xuigikTik peximM ayKbIMbI aHBIKTayTa YKoHe OyprouIay yAepiciHin Kayimncismirin ketepyre
MYMKIHIIK OepeTiH Heri3ri pe3oHaHC JAMHAMHUKAJILIK OPHBIKCHI3ALIFLI aifiMaKTapbIHLIH ITEeKTEePiH
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B pabore m3ydaercsi yCcTONYMBOCTD HEJUHENHONW JIUHAMUKU OyPUIBLHON KOJIOHHBI, OCJIOKHEHHOMN
JelicTBMEeM BHeIIHell o0ceBOl Harpy3KHd, HaJaJIbHOM KPHUBU3HOW KOJIOHHBI, T'€OMETPHUYECKON
HEJIMHEHHOCTBIO W BJNAHUEM CBEPX3BYKOBOI'O IIOTOKAa Tras3a KaK IHUPKYJIUPYIOmeil cpenbl.
Bypuibnas KojoHHA MOmeJMpyeTcss B BUJE BPAIIAIONIErOCS YIPYTOro W30TPOIHOIO CTEPXKHSHA
IIOCTOSTHHOT'O ~ TIOTIEPEYHOTO ceveHus. JlaBieHme mOTOKa Tras3a, KOTOPBIA MPUMEHSETCS JJIs
OYMCTKM CKBaXKMHBI U IIEpEHOCa OypOBOro IjiaMa ¢ 3a00si Ha IIOBEPXHOCTD, OIPEJIEJIsIeTCs
HEJINHEHHBIMU 3aBUCUMOCTSIMUA TIOPITHEBOW TEOPUU B TperheM mnpubsmkennn. Vcmosb3oBanue
merona lasepkuHa MO3BOJIsIET TEpeiiTh K OOBIKHOBEHHOMY M epeHIInaIbHOMY yDABHEHUIO
OTHOCHUTEIFHO ODODIIEHHON BpeMEHHOH (DYHKITNH, COJEePKAIIEMY HECUMMETPUIHYIO HEJTHHEIHYIO
XapaKTEePUCTUKY, KOTOPYIO YyJaeTCd WCKJIOYUTbL BBEACHHEM COOTBETCTBYIOIICH 3aMeHBbI.
BajaBasg cucTeMe MaJioe BO3MYINEHHE U [PUMEHsisi MeTOJI TapMOHWYECKOro OaJiaHca,
CTPOATCA XapaKTEePUCTUUECKHUE ONpeNe/IUTENN, JAlolue ypPaBHEHUs TI'PAHUI] 30H JUHAMUYECKON
HEYCTOMYMBOCTH OCHOBHOTO DPE30HAHCA, KOTOpPBIE IIO3BOJIAT OIPEAC/JUTh JUANa30H OIACHBIX

9aCTOTHBIX PEXKUMOB U ITOBBICUTH 0OE30IMACHOCTD IIPOIecca OypeHnsi CKBAXKUH.
KiroueBbie ciioBa: OypuiibHas KOJOHHA, YCTONIMBOCTD, HEJIMHEHHOCTD, TOTOK Ta3a.

1 Introduction

Active development of oil and gas fields today makes the oil and gas extracting industry one
of the largest and dynamically developing industries in the economy of modern Kazakhstan.
Speed of driving and fail-safety of works when drilling oil and gas wells depend significantly on
quality and modernization of drilling equipment, technological imperfections of drill strings,
elaboration of the drilling modes for different types of soil rocks, influences of complicating
external loads and factors of the environment, etc.

High-amplitude flexural vibrations, axial displacements and torsional stick-slip motions of
drill strings caused by their difficult dynamic behaviour during the drilling process can result
in serious technical failures of the drilling equipment (Nandakumar, 2013: 1), (Jansen, 1993).
Therefore, there arises a problem of carrying out the dynamic analysis of the drill string
stability, which is important for the increase in efficiency of drilling operations, protection of
expensive components of the drilling equipment against undesirable vibrations and prevention
of collapse of borehole walls while drilling.

Moreover, the drill string dynamics is highly nonlinear by its nature, and it is necessary to
consider a system of nonlinear differential equations for its investigation (Al-Hiddabi, 2003:
1-2). Tt is caused generally by flexibility of drill strings due to their large length and the
impact of the axial compressing load that can result in finite deformations of the drill strings
(geometric nonlinearity).

This paper aims at dynamic stability of the drill string, modelled in the form of a rotating
elastic rod, taking into account a supersonic gas flow circulating from the drill string outer
side. A mathematical model studied in (Kudaibergenov, 2017) is complicated, in addition
to the variable compressing load, initial curvature of the drill string and nonlinearity of the
model, by the nonlinear influence of the gas flow in the third approximation that brings the
dynamic analysis of stability of the drill string vibrations closer to real conditions of drilling.

