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This work deals with the modelling of the Magnetohydrodynamic (MHD) turbulence decay by hy-
brid finite-difference method (HFDM) combining two different numerical methods: finite-difference
and spectral methods. The numerical algorithm of hybrid method solves the Navier-Stokes equa-
tions and equation for magnetic field by a finite-difference method in combination with cyclic
penta-diagonal matrix, which yields fourth-order accuracy in space and second-order accuracy in
time. The pressure Poisson equation is solved by the spectral method. For validation of the devel-
oped algorithm the classical problem of the 3-D Taylor and Green vortex flow is considered without
considering the magnetic field, and the simulated time-dependent turbulence characteristics of this
flow were found to be in excellent agreement with the corresponding analytical solution valid for
short times. We also demonstrate that the developed efficient numerical algorithm can be used to
simulate the magnetohydrodynamic turbulence decay at different magnetic Reynolds numbers.
Key words: Magnetohydrodynamics, Taylor-Green vortex problem, hybrid finite difference
method, spectral method, turbulence decay.
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By maxasia akbIpJIbl affbIPBIMIBLIBIK, YKOHE CIIEKTPJIK €Ki CAHIBIK, 9JicTep/ai 6ipikTipeTin rubpuari
AKBIPJIBI-ARBIPBIMABLIBIK oicied (TAAD) marauroruaponuaaMukaisik, (ML) TypOynenrrinikTin
a3FBIHAAYBIH MOJE/IAeyiHe apHaaran. KeHicTikTe TOPTIHIN pPeTTIK »KoHe YaKbIT OOWBIHIITA, YIMIHIIT
perTiKk mpsairin GepeTiH Oec-IMaroHAJbIbI MUKJIBIK MATPUIAMEH aKbIPJIbl —afbIPBIM/IBLIBIK,
ojic kemerimen Hapbe-CTOKC TeHieyiHIH »KoHe MArHUT ©pIC TeHJIeYiHIH MIelriMIepiHiy Heri3iHe
rubpui, 9IiCiHIH, CaHIBIK, aJropuTMi KypblaraH. Keicbivra apHasrad [lyaccon Tengeyl criekTpJiik
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aHAJUTUKAJIBIK IIElIiMHIH HOTHXKeJEpIMEH KaKChbl KejiciM Oepegi. Op TypJi PeitHosbic
CAHJIAPBIHIA MATHATOIUIPOIUHAMUKAJIBIK, TYPOYJEHTTIIKTIH a3FbIHIAYBIH MOJIEJb/ey YIIiH
JAMBIFAH THIMJII CAHJIBIK, aJITOPUTM KOJJIAHBLITYBI MYMKIH.
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Jannast paboTa MOCBsIIEHa MOJIEIMPOBAHUIO BBIPOXKJIeHNN MarHuToruiapoanaamuyaeckoit (ML)
TypOYIEHTHOCTH KOHEUHO-Pa3HOCTHBIM ruGpuaabiM MetogoM (KPT'M), coueraromeiicss u3 nByx
PA3JIMIHBIX YUCJIEHHBIX METOJIOB: KOHEUHO-PA3HOCTHBIN U CHEKTPasbHbIi. Pa3paboran anciaeHnblit
aJICOPUTM THOPHJIHOTO MeTOjla Ha OCHOBe pertenns ypasuenusi Hasbe-CToKca 1 ypaBHeHUs JiIst
MAarHUTHOIO 110JIsI KOHEYHO-PA3HOCTHBIM METO/I0M B COYETAHHUH C IIUKJIMIECKON IISITH/INArOHAJIBHOM
MaTpHIEil, KOTOpasl JaeT TOYHOCTb HYETBEPTOrO IIOPsJIKa IO IPOCTPAHCTBY M TOYHOCTH
TPEThero NopsijKa II0 BpeMeHH. YpaBHeHHe llyaccoHa jursl j1aBjleHHE PEIIaeTCs CIIEKTPaJbHBIM
MerozoM. g Bammmanuu pa3pabOTAHHOIO aJIlOPUTMa PAacCMATPUBACTCs KJIACCHYeCKas 3a7a4a
TPEXMEPHOI0 BUXPeBOro mnoroka Teitnopa u ['puna 6e3 ydyera MarHuTHOrO 1OJIsI, U IIOJIYyUEHHBIE
TypOyJIEHTHbIE XapaKTEPUCTHUKHU IIPU MOJIEJIMPOBAHUN HMEIOT OTJINYHBIE COIJIACOBAaHHME C
pe3y/IbTaTaMi aHAJUTUYIECKOI'O PellleHns] Ha KPATKOCPOYHOM OTPe3Ke BpeMeHU. Takxke IT0Ka3aHo,
4TO pa3paboTaHHBINl S(PEGEKTUBHBIA YHCJIEHHBIN AJrOPUTM MOYKET OBITh WCIIOIB30BAH I
MO/ICJTUPOBAHNS  BBIPOXKJICHUSI MATHUTOTHIPOJIMHAMAYECKON TYPOYJIEHTHOCTH IIPU PA3IHMIHBIX

gucax PeitHoubIca.
KuaroueBble cjioBa: MarauroruapojuHaMuKa, BUXpeBasi 3ajiada leityiopa-I'puHa, KOHEYHO-

paSHOCTHbIIU/I I‘I/I6pI/I,ZLHbII71 MeTO/, CHeKTpa.HbeIfI METO/I, BbIDOXKJICHNE Typ6y.HeHTHOCTI/I.

