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Nonlinear differential equation with first order partial derivatives
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The asymptotic behavior of solutions of a nonlinear differential equation with first-order partial
derivatives solved with respect to one of the derivatives is investigated. Each first-order partial
differential equation under certain conditions has a fundamental system of integrals or an integral
basis. We note that for a general linear partial differential equation of the first order there can
be no nontrivial integral. For a linear homogeneous first-order partial differential equation, where
the coeflicients of the equation are given on an unbounded set and have continuous first-order
partial derivatives, with the first coefficient equal to one, an integral basis exists. In this paper,
a nonlinear partial differential equation of the first order, which is solved with respect to one
of the derivatives, is estimated from two sides by first-order partial differential equations. Using
differential inequalities it is proved that a nonlinear differential equation with first-order partial
derivatives solved with respect to one of the derivatives has a solution that tends to zero as one
tends to infinity to one of the independent variables. At present, the theory of partial differential
equations finds its application in various fields of natural science.
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ChI3bIKTHI OipiHIITi perTi Aepbec TYBIHABLIBI TEHAEYJIEP TYPAJIbI
Anmubexos T.M., Osi-Dapabu aTbIHIAFbI KA3aK YJITTHIK YHUBEPCUTETI,
Anvarer k., Kazakcran Pecriybiukacsr, +77017477069, DuekTpor sk, momTa: tamash59@mail.ru
Annazkaposa M.M., Os-Qapabu aTbIHIAFEl KA3aK, YITTHIK YHUBEPCUTETIHIH T'bUIbIMEU 3epTTEy HHCTUTYTHI,
Anmarer k., Kazakcran Pecriybamkacer, +77019870744, ek TpoHIbIK, moTa: a_ maira77@mail.ru

Tybiuaputapasie 6ipeyine GaitlaHLICTBI HIemijireH Oipinmt peTTi Aepdbec TYBIHABIIBI CHI3BIKTHI
eMec uddepeHIuaIbIK, —TEHJEY/IiH I[IelliMIepiHiH, aCUMITOTUKAJBIK MIiHE31 3epTrTeie.
Bipiami perri aepbec TywbHABUIBL TuddepeHnuaaIbK, TeHIEYIiH dPKANChICHIHBIH KaHaaima 6ip
maprrapia (pyHIAMEHTAIIBI WHTErPaaaap Kyiieci Hemece MHTErpasjblk Oasuci Gosaapl. Adita
KeTeTiHi, »Kajambl OipiHII peTTi CBI3BIKTHI JAepOeC TYBIHABLIBI JU(MDOEPEHITNATIBIK TEeHICYIiH
TPUBHAJIIBI €MeC MHTerpaJjbl 0OJMaybl da MYMKiH. Bipiatmri perTi ChI3BIKTHI j1epOec TYbIHIBLIBI
nuddepeHnnaIbK TeH ey YIMiH, OHBIH KoM @UITUEeHTTEDP] TIeHeIMereH KUbIH 18 Oepitin, y3imicci3
Oipirmi perti gepbec TybIHIBLIAPBL Oojica KoHe Oipinmi kKosdduimenTi Oipre TeH 06oJica,
UHTErpaJiaepl 6a3uc 6ap 60saabl. Byit XKyMbICTa TYBIHIBLIAPIBIH, Oipeyine OalIaHbICThI MIEMTiITeH
Gipimmi perTi mepdec TYBIHIABLIIBI CHI3BIKTHI eMeC M dePEeHITNAIBIK, TeHJIEY €Ki KarblHaH Oipinmi
perTi mepbec TYBIHABLIBI AuddepeHnuaiablK, TeHaeyaepMer baramanaasl. JIuddepennuaiabik,
TEHCI3/IKTep i IaiiajaHa OTBIPHIN, TYBIHIABIIAPBLIH OipeyiHe OailylaHBICTBI HIeNIreH Oipinmmi
perTi gepbec TYBIHIBLIBI CHI3BIKTHI €MeC TEHJIEY/IH TOyeJsICi3 aillHbIMAaJIbIIaPHBIHBIH Oipeyi ILIroc
MIEKCI3/IIKKe YMTBLIFAH YKAFIaii1a HOJIre YMTHIIATHIH IerriMi 6ap 601aThHbL o tesaeHren. Kasipri
Tagga nepbec TYBHABLIBL HuddepPEHITHAIbIK, TEHIEYJIeD TEOPUICHl KAPATHLIBIC TAHYIbIH TYPJI
caJIaJIapbIH/Ia 63 KOJIIAHBICTAPBIH Taby1a.