2 Literature review

Research of quasistatic stability of a rotating drill string, carried out in (Gulyaev, 2006:
692-697), enabled to find critical rotary speeds of drill strings. The obtained buckling mode
shapes, in turn, could be useful to determine points for installing centralizers to avoid contact

ISSN 1563-0277 Journal of Mathematics, Mechanics, Computer Science Ne1(97)2018



On dynamic stability of drill strings . .. 103

with borehole. In (Aarsnes, 2017: 2-3) importance of using the distributed models to analyze
stability of the linearized axial-torsional dynamics of drill strings with subsequent determi-
nation of the normalized inverse of the system gain margin is shown. Coupled axial-torsional
vibrations of a drill string taking into account state-dependent time delay and nonlinearity
from dry friction and loss of contact are studied in (Liu, 2014: 1-8). The carried-out stability
analysis established that self-excited oscillations of the drill string owing to the delay time
effects could arise with high probability.

Amongst axial, lateral and torsional modes of vibration, the lateral mode is said to cause
about 75% of drilling failures (Ghasemloonia, 2012: 948). In (Sahebkar, 2011: 743-759) the
authors examine a nonlinear model of drill string lateral vibrations, obtained with application
of Hamilton’s principle, and employ the method of multiple scales to define the steady-state
response and instability regions. Research of lateral dynamic behaviour of the drill string in a
horizontal borehole taking into account continuous contact with borehole wells revealed that
studied vibrations have snaking or whirling nature (Heisig, 2000). Simultaneous appearance
of parametric resonance and whirl vibration phenomena, resulting in high-amplitude lateral
vibrations of a rotating drill string, within the range of drilling operating conditions is shown
in (Christoforou, 1997: 256-259).

Successful application of the Galerkin method to the analysis of drill string dynamics,
particularly, to their dynamic stability in vertical holes was indicated in (Vaz, 1995: 437-440).
Utilization of the Galerkin technique along with the harmonic balance and pseudo arc-length
continuation methods to investigate steady-state frequency responses and stability branches
of beam-like structures with polynomial-type nonlinearities were studied in (Bhattiprolu,
2016: 28-37). Such a combination of techniques allowed to quickly determine the harmonics
needed for convergence of a periodic solution of the system.

At present gas drilling technology involving air, nitrogen or natural gas as circulating
media is widely applied in oil and gas industry (Lian, 2015: 1412). In (Meng, 2014: 163-
170) a simple and reliable theoretical model describing the propagation and attenuation of
a pressure wave through pipes was created. It was established that static pressure had more
influence on the attenuation factor than on wave speed.

At the same time, a large number of works are related to the nonlinear dynamics of
cylindrical structures in a supersonic gas flow. Influences of the critical Mach number on the
flutter emergence and limit cycle oscillations, existence of bifurcation and chaotic motions of
a composite laminated plate under transversal aerodynamic pressure modelled by the first-
order piston theory is given in (Chen, 2015: 1-8). The use of the third-order piston theory
and shock wave aerodynamics is described in (Librescu, 2002: 802-810), whereas in (Kiiko,
2009: 135) the authors derive an expression for the excess pressure, essentially different from
the piston theory formulae, and obtain purely investigated eigenvalue problems.

3 Materials and methods

3.1 Mathematical model

Let us consider a nonlinear mathematical model of the drill string lateral vibrations (Ku-
daibergenov, 2017), based on Novozhilov’s nonlinear elasticity theory (Novozhilov, 1999)
taking into consideration the plane section hypothesis and obtained with application of Hamil-
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ton’s variation principle. The Cartesian coordinate system Ozyz (z-axis coincides with the
drill string axis) is used. Vibrations of the drill string, presented as a rotating elastic isotropic
rod with symmetric cross-section, in the Oyz-plane are studied.

In order to take into account the effect of a supersonic incompressible gas flow on the
drill string dynamics relations of the piston theory (Volmir, 1967), connecting the aerody-
namic pressure of the flow with speed of sound, are applied. According to them, we have the
following:

k—1U, =
P=F(1- — 1
(-5 8) )

where U, is the normal projection of the gas flow speed on the drill string surface; Cy the
sound speed for the unperturbed gas flow; Py the pressure of the unperturbed flow; x the
polytropic exponent.

The gas is supposed to move in the upward direction, i.e. in the opposite direction to the

drill string motion. Considering the stationary gas flow, when U, = Vga—v (Kudaibergenov,
z

2018: 570), and expanding (1) into a power series up to third order, we arrive at the following
expression for the excessive pressure of the supersonic gas flow:

—Ov k41—, (0v ? K+1 5 (0v

- v
The use of nonlinear expression (2), containing the cubic power of M — allows to get

sufficiently exact values of pressure. At the same time, the process of perturbatfon distribution
in gas can be considered as isentropic (Volmir, 1967).