1 Introduction

In the study of turbulent flows of particular interest is the simulation of cascade processes
of turbulent energy transmission, large-scale and small-scale vorticity, and various turbu-
lent laws are closely interacting with each other. Cascade processes determine the internal
structure of flows and the mechanism of turbulent dissipation. A lot of work was devoted
to the study and description of cascade turbulence models [15], [21] So far, cascade models
are mainly used for the study of isotropic turbulence, but their capabilities are not limit-
ed. Therefore, it is very important to build cascade models and study with their help the
properties of such complex turbulent flows as magnetohydrodynamic (MHD) turbulence.

2 Literature review

The problem of the magnetic field influence on turbulent flows was first raised by [2]|, who
provided basic equations and an analytical solution for the movement of an electrically con-
ducting fluid. The first numerical study of magnetohydrodynamic turbulence problem of the
first type conducted by [19] at the magnetic numberRe,, << 1. The numerical experiment
of Schumann was the reflection of the idea of [16], who researched a homogeneous isotropic
ow influenced by an applied external magnetic field. The modeling outlined in the publi-
cations of these scientists is performed using a spectral method, which is used as the basis
for presenting a quantitative description of magnetic damping, the emergence of anisotropy,
and the dependency of the results on the presence or the absence of a non-linear summand
in the Navier-Stokes equation. The low performance of computing machines at that time
did not permit the full solution of this problem. Later, a similar problem was researched by
[9] and later by [24]. These authors presented the results of direct numerical modeling of
large-scale structures in a periodic magnetic field, which reflected a change in the turbulence
statistical parameters as a result of an imposed magnetic field influence. The contribution
of these scientists in this area of expertise is determined by proving that the behavior of
two- and three-dimensional structures varies substantially. A similar result was obtained by
[22] in examining locally isotropic structures by the method of large eddies. The process of
the magnetic field influence on a developed turbulence was examined by [7],[14], and [14]
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demonstrated the possibility of using the quasi-stationary approximation for the solution of
the second type problem and suggested to use quasi-linear approximations to solve the prob-
lem at Re,, = 20. The aim of this study is to study MHD turbulence flows that are weakly
induced by a homogeneous external magnetic field by adapting the existing finite-difference
and spectral methods to this particular problem.

For validation of the developed algorithm the classical problem of the 3-D Taylor and
Green vortex flow is considered, and the simulated time-dependent turbulence characteristics
of this flow were found to be in excellent agreement with the corresponding analytical solution
valid for short times. The classical problem proposed by Taylor and Green [21] who considered
a possibility of solving the Navier-Stokes equations analytically by a method for successive
approximations, in order to describe three-dimensional turbulence evolution (specifically en-
ergy cascade and viscous dissipation) over time, with the resulting flow now known as the
Taylor-Green vortex flow. Their work was motivated by the decay of three-dimensional tur-
bulent flow produced in a wind tunnel, a fundamental process in turbulent flow, due to the
grinding down of eddies, produced by nonlinearity of the Navier-Stokes equations. In their
work the kinetic energy and its dissipation rate were determined analytically.

Taylor and Green’s original analytical investigation is rigorous only for short times. To
extend the understanding of the 3D Taylor-Green vortex flow, Brachet et al [5] solved the
Taylor- Green vortex problem by two methods: numerical solution using the spectral method
and power-series analysis in time. The resulting average kinetic energy and energy spectra
at different flow Reynolds numbers were presented and compared. Later, in [6] three dimen-
sional Navier-Stockes equations were numerically integrated with the periodic Taylor-Green
initial condition. In this direct numerical simulation study the slope of energy spectrum was
compared with Kolmogorov’s —5/3 slope in the inertial subrange. Moreover, the compress-
ible Navier-Stokes equations have also been applied to the Taylor-Green vortex problem using
large-eddy simulation in [8] at different grid resolutions, and the time evolutions of the kinetic
energy and its dissipation rate were compared at different grid resolutions.

3 Materials and methods

To evaluate the MHD turbulence decay is necessary to numerically simulate the change of all
physical parameters over time at different magnetic Reynolds number. This work is devoted
to study of self-excitation of magnetic field and the motion of the conducting fluid at the
same time taking into account acting forces. The idea is to specify in the phase space of
initial conditions for the velocity field and magnetic field, which satisfy the condition of
continuity [23|. Given initial condition with the phase space is translated into physical space
using a Fourier transform. The obtained of velocity field and magnetic field are used as initial
conditions for the filtered MHD equations. Further is solved the unsteady three-dimensional
equation of magnetohydrodynamics to simulate MHD turbulence decay.