Tyitin ce3nep: TeHey, Oipinmt perTi gepbec TYBIHILLIAD.
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O umesmmneiinom qudpepeHnnaibHOM YPABHEHUN C YaCTHBIMU ITPOU3BOAHBIMHA EPBOTO MOPIIKA
Anmubexos T.M., Kazaxckuii HAllMOHAJIBHBINA yHUBEpCUTET UMeHU ajib-Papadu,
r. Anmvarel, Pecriybinka Kazaxcran, +77017477069, E-mail: tamash59@mail.ru
Auinaxxaposa M.M., HayuHo-ucciieoBaTesIbCKiii HHCTUTYT
Ka3zaxckoro HanmoHaIbHOTO YHUBEPCUTETA UMEHH aJib-Papadu,
r. Asmvatel, Pectiybuinka Kazaxcran, +77019870744, E-mail: a_maira77@Qmail.ru

PaccmarpuBaercs acmMOTOTAYECKOE IIOBEJIEHME DeIreHnil HeJauHeiHoro auddepeHnaaibHOro
yPaBHEHUSI, ¢ YACTHBIMU IIPOU3BOIHBIMHU IIEPBOrO IOPSIKA DPa3PEIIeHHOE OTHOCUTEHHO OJHOM
u3 npousBoaHbix. Kaxkaoe nmuddepeniuaibHoe ypaBHeHHe ¢ YaCTHBIMU IIPOU3BOHBIMU IEPBOIO
MOPSAJIKA TIPU HEKOTOPBIX YCJIOBUSX HUMeeT (OYHIAMEHTAJIBHYI) CHCTEMY WHTEIDAJIOB WJIN
WHTErpajbHbIil 6a3umc. 3aMeruM, Jjisd OOIIero JnHeHHOro IuddEpPEeHIInAIHLHOTO YPABHEHUS C
FaCTHBIMU ITPOU3BOHBIMIE IIEPBOTO MOPSIIKA MOXKET He CyIIeCTBOBATH HETPUBUAJIBLHOIO HHTEIPAJIA.
s suueiiHoro ofHOPOAHOrO ud@EpPeHITNaIbHOIO0 YPABHEHUS € YACTHBIMHU ITPOU3BOIHBIMU
[IEPBOTO TOpsijKa, Tje Ko3(p@UIMEHTh ypaBHEHUs 3aJaHbl HA HEOTPDAHUYEHHOM MHOXKECTBE U
WMEIOT HelpepbIBHbIE YaCTHBIE MMPOU3BOJIHBIE IEPBOrO MOPSJIKA, MPUYEM IepBbIi KO3 duimenT
paBeH eIWHWIE, WHTErPAJIbHBIN Oa3uc cymectByer. B pabore nesmmueiinoe muddepeHnmaabHoe
yPaBHEHHE C YACTHBIMH ITPOM3BOJHBIMU HEPBOTO IOPSIKA, Pa3PENIeHHOEe OTHOCHUTEJHHO OJHOM
13 IPOU3BOIHBIX, OIIEHUBAIOTCS C JIBYX CTOPOH JAuddepeHnnaabHbIMUA yPABHEHUSAME C YACTHBIMU
MIPOU3BOIHBIMY TEPBLIX TOPAIKOB. Vcmonb3oBanneM auddepeHImaabHbIX HEPABEHCTB JI0KA3aHO,
qT0 HeJinHelHOe audpepeHnraIbHoe ypaBHEHNEe, C YACTHBIMEA ITPOU3BOIHBIME [IEPBOIO MOPSIKA
pa3pernteHHoe OTHOCUTEIBHO OJIHON M3 MPOU3BOIHBIX MMEET PEIeHNe CTPEMSINeicss K HyJII0 Mpu
CTPEMJIEHNU Ha IUIIOC OECKOHEYHOCTH OJHON M3 HE3ABUCHMON IepeMeHHOi. B Hacrosimee BpeMsi
Teopus IuddepeHINaIbHBIX yPABHEHNI ¢ YACTHBIMUA IPOU3BOIHBIMIA HAXOJAUT CBOE IPUMEHEHUE

B Pa3J/IMYIHbIX 00JI1aCTIX €CTEeCTBO3HAHUM.
Kirouesnle cioBa: YpaBHEHUE, JaCTHbIC IIPOU3BO/HbIC IIEPBOI'O IIOPsAIKA.