Hence, the nonlinear mathematical model of plane lateral vibrations of the rotating drill
string allowing for the nonlinear effect of the supersonic gas flow is written as follows

8%v v v d (v + o) EA 0 [ov)®
YA LY O (N oty B4 0 (0v
g TP TP egaae s ( (=0 =5, ) 1—vo- (82)
 pAw*u + hAP =0, 3)

where p is the mass density, A the cross-section area of the rod, v (z,t) the displacement of
the flexural center of the cross-section along the y-axis owing to bending, £ Young’s modulus,
I, the axial inertia moment, v (2) the initial curvature of the rod, v Poisson’s ratio, w the
angular speed of rotation of the drill string, A the drill string wall thickness.

Boundary conditions for the simply supported rod are given by

v (z,t)
02?2
The external loads having generally variable in time nature significantly influence the

drill string dynamic stability. Accepting that the harmonic effect corresponds to the loading
regime, the variable axial compressive load can be presented as

v(z,t)=0, FEI, (z=0,z2=1). (4)

N = Ny + N, cos U, (5)
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where Ny and N; are the constant and variable in time components, respectively; Q) is the
frequency of the external effect.

When investigating natural and resonant oscillations of construction elements with non-
linear and elastic characteristics a sought solution is often approximated by a finite number
of normal modes with subsequent reduction of an initial partial differential equation of mo-
tion to modal equations of motion, applying the Galerkin method. Studying oscillations of
continuous systems with large amplitude such as rods, beams and shells the single-mode
method which assumes independence of the modal form of oscillations from the influence of
nonlinearity is effectively used (Szemplinska-Stupnicka, 1983).

Using the Galerkin method, consider the general form of the drill string nonlinear vibra-
tions. In the given case, the lateral displacement v (z,¢) and initial curvature vy (2) can be
approximated by periodic functions of the form:

v(z,t) = f(t)sin (7?72> , vo (2) = fo (t)sin (?) : (6)

On substituting expression (6) into governing equation (3), after integration under meeting

Tz
the requirement of orthogonality of the substitution result to the basis function sin (T) and

introducing the dimensionless time 7 = (yt, the problem reduces to the nonlinear ordinary
differential equation for the generalized function f (7):

%—i—(l—ZﬁcosQT)f—i—me-Fan?’:Fo—i-FlcosQT, (7)
where

6—%, Q:%, %_g%’ E; QE%’ 1=1,2;

b= (B1(3) =M (5) - pa), m=T =2

o2 (o)) e e e

=, F= i

Here )y is the frequency of the drill string natural vibrations allowing for the constant
component of the axial load, 8 the excitation coefficient.

It is worth noting that the influence of the supersonic gas flow is taken into account
in the term with quadratic nonlinearity, in contrast to the authors’ works (Kudaibergenov,
2014: 594), (Kudaibergenov, 2016: 496) where the flow of gas appeared in the term with
cubic nonlinearity. Cubic term in equation (7) arises due to nonlinearity of the mathematical
model of the drill srting.

Moreover, the nonlinear characteristic in equation (7) is asymmetric because of existence

of the quadratic term o f2. Making the substitution f = f — ;—I(Hayashi, 1986) we obtain
&%)

the equation with symmetric nonlinear characteristic:

d2A . . R A
d—TJ;+(’y—QﬂCOSQT)f+Oéf3:F0+FlcOSQTa (8)
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where

2 3
o ~ ! 200 ~ 2000
=l—-—, a=« Fo=Fry+———==, Fi=F— .

3.2 Stability analysis

For stability investigation let us suppose that fo is the periodic solution of equation (7), and
introduce a small variation df:

f=Ffo+df. (9)

If the variation 0 f rises indefinitely at 7 — oo, then the solution fo (7) is unstable. In the
case when ¢ f remains limited at 7 — oo, the solution fo (1) is stable.

On substituting (9) into equation (8), eliminating fy, and neglecting the powers of 4 f
higher than one, the following linearized equation in terms of the variation 0 f is obtained:

A5 f -

7 +<’7—2/BCOSQT +3afo>5f—0. (10)
Considering the case of basic resonance for the periodic solution fo (1):

fo (1) = r1cos (O — ¢n), (11)

where 7 is the amplitude, ¢, the phase of the periodic solution; we arrive at the generalized
Hill type equation in variations:

A% f 2 ,
72 + | 6o+ Z (Ope cos nQT + O, sinndr) | §f =0, (12)

n=1

where

3 3 3
O =7+ 5047’%, 0. = =208, 015,=0, b= 5047“% oS 2¢1, by = 5047"% sin 2¢1.