3.1 Statement of the problem

The numerical modeling of MHD turbulence decay based on the large eddy simulation method
depending on the conductive properties of the incompressible fluid is reviewed. The numeri-
cal modeling of the problem is performed based on solving non-stationary filtered magnetic
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hydrodynamics equations in conjunction with the continuity equation in the Cartesian coor-
dinate system in a non-dimensional form:

o(4;) o(wiu;) _ 9(p) 1 9 (o) 8(7_1;1,_) o o
ot T axj] = _a_:i Te 0z, < oz, ) — (93:; +A%j (Hng),
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890; - 07

o(;) Lo o) 1 o (a(m)) cH
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o(1;)

az; = 07

T = <(Uij) - (@ZHJ‘)> — ((Hiuz) — (Hiay)),

where 4; (i = 1, 2, 3) are the velocity components, H;, H,, Hsz are the magnetic field strength
components, A = H?/(4wpV?) = II/Re?, is the Alfvén number, H is the characteristic value
of the magnetic field strength, V' is the typical velocity, Il = (V4L/ I/m)2 is a dimensionless
value (on which the value II depends in the equation for H;). If II << 1, then aﬁi/(?t =0.
The publication by [11] discussed in detail the physics of phenomena related to the ability
to disregard the summand ﬁﬁi/at. (Va)? = H2/47rp is the Alfvén velocity, p = p + ]:IQA/Q
is the full pressure, ¢ is the time, Re = LV /v is the Reynolds number, Re,, = VL /v, is the
magnetic Reynolds number, L is the typical length, v is the kinematic viscosity coefficient, v,
is the magnetic viscosity coefficient, p is the density of electrically conducting incompressible
fluid, and 77, Tg is the subgrid-scale tensors responsible for small-scale structures to be
modeled.

To model a subgrid-scale tensor, a viscosity model is presented as 7/} = —2upS;;, where

— 1 _
vr = (CsA)? (25;;5;;) ® is the turbulent viscosity, S;; = (0u;/0x; + 0u;/dx;)/2 is the defor-
mation velocity tensor value. To model a magnetic subgrid-scale tensor, a viscosity model is

\

used: Ti? = _277tjij, where 7, = (DSA)2 (jzj jij)% is the turbulent magnetic diffusion, the co-
efficients Cg, Dg are calculated for each defined time layer, and J;; = (0H;/0x;—0H;/0x;)/2
is the magnetic rotation tensor reviewed by [23].

Periodic boundary conditions are selected at all borders of the reviewed area of the velocity
components and the magnetic field strength.

The initial values for each velocity component and strength are defined in the form of a
function that depends on the wave numbers in the phase space:

k.

7

b—=2 i \2 b—2 2
U; (k?z, 0) = k;l 2 e_%(k:]ﬁ) : Hz (k;“ 0) — k;l 2 6_%(’€max) ,

where 4; is the one-dimensional velocity spectrum, ¢ = 1 refers to the longitudinal spectrum,
t = 2 and ¢ = 3 refer to the transverse spectrum, H; is the one-dimensional magnetic field
strength spectrum, m is the spectrum power, and kq, ko, k3 are the wave numbers.
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For this problem we selected a variational parameter b and the wave number k4., which
determine the type of turbulence. In figure 1 the parameter b varies when k,,,, = 10. For
modeling homogeneous MHD turbulence can be set parameters k., and b, which correspond
to the experimental data [20].

-15

Log(E(K)/E(kmax))

-25

2.5 2 1,5 -1 0,5 0 05 1 1,5
Log(k/kmax)

—1, -2, -3, 4

Figure 1: The equation of initial level turbulence, depending on the fixed wave number and
the variational parameter b: 1) b=2; 2)b=4; 3)b=6; 4) b = 8.

3.2 Numerical method

To solve the problem of homogeneous incompressible MHD turbulence, a scheme of splitting
by physical parameters is used:

L (@ —a@)/Al = — (V)@ + A (ﬁnv) A"+ (1/Re) (A@*) — Vi,
. Ap=Vi/At,
1L (@™ — @) /At = —Vp.

IV. ([—7”“ - ﬁ”) /At — —rot(@"*' x H™™) 4+ (1/Rey,) AH™ ! — vt
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During the first stage,, the Navier-Stokes equation is solved without the pressure consid-
eration. for motion is solved, without taking pressure into account. For approximation of the
convective and diffusion terms of the intermediate velocity field a finite-difference method
in combination with cyclic penta-diagonal matrix is used [4] ,[18], which allowed to increase
the order of accuracy in space. The intermediate velocity field is solved by using the Adams-
Bashforth scheme in combination with a five-point sweep method. The numerical algorithm
for the solution of incompressible MHD turbulence without taking into account large eddy
simulation is considered at [1]. Let’s consider the velocity component u; in the horizontal
direction at the spatial location (i + 1/2, 7, k):

8’&1 8(u1u1) 3(u1uQ) 8(U1U3) 8(H1H1) a(HlHQ) 8(H1H3)
=A
ot | 0m | 0m | om or, | om om )

" Re (&E% 013 8$§> a (81‘1 - oA * 8:163) 2)

When using the explicit Adams-Bachfort scheme for convective terms and the implicit
Crank-Nicholson scheme for viscous terms, equation (2) takes the form:

At At _ At
~n+1 n n n—1 n
W e~ Wi = Ty [h.:z:]wr%’j’k += [hx]ﬂr%’j’k + [am]i%’j’k +
At 1 (8212\1)11—&-1 N (82&\1)%&-1 N (8272\1)7&1 . (3)
2 Re O] i+dk O3 i+d,k O3 i+d,k
3At At 3At n ne1
T ij]i—&-%,j,k - [bm]iJr%,j,k 9 [Tm]i-‘r%,j,k T [Tm]iJr%,j,k’
where