1 Introduction

The Cauchy problem for a nonlinear partial differential equation of the first order solved
with respect to one of the derivatives, as is well known, under certain conditions has a
unique solution in a small neighborhood. The paper deals with a nonlinear partial differential
equation of the first order solved with respect to one of the derivatives, and the solution of the
Cauchy problem is assumed extending to the right to plus infinity. A nonlinear differential
equation with first-order partial derivatives solved with respect to one of the derivatives was
estimated from two sides by partial differential equations of the first order, the behavior of
the solutions of which are known. Using differential inequalities, the asymptotic behavior of
the solution of a first-order partial differential equation solved with respect to one of the
derivatives was studied and was proved that the nonlinear differential equation with first-
order partial derivatives solved with respect to one of the derivatives has a solution that tends
to zero while one of the independent variables tends to plus infinity.

2 Literature review

The general theory is presented in the books [1-10]. The domain of existence of solutions was
investigated by Kamke and data is contained in the reference books [11, 12]. The domain
of existence of solutions was investigated in the works [13-15|. Non-analytic equations are
considered in the papers[16-18]. In work of Kruzhkov generalized solutions was considered [19].
Kovalevskaya’s theorem was published in [20-22]. An example of nonexistence of a solution
constructed in [23-26]. Differential inequalities are considered by Nagumo [27-29).
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3 Materials and research methods

Let us consider a nonlinear partial differential equation of the first order with n + 1 inde-
pendent variables solved with respect to one of the derivatives

ou ou ou
K H (it g,y 2 ) — g 1
ot ( oI gy, 8yn> @
where
H<u7t7y17"‘7ynaaa;1 7%) = |:%kzp1k(t>yk+f(u7tﬂylv7yn7,3ayul 7%)]5_;1 +
=1

L;lp%(t)yk} et L;pnk(t)yk} o

U(O,yh...,yn)=<,0(y1,...,yn). (2)
We define the (t, y) set B as follows

B=A{(t,y) : 0<t <400, cx — Lyt <y <dp+ Lyt,k=1, ...,n}

where Lj, > 0, ¢x < 0 < dy. Function H(u,t,y,q) is defined in E C R*™?" whose projection
onto the (¢,y)—space contains B. (¢(0),0,0,¢,(0)) € E and ¢, € C%. The problem (1), (2)
for small |¢|, ||y||, has a unique solution wu(t,y) of class C*.[12,p.173]. We take sufficiently
small [to], |lyoll, where (to,y0) € B, to > 0 and we assume that the solution u(t,y) satisfying
the condition (2) defining on the point (to,y9) € B and continuing ont > t,. For definiteness,
we denote this solution of equation (1) with u(¢,y; to, yo)-

Theorem 1. Suppose that the following conditions hold on the set £ € R**?" whose pro-
jection onto the (z,y)—space contains B:

)|H<Uty177ynug;1 "’ay) H(uvtayla"'7yn7aa;1 "’8yn>|<
S Ll - %
B) The mequahty is fulfilled:

ou ou ] —
YL Yy, | < = t)Yg;
f(u U1 Yy s ayn) 2;p1k( )yk

pa(t) €C¥(I), i=1,...,n, k= n, I = [O +oo) satisfy next conditions:
a1)Pr—14k-1(t) — prr(t ) > alw(t) , k=2,...,n. a; >0,
)ds

U(t) € C(I), ¥(t) >0, tf U(s

0
by) ,lim %:0 ik i=1,2,....n k=12 n

t

cl) hm V(t) f —prk(8))ds = Bk, k=1,2,...,n. Where v = [ 9(s)ds T +oc and the inequal-
t

ity performs ﬁl < 05 '

M) next inequalities are true:
pir(t) > by(t), by(t) € C*(I),i = 1,...,n, k = 1,...,n, where by(t)i = 1,...,n, k =
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1,...,n satisfy next conditions:
CLQ)bk,l,k,l(t) — bkk(t) > Oégw(t), t e [, k= 2,...,n. a9 >0,
by) lim Lol —qg £k i=12 ... n k=12...n

t——+o0 d’(t)
CQ)tLifrn ol fbkk Yds = 1, k=1,2,...,n. Where u; < 0.