In order to determine zones of instability, the particular solution of equation (12) is given
by a spectrum of vibrations (Szemplinska-Stupnicka, 1983: 19):

5f:e"TZcos(kQT—¢k), k=1,3,5,...,00 or k=0,2,4,...,00, (13)
k

where 7 is the characteristic exponent that can take a real or imaginary value.

Hence, the behaviour of the quantity 0 f depends on the behaviour of the function e,
which, in turn, depends on the behaviour of the characteristic exponent 7. Thus, if

1) the characteristic exponent has a negative real part, i.e. Re (n) < 0, then the solution
0f — 0 at 7 — 0, that means the solution is stable;

2) Re (n) = 0, we get the solution on the boundary of stability and instability zones;

3) Re(n) > 0, then the solution Jf is unstable since it increases indefinitely at 7 — 0.

The method of harmonic balance according to which coefficients at the corresponding
cosines and sine are equated to zero is applied to find the zones of dynamic instability. At
the same time, the order of the corresponding characteristic determinants depends on the
number of harmonics retained in solution (13).
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4 Results and discussion

Transition to the symmetric nonlinear characteristic in equation (8) allows to restrict our-
selves by finding the instability zones of the odd order, which involve the terms corresponding
to the odd harmonics in expression (13).

Assuming that the frequency of the small perturbation d f coincides with frequency of the
periodic solution fo, the first instability zone is determined. Then the solution of equation
(12) can be written as

df =€"by cos (1 — 1) . (14)

On substituting solution (14) into the equation of perturbated state (12) and applying
the method of harmonic balance, we get the following characteristic determinant:

n2—§22+90+@ 2779—!—%
A(n) = 0, 2 2 0 | (15)
—2779+§ n2—92+00—§

that provided A (n = 0) = 0, defines the boundaries of the first instability zone of the basic
resonance:

(Ao — 92) + (By — Bi?) 12 + Cyrt = 0, (16)
where
27
T
16
Existence of cubic nonlinearity in the model supposes finding the instability zones of higher

order. When determining the third zone of instability of the basic resonance the expression
for the small variation ¢ f is given by

df =€ (bycos (Q1 — 1) + by cos (3QT — 1)3)) . (17)

AO =7 BO - 30‘77 Bl - —304, C'1 -

Similarly, on substituting (17) into (12), we apply the method of harmonic balance and
take into consideration that the results of substitution have to be satisfied at any nontrivial
values of by, ¥y, k = 1,3. Assuming that b1 = b3 = 1, we come to the fourth-order character-
istic determinant of the form:

B, 0 B 02
772—Q2+90+% 277(2—1—% é 921
0 0
—m0 4+ 2 =24y — - et
A(n) = 2 2 2 2 - (18)
% _% P90 46, 6nQ
g 0
% % —6n9) n? — 902 + 6,

Then the boundaries of the third zone of instability can be described by the following
equation, satisfying the condition A (n =0) = 0:

(A[) — AlQQ + AQQ4)2 —|— (BO + 31(22 —f- BQQ4 —|— BgQG) T% —I— (OO + 0192 —f- 0294) Til
+ (Do 4+ D:1Q%) 1} + Eor{ = 0, (19)
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where

AO = 72a Al = _10’% AQ - 9a
By =6av®, By = —-90av?, By =354ay, B;= —270a,

189 909 3357
O 7 2 2 CY 777 2 Cr _ v 2
0 16 a Y, 1 ] a7y, 2 16 o,
135 567 405
Dy = —a? Di=—-——"0a® E=——ao
0T e 167 707 256

The third zone of instability allows to refine the solution of the problem and to determine
the frequencies at which ultra-harmonic resonant oscillations resulting in loss of the drill
string stability can arise.

5 Conclusion

The dynamic model of the drill string flat bending, developed by the authors, refines the
known models and brings them closer to a real physical process. It becomes possible due to
introducing to the model of the drill string vibrations their nonlinearity of geometric nature
(finiteness of deformations, initial curvature of the drill string), and nonlinearity from pressure
of the supersonic gas flow.

In this work, the methodology of the dynamic stability analysis of the systems without
imposing limits on the magnitudes of their nonlinearity and nonautonomous terms is pro-
posed. It is based on determining the instability zones of resonant vibrations and finding the
corresponding characteristic determinants with application of the harmonic balance method.
Completeness of the mathematical model allows to predict the drill string behaviour with
high accuracy, eliminating dangerous resonant frequencies from the range of their operating
regimes, thereby increasing efficiency and reliability of the drill string operation. Despite the
fact that the proposed techniques were used to research stability of the system basic reso-
nance, they can be successfully applied to the analysis of resonances on higher frequencies as
well.

In future, the results of the work will be generalized to the case of spatial vibrations of
the drill string with conducting their detailed numerical analysis.
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