[h ]n 8u1u1 " 4 8U1UQ " i 8u1u3 "

Tl 1 .. — —

i+3.0k (9951 1 8332 1 6£B3 1 ’
7/+§7]7k 7’+§7]7k 7/+§7J7k

aa]” 1, = — . (Qﬁﬁ)n +—<Qﬁﬁ)n +—<Qﬁﬂ>n
i+57k Re 8ZE% i+%,j,k ax% i+%,j,k 8m§ i+%,j,k
n O(H H)\" O(H Hy)\" O(H H3)\"
1 -y 2 i+d,jk 3 i+3.5.k

u n u n u n
ral” B oryy n oty . ot
Tivgir = \ g ox ox

L/ itk 2/ i+L.4k 3/ i+L.4k

Discretization of convective terms look as [12]:
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()i gk + 27(u})igr gk — 27(u])igk + (U3)ic1 k.

8U1U1
(9:1:1

ik 24Ax, ’
(8u1u2) B (u1u2)i+%,j—%,k - 27(u1u2)i+%,j—%,k+
aZEQ Z-Jr%%k N 24AZL’2
27<u1u2)i+%,j+%,k - (u1u2)z‘+%,j+g,k'
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(8u1u3) B (u1u3)i+%,j,kf% - 27(UIU3)1+%,]',1¢7% n
Oxs ) ivsjn 24 Ay

27(u1u3)i+%7jﬁk+% - (U1U3)z‘+%,j,k+%_
24A[E3 ’

Discretization of diffusion terms look as:

82u1
o3

—(n)ips g+ 16(ur)ips iy — 3O(u1)i+%,j,k+

ik 12Ax2
16(u1)i_%,j7k - (ul)i_%j’k.
12A22 ’
0?uy ()i o H16(un)i g = 30(wa)ips
27 b
16(ua)is g0 = (Wi g0
12Ax2 ’
9%, ()i g g+ 16(u)ig g i — 30(u1)i+%vjv’f+
05 )| i1 12A77

16(u1)i+%,j,k—1 - (ul)i—&-%,j,kz—Q.
12Ax3 ’

where

2
(10 Ui 3 T i Lt O — Ui\ T

1U1); i =
.9,k 16 ’

(—“1i+;,j+2,k R e e Y u1i+;,j—1,k)

(u1u2)i+%,j+%,k =

16
. . 1
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Discretization of magnetic field terms look as:

—(HY)it2,5k 4'27(11]12)1‘+1,j,k+

24AQ?1
—27(H?)ijn + (HY)ic1 ik |
24A$1 ’
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N 24A.T2

27(H1H2)i+%,j+%,k - (HlHQ)iJr%,jJr%,k.
24 Az, ’
(H1H3)z‘+%,j,k;—% - 27(H1H3)i+%,j,k—%
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20(HyHs)iy 1 jpyy — (HiHs)ijpqs
24A x5 ’
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i+5.:k
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+

()

i35,k

+

The viscosity model and the subgrid-scale tensor are, respectively,

1 (")ul c")ul
T11 vp - 011, =5 (3&01 + 8x1> )
1 /0u; Ousy
u— _9y..8 Go— = [y 22
Tio vp - 012, 12 = 5 (8:102 + 8:101) ;
1 /0w, Ous
U _9 .S Sio=—| — — 1,
T13 vr - 013, 13= 5 ((‘9:133 + 81'1)
Discretization of the strength tensor terms look as:
o(—1}4) 0 2 (U1>i+1 = (W),
_— = —_— 2 . S _ . L. e 5Jy
( 223} i+l Om (e Sn) Az, (VT)H%’M Az, *
(ul)ijk - (ul)i—ljk
+ (VT)i—%,j,k ' { Az ” =0,

ISSN 1563-0285 Journal of Mathematics, Mechanics, Computer Science Ne3(99) 2018



HFD method for large eddy simulation ...

61
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Then the left hand side of equation (3) is denoted by g, ik
2

/\n+

qur 3Jk uler 5:J:k ul

z+2,]k:

We find {L\l?:f]k from equation (4)
2

A n+1
HQ,J kT Yyl L - ul”‘z»],k
Replacing all @3 + . from the equations (3) we obtain
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We can re-write equation (5) as
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where
3AL At .
A At 3AE, At
+T [bx]i+%,j,k - 7 [bx]pr%,j,k - T [Tx]i-ﬁ-%,j,k + 7 [Tx]wé,j,k’

Assuming that equation (6) has the second-order accuracy in time, we may solve the
following equation instead:

At 1 07 At1 07 At 1 0?
- - S 1= s |l = dis g (7)
2 ReOz] 2 Re 03 2 Reodz3] "2 e
We can show that Equation (7) is an O(At?) approximation to equation (6) [13].
Equation (7) is a factorization approximation to equation (6), which allows each spatial
direction to be treated sequentially. If we denote the solution to Equation (7) as q;rljk, by
2
expanding Equation (7), subtracting equation (6) from it, and noting that Qi 16~ O (At?),
we obtain (q;‘+%jk —q +%jk) ~ O (At*). Therefore, Equation (7) is actually an order O (At*)
approximation to equation (6), rather than an order O (At?) approximation as stated in [13]
without proof. Since the difference between q;r Lk and ¢, Lk is of higher order, we shall
2
return to the same notation and just use ¢;, Lk