Inequality is true
fu,t,y,q) = h(u,t,y)
Where h € C*(D), D € E, t € [tg, +00), |h(0,t,y)] < (t)||y|l and

5(t
o(t) _
3(t) € (1), Jim o5 = 0

Then for the solution u(t,y; to, yo) of equation (1) there exists a limit

tlgrn U,(t y7t07y0) 0

Proof. On the set £ € R*™" whose projection onto (z,y)— space contains B, we consider
the equation

819 09
fl( t7ya8_y):0 (3>

where f; (0,y,t, gi) = (éplk(t)yk> 2 (ZP%() ) 24 (ank( )y ) o9

For equation (3), the characteristic system of differential equations has the form

d dy; - .
yl = Zplk Yk, - Zpik(t>yk 1=2,...,n. (4)
k=1

The characteristic system (4) is considered for initial values
Ylimto = J0, E=1,...,n
The solution of the characteristic system (4) exists
Uk = rt,to G- 0n)s K=1,...0m (5)

for arbitrary initial values 9, (k =1,...,n).
Let (to,y2) € B. (5) are solvable with respect to %7, ..., 7% and holds

g2:§0k<t0at7ylv--'7yn)7 ]{3:1,...,71 (6)
(6) forms an integral basis of equation (3). By B), inequality
vy > H(u,t,y,9,)

g:deei[(uty, 0 (Zplk() )[m (ZP%() >g—;’;+...+ (anpnk(t)yk)%_

k=1
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<%,§:1p”f<t>yk + f(’/7tay=‘9y)) Bor <Z Pax(t) k) = - <§:1pnk(t)yk> 2

<% ];plk<t)yk - f(l/’ t7 Y, ﬁy)) 6y1 > 0

Let ¥(to,t,y) = pr(to,t,y1, -, yn), k € 1,...,n be a solution of the equation (9,t,y,9,) € E
satisfying the condition 9(tg, to,y) = wi(y), wi(y) € C? and such that wy(y) > p(y). Then
everywhere on B next inequality is true:

ﬁ(th tay) > U(t, yvt()vyO)v te I. (7)

In fact, if inequality (7) is not true, then there is a point (¢1, ;) € B, where t; > t is such that
inequality (7) is true (o, 1), and at (¢1, y;) will have equality, i.e. 9(tg, t1, 1) = w(t1,y1; to, Yo)-
Integrating equations (1) and (3), we obtain

u(ty, y1;to, o) — u(to, Yo; to, o) + /Hds =0

to

and

I(to, t1,y1) — V(to, o, Yo) — /flds =0

This implies
t1

u(t()?yO;tOv yO) + /(_H - fl)ds - 79(150, th yO) =0
to

The difference ¥ — u is positive for ty < t < t; and is zero for ¢t = t;. Hence, the derivative of
the difference ) — u at the point ¢ = ¢, is nonpositive, i.e. ((¢ —u);),_,, = 0, then this implies
the inequality

U(to, Yo, t07 yO) - 19(1’-07 th yO) Z 0.
This contradicts the inequality wi(y) > f(y). Consequently, we have (7). Consider the equa-

tion

~n(stn ) =0 ®)
where . .
o (8.0 38) = (S b+ 10,100 ) 22+ (5 bt ) 24t (£ st ) 22

For the equation (8), the characteristic system has the form

d dy;
ylz <Zb1k k—l—h@ty) y_ Zblk kZZQ,,n

Let
Yi = Hi(tat()ygjlo)"'agy?)a 1= ].,...,TL; le (to,—f—OO)
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be a solution of the characteristic system, where (to,79) € B. This system of solutions is
solvable with respect to 77, ..., 7", therefore

Gi(to,t,y) = Qz‘(t(],t,yl, ,yn),k’ & 1, ., n

forms an integral basis of equation (8), for which in the whole domain the functional deter-
minant

a(0r,....0,)

>0
a(y17"‘7yn)

By condition M), inequality
0, < H(,ty,0,).