To determine g, e equation (7) is solved in 3 stages in sequence as follows:
2

At 1 0?
1T Re aag) Aertar = Gedan "
-1 At 1 0% ] B — A . )
1T Re gaz) Portar = A "
_1 At 1 0% ] - B 10
T2 Re a3 Grdan T P "

At the first stage, A, +1k is sought in the coordinate direction xi:
3.,

At 1 02
l—— —- —2} A1 = diga g
2 Re 0x? 20 2
At 1 0?A
Ai+l,j,kz - R (_(9 2) =dig1 i
2 € L1/ a4l gk ’
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At 1 —As . +16A 4 —304

P
A L = +27 ) +27 7k Z+§7]7k
i+30% 2 Re 12A22

_|_
16 A,

_A .
l_lzjzk l_é7]7k
+ 212Ax% =iy (1)

81A. 5 . 1681A

1+ 3.5,k

(1 + 3081) A

H— 3.k i—i—%,j,k_

- 1681Ai—%,j,k + SlAi_g . = d 1 . (12)

57]7]6 7’+§7]7k’
where s; = %RAe—fAI%.
This equation (12) is solved by the cyclic penta-diagonal matrix method, which yields
A .
i+57k

The same procedure is repeated next for the xy directions in the second stage, namely,
B 1, 1 obtained by solving equation (9), with the solution from the first stage as the
2
coefﬁcient on the right hand and the coefficient s; in the penta-diagonal matrix replaced by

S9 = m Finally, in the third stage, q. i Lk is solved through the similar penta-diagonal

system shown in equation (10).

Once we have determined the value of g, N nl

Weﬁndu1+ ik
DRYAL

1.9k

~n+1 o
UIZ+27.7 k- qi+%9jk + UI7'+ 7] k*

+1

1 . ..
J+Lk ntl o are solved in a similar manner.

The velocity components s; ikt L
1 2

and u3

3.3 Algorithm of solving the Poisson equation

In the second step, the pressure Poisson equation is solved, which ensures that the continuity
equation is satisfied. The Poisson equation is transformed from the physical space into the
spectral space by using a Fourier transform. The resulting intermediate velocity field does
not satisfy the continuity equation. The final velocity field is obtained by adding to the
intermediate field the term corresponding to the pressure gradient:

Ip
un—i—l _ a\n-&-l — At
n+1 — ~n+1 At@

Substituting the continuity equation, we obtain the Poisson equation for the pressure
field:
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2 2 2 A7L+1 A’rL+1 ~n—+1
d*p  0°p 8p:At(8 +8 +3u3 )z "
3

02 * 13 T o 0z, oA dx3

where Fjj; denotes the known right hand side of the Poisson equation, with each term
approximated by an order O(Az?) finite-difference approximation. For example, the first
term in F; ;j is approximated as

~n+1 ~n+
uy, s ., — 8uy, ;
2

-~ 1 -~ 1
Z_ijk: +8 n+ n+
2

Wiigs i — WMigs ik
]_QAJ,‘l ’

a/\n-i-l

At = At

le

itk

To be consistent with the spatial accuracy in the first step, the left hand side of the above
Poisson equation is discretized using 5-point scheme of O(Ax?) accuracy, as follows:

|:_Pz'+2,j,k +16F1jx — 30P, ;5 + 16FP;_1 1 — Pi—2,j,k] n

12A22
—P ok +16F; i1 —30P ;1 +16F; 516 — Pij_ok
+ ) +
12Ax3
—Pyjse+16P i1 — 30P 4 + 16P 51 — Py
+ |: 7 k42 1. k+1 12Alzj§,k g k—1 gk 2:| _ E7j7k- (13)

Now we apply the three dimensional Fourier transform

Ni—1 N2—1 N3—1

’Jk o N Z Z Z ‘szvjn ﬁm,n,s;

m=0 n=0 s=0
N1—1 N2—1 N3—1 (14)

Fue =50 30 30 3 VWV F

m=0 n=0 s=0

The inverse transforms are:

Ni—1 Ny—1 N3—1

ﬁm,n,s = Z Z Z V_va Jnvzi ok PZ]k;

=0 j=0 k=0
N1—1 Na—1 N3—1

J/C\m,n,s _ N ZO % ‘/1_””‘/2 ]n‘/:s—sk de

(15)

2n
where N = N; - N - Ng,V1—6< ) VQ—e( ) andV;;zeL(Ns).
Substituting equation (15) into equatlon (14), we obtain quickly the solution for the
pressure field in the spectral space as

~ 12/\mns
Pmmn,s = f —— (16)
Q1+ Q2+ Q3
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1 [ 47m 2m
Ql:A_x% —2008(N1)+32005(N1)—30],
1 [ 4rn 2mn
Qs = A_xg —2cos (E) + 32 cos (E) — 30] ,

1 [ 4s 27s
Q3:A_x§ —2COS<N3>—|—32COS(N3> —30] :

An inverse Fourier transform is then performed to obtain the pressure P, in the physical
space. The obtained pressure field is then used at the third step to determine the final velocity
field.

At the third stage, it is assumed that the transfer is carried out only by the pressure
gradient, where the final velocity field is recalculated.

(@ — @) At = —Vp.

3.4 Algorithm for solving the equation of the magnetic field strength

Let us review equation (1) for the first component of the magnetic field strength in the
horizontal direction at the spatial location (i + 1/2, j, k):

0H 0 0
(9_t1 + — 832‘2 (UQHl HQ'LL1> + 8_3 (Ung ngl) —

1 [0*H, ©0*H, 0*H, oril orlt ol
- st | = - + 2 .
Re,, | Oxf 0x; Oxs 0y 0xs 03

(17)

The strength of the magnetic field is found using the explicit Adams-Bachfort scheme
for magnetic convective terms and the implicit Crank-Nicholson scheme for viscous terms,
equation (17) takes the form:

—~n+1 SAt n At n—1
Lit+d ik — le+2,3, = T[Hx]i+§,j,k+7[Hx]z+ jk+ 2 [aHx]H Lok T
—\ nt1 \ nl n+1
LAt | (o8, (& L (2 (18)
2 Re 912 ) 0z3 | | 0x3 |
i+i,jk i+3.5.k 5.0k
3At At n—1
_T[THQ:]ZJr gkt 5 [TH:E]HZJk,
where
0 "’ 9 "
[Hx]z+2,],k | or (Ung H2u1) ox (U3H1 HSul)
T2 i+%,jk x3 i+3.5.k
1
l[aHz]}

i+3 ]k Rem

32H1 n ang n aQHl n
o "\ a3 o
LT /it Lk 2 /il ik T3 S it gk
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u n u n u n
_ <87'11) i (37'12) i (87'13>
’ 001 Jivsgn \O%2/) it \OTs /ity

Discretization of magnetic convective terms look as:

<8U2H1

(9@

<(9H2U1

8:1:2

<8H3’U1

(9.733

8u3H1
81’3

)
)
)
)

(uat1);p 1 o3y — 27(upHy )i 5 1y

aik 24A7, *
i 27(U2H1)z‘+%,g’+§,k - (U2H1)i+%,j+%,k‘
24Axo ’
 (Hayun)iyy o — 2T(Houn )i 51
i+l ik 24Ax,
+ 27(Hotn)iyy gy 5 — (H2“1)i+%7j+%,k.
24Axq ’
_ (Hsun)iy 1 jp-3 — 27(Haua)sy 1 51 N
i+l gk 24Axs
n 27(H3u1)i+%,j,k+% - (H3u1)i+%7j7k+%‘
24A x5 ’
B (u3H1)i+%,j,k—% - 27(U3H1)i+%,j,k—%
i+l ik 24Axs

27(U3H1)i+%,j,k+§ - (USHl)iJr%,j,kJrg_

+ 24A.Z'3 7

Discretization of magnetic diffusion terms look as:

0*H,
ox?

<82H1

2
Oxs

(821{1

2
0x3
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)
)
)

—(Hu)ips ju +16(H1);p3 55 — 30(H1)i+é7jvk+

Lk 12Az22
16(Hl>i7%,j,k - (Hl)if%,j,k,
12Ax2 ’
—(H1)is 1 jron + 16(H )i 1 50 p = 30(H1)ip 1 0
= > +
Lk 12Ax23
L 16(H1)i+%,j_1,k - (Hl)i+%,j—2,k.
12A22 ’
—(H)it 1 jara + 16(Hy) i1 jpr — 30(H )iy 1 g
— > +
Lk 12Az3
. 16(H1) iyt jr1 — (H1)ig1 jis
12Ax3 ’
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where
I U249 51L kT 9u2i+1,j+%,k + 9u2i,j+%,k U214 1k
(u2 1)i+%7j+%7k - 16 ’
—Hug Lo + 9 gt g O L — Higp e\
16 ’
I _ _H2i+27j+%,k + 9H2i+1,j+%,k + 9H2i,j+%,k: - HQi—l,j—&-%,k
( 2u1)i+%7j+%7k o 16
Ui d gk T UL e T ULk T Uik
16 ’
" Uikl T O el T OB Gl T U k]
(U3 1)i+%,j,k+% - 16 ’
—Hi 1 e T O 1 g O gy e — Hig1 g
16 ’
(Hyu,) —Hsig eyt +9Hs 0 gyt + 9 3501 — Hsy g jpy
ul ). . =
3U1 1+%,y,k+% 16

~ULiy L ghre T UL L e T UL g T Uy g .
16 ’

The viscosity model and the magnetic rotation tensor are, respectively,

1 (0OH, O0H;

T = =2 - Ju, Ji = 5 (_8x1 T Om, > =0,
1 (OH, 0OH,

7'1[_5 = —2n; - Jia, Jig = B (@_arg - 8_x1> 5
1 (0OH, 0OHj

Ty = =21 - i3, Jiz = 3 (8_903 - 8_m1> ;

The discretization of the magnetic rotation tensor terms look as:

8%2 (_Tg) = 3%2 (2n; - J12) =

=2 _|(n) N D= H D (H2)ia = (H2)i 50|
T 2. Axo Tt i,j-l—%,k Azo Azq

_( ) . (Hl)i,j,k*(Hl)i,j—l,k _ (HQ)i,j,k*(H2)i—1,j,k
T]t 7’7]7%71‘: AIQ AIl )
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6%3 (_Tg) = 3%3 (2n; - Ji3) =

2 ( ) N HD i = (H e (Hs)ig = (Hs)i g |
= 3Axs |\)ijktl Az Aay

_( ) N HD = H)i e (H3)i 56— (Hs)i g
)i jh—1 Azs Azq )

The equation is solved by he similar penta-diagonal system shown in section II and is
nt+i
found to be (Hy), -

2
(H 1)7;,3 ,(H 1)?;,1 components of the magnetic field strength are defined in a similar way.