Indeed,
= HOnn0) = (Soumrneen) g o+ (Smm) 2 4o
k=1

(ﬂ%)% - (éplk(t)ywrf(@ t,0,0 ))% - <£P2k(t)?/k)§—£ - ... =

-n
M=
(=
3

I
-

(épnk(t)yk) i = é (b (1) = pu(t))yn + 1(0, 1, y) — f(Q,t,O,Hy)+> L
(é(b%(ﬂ _ka(t))yk) By T T (é(bnk(t) —pnk(t))yk> 20 <,

Let 0(to,t,y) = 6i(to,t,y),i € 1,...,n be a solution of the equation (8) (6,t¢,y,6,) € E
satisfying the condition (g, to,y) = wa(y), where wy(y) € C? and such that we(y) < f(y).
We have the inequality

U(t, ?J7t0>y0) > Q(to,t,y) t e I. (9)

Indeed, if inequality (9) is not true, then there is a point (¢1,y1) € B, where t; > t is such that
inequality (9) is true in the interval (to,t1), and at (t1,y1) have the equality w(t1,y1;to, yo) =
O(to,t1,y). Integrating equations (1) and (8), we obtain

u(ts, y1;to, Yo) — ulto, Yo; to, Yo) + /HdS =0

to

and

0(to, t1,y1) — O(to, to, Yo) — /fzdS =0

This implies
t1

—u(to, Yo; to, Yo) + /(H + fo)ds + 0(to, to,y) = 0
to

The difference u — 6 is positive for ty < t < t; and is zero for ¢ = t;. Therefore, the
derivative of the difference u — @ at the point ¢ = ¢; is nonpositive, i.e. we have the inequality
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((u = 0)t)1=t, < 0. From this and the inequality 6, = H(0,t,y,0,) it follows that equality
((u—0)¢)¢=1, = 0. Then equality

—u(to, Yo; to, Yo) + O(to, to, y)ds = 0

This contradicts the inequality wo(y) < f(y). Therefore, (9) holds. By assumption, conditions
A) and the integrals 9(to, t,y), 8(to, t,y) of equations (3), (8) with initial values 9(to, to, y) =
wi(y), (to, to,y) = wa(y) belong to B classC' and satisfy the following conditions:
)(19 t,y,v,) € E,(0,t,y,0,) € E;
2)0; > H(u,t,y,9,), 0, = H(0,t,y,0,)ink,
3)w (y) > f(y) > wa(y) Everywhere on B, inequality

19<th tvy) > U(t, Y; tOvyO) > 8(t07ta y)7 tel (10)

By condition ay,b1,c; of B), the characteristic system (4) has a generalized upper central
exponent equal to 5 < 0. Therefore system (4) is asymptotically stable in the sense of
Lyapunov as t — +o00. From which it follows that

lim 9(to,t,y) =0, t > to (11)

to—+oo

A linear homogeneous system of differential equations

dyl = szk Ye,t = 1,.

due to the condition as, by, ¢ of M) has a generalized upper central exponent equal to p; <
0. Therefore, the system is asymptotically stable in the sense of Lyapunov on ¢ — 4o0.
Moreover, system (8)

d
%: (Zblk yk_'_h(ety)’ szk yk7 - 7"'7

by the condition on h(f,t,y) has an asymptotically stable zero solution. Hence we will have

lim O(to,t,y) =0, t >ty (12)

to—+o0

Consequently, it follows from (10), (11), (12) that the solution u(t,y; o, yo) of equation (1)
has a limit
i u(t, yito, yo) = 0.

The theorem is proved.

4 Results and discussion

The paper deals with a nonlinear differential equation with partial derivatives of the first
order, solved with respect to one of the derivatives and the asymptotic behavior of the
solution. Using differential inequalities it is proved that a nonlinear differential equation with
first-order partial derivatives solved with respect to one of the derivatives has a solution
tending to zero as one of the independent variables tending to infinity.
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5 Conclusion

A condition for a nonlinear differential equation with first-order partial derivatives solved
with respect to one of the derivatives was found, for which the equation has a solution that
tends to zero as one of the independent variables tends to infinity.
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