Thus, all the components of the magnetic field strength determined this way.

3.5 Definition of homogeneous MHD turbulence characteristics

To identify turbulent characteristics in the physical space, it is necessary to average different
values in volume. The averaged values will be used to find the turbulent characteristics. The
procedure for calculating the turbulent characteristics is similar to the one specified in papers
by [17] and [3]. The value averaged along the entire calculated area is calculated by the
following formula:

N1 N2 N3

1
)= e DD

n=1 m=1 ¢g=1

N1 N2 N3

(Hi) = mZ > 2 ().,

n=1 m=1 ¢q=1

<uf> = (ui(z,y, 2z, t) - ui(z,y, 2,t)),
<u§> = (ug(x,y,z,t) ’ u2($7y727t)> )

<“§> = (us(z,y, 2,t) - us(x,y, 2,1)) .

The microscale length is determined by the following ratio:

1 1
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The integral scale is expressed as

L2 L2
A(t) = f(rt)dr, Ay(t) = /0 g(r,t)dr.

0

The dissipation rate is calculated by the following formula:

8u1 2 8u2 2 (‘3u3 2
(TS sy = [<(8$1) >+ <(3$2 " 0x3
1 8%1 8%2 2 1 8U1 6U3 2 1 (9u2 3u3 2
§<<a7+a—) "3\ T ) ) T2\ o T
The turbulent kinematic energy is found in the following way: The turbulent kinetic and
magnetic energy are, respectively,

+

+ 2v

By, = % ((u1)? + (u2)? + (ug)?) = = <“1>
Eyn = % (<H1>2 + (Ha)* + (Hs) ) =3 <H2>

Velocity derivative skewness is defined in the following form:
3 3 3
(3]()"+ ()" + (32))
2 2 2 3/2
ou ou ou
(Gl )

Flatness is defined in the following form:

3.6 Analytical solution of the Taylor-Green vortex problem

For validation of the developed algorithm the classical problem of the 3-D Taylor and Green
vortex flow is considered without considering the magnetic field, and the simulated time-
dependent turbulence characteristics of this flow were found to be in excellent agreement
with the corresponding analytical solution valid for short times.

We duplicate the classical example proposed in [21] in order to validate the numerical
simulation of increasing order of accuracy in time and in space O(At? ht), with efficient
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acceleration for sequential algorithm. Starting from a simple incompressible three-dimensional
initial condition of the form.

uy (21, T2, x3,t = 0) = cos(axy) sin(axs) sin(azxs),
ug (1, xe, x3,t = 0) = — sin(ax ) cos(axs) sin(axs), (19)

u3(x1,:1:'2,x3,t = O) =0.

and assuming periodic conditions in a cubic domain: 0 < 2y < 27,0 < x5 < 27,0 < 23 < 27
with a = 1, the three-dimensional filtered Navier-Stokes equation

Ouy Ou; _ _10p | 1 0%y
ot + U dx; —  powmy + Re 8z;0x;’
(20)
Qui
oxr. — 0.

can be solved analytically at small times, using perturbation expansion. In (1) all quantities
have been properly normalized by the initial maximum velocity magnitude Uy in the x; or
xo direction, and L/27 , where L is the physical domain size, u; -velocity at i = 1,2,3,
corresponding to w1, x9, r3 directions, Re = LUy /v is the Reynolds number of flow, Uy - the
characteristic velocity, T = alUyt,a = 2w /L. The pressure p has been normalized by pU? .
Taylor and Green obtained a perturbation expansion of the velocity field, up to O(#%) . The
resulting average kinetic energy is:

Uz .,
8
where
) 61 1872 5 36\ T3 5 54
21— 4/ =) T T Yy A
" Re Re? T Re? ) Re + 2Re? * Re? (22)
5 N 367 n 481\ 1° N 361 n 761 N 324\ T°
44.12 © 24Re* " 5Re'/ Re  \44.32 © 12Re®*  5Re'/ Re*’
The dissipation rate is written in the following form:
3U2a?__
W = u Za W (23)
where
, 6T 5 1877 5 36\ T°
W =1-— — T2 - [ 24+ — ) —
Re+ (48+ Re? ) (3+Re2) Re+
50 1835 54 361 761 324 \ T°
T — —. (24
* (99.64 TR T Re4) (44.32 TR T 5Re4> R (%)
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Simulation at different Reynolds numbers was compared with the analytical solution of
the Taylor-Green vortex problem from the point of view of: the average kinetic energy and
the average dissipation rate of the turbulent flow. Figure 2 compares the average turbulent
kinetic energy obtained in this paper with the analytical solution of the Taylor-Green vortex
problem for different Reynolds numbers. The results obtained by analytical solution of short-
time theory of TG, spectral methods at 256% grid resolution and hybrid finite difference
method at 1283 grid resolution show a satisfactory agreement till 7 = 3 at Re = 100, and
till T = 4 at Re = 300 and Re = 600 for the average turbulent kinetic energy. The error
between analytical and numerical solutions for the average kinetic energy was defined as:
Error(Ey) = |[BHFPM _ BIG| = 1074,

1.3
1.2
o 11
2
& 1
g 0.9 N\L e@{)__(}erﬂ o
= . \'\‘\\'\‘\o\.\ RS
0.8 \N\K\
ok )
0.7
0.6
0 0.5 1 1.5 2 2.5 3 3.5 4
T
1 + 2 o 3 x 4§ ——— 5 - - e 7 8 9

Figure 2: Comparative results of modeling the evolution of the average kinetic energy in
time, spectral and hybrid methods of modeling the Taylor-Green vortex of: TG short-time
theory at: 1) Re=100; 2)Re=300; 3)Re=600; Spectral method, 256% at: 4)Re=100; 5)Re=300;
6)Re=600; HFD method at: 7)Re=100; 8)Re=300; 9)Re=600.

Figure 3 compares the results of average rate of dissipation of the turbulence decay with
respect to time of the numerical simulation, and the analytical solution of the Taylor-Green
vortex problem at different Reynolds number. It can be seen from Figure 3 that the short-
term theoretical results and numerical simulation results are in good agreement till 7' = 2.5
for Re = 100, and T' = 2 for Re = 300; Re = 600. It is difficult to compare the analytical
solution with numerical simulation, since the analytical solution valid only for short-term
time, and the numerical solution can provide good results for long term, so it is worthwhile
to compare simulation results of spectral method and HFD method for long term. The rate of
dissipation increases sharply due to the formation of small-scale flow structures and reaches
a maximum at 7" = 3, for short time theory of TG at Re = 100, and at T" = 4 for other
case, and then the rate of dissipation shows a decrease in the tendency for result of analytical
solution of TG at Re = 100 because of the decrease in the total Reynolds number of the
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stream. In the simulation results, the error between analytical and numerical solutions for
the average dissipation rate is: Error(e) = [e#FPM — IC| = 1072

4
X
B .
3.5 —
x + o
3 S
X X 5 A
(] X o | T
g 2.5 s
.5 2 x_.é‘?, o
S K%
(=8 x it
‘B et 3 e i
R 15 i o e
o . é_é_;é-;é'—’/w, .+——++++,++
gt T
R B -
0.5
0
0 0.5 1 1.5 2 2.5 3 3.5 4
T
1 + 2 © 3 x 4——5----6 7 8 9

Figure 3: Comparative results of modeling the evolution of the average rate of dissipation of
the decay of turbulence in time, the spectral and hybrid methods of modeling the Taylor-
Green vortexof: TG short-time theory at: 1) Re=100; 2)Re=300; 3)Re=600; Spectral method,
2563 at: 4)Re=100; 5)Re=300; 6)Re=600; HFD method at: 7)Re=100; 8)Re=300; 9)Re=600.

Figure 4 shows that with the increase in the resolution of the computational grid, the
results of skewness of the turbulence of hybrid method tends gently to the exponential results
of the pseudospectral method for the computational grid 256x256x256.

Figure 5 shows the results of modeling the evolution of flatness, spectral and hybrid
methods for modeling the Taylor-Green vortex at Re = 300.

4 Results and discussion

Numerical model allows to describe the homogeneous magnetohydrodynamic turbulence de-
cay based on large eddy simulation. For this task, the kinematic viscosity v = 107 was
taken constant and the magnetic viscosity were set in the range of v, = 1073 = 10~%. The
characteristic values of the velocity, length, magnetic field strength were taken equal to:
Ucxg = 1, Leg = 1, Hog = 1 respectively. Reynolds number is Re = 10%, the magnetic
Reynolds number varied depending on the magnetic viscosity coefficient. The Alfven num-
ber characterizing the motion of conductive fluid for various numbers of magnetic Reynolds:
A = Ha?/Re,,, where Hartmann number is Ha = 1. For the calculations used grid size
128x128x128. The time step was taken equal A7 = 0.001.

As result of simulation at different magnetic Reynolds numbers were obtained the follow-
ing turbulence characteristics: integral scale and Taylor scale.
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Figure 4: Comparison of the results of modeling the evolution of skewness, spectral and hy-
brid methods for modeling the Taylor-Green vortex of: TG short-time theory at: 1) Re=100;
2)Re=300; 3)Re=600; Spectral method, 256 at: 4)Re=100; 5)Re=300; 6)Re=600; HFD
method at: 7)Re=100; 8)Re=300; 9)Re=600.
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Figure 5: Comparison of the results of modeling the evolution of flatness, spectral and hybrid
methods for modeling the Taylor-Green vortex of: TG short-time theory at: 1) Re=100;
2)Re=300; 3)Re=600; Spectral method, 256% at: 4)Re=100; 5)Re=300; 6)Re=600; HFD
method at: 7)Re=100; 8)Re=300; 9)Re=600.
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Figure 6: Change of the integral turbulence scale calculated at different magnetic Reynolds
numbers: 1) Re,, = 10%; 2) Re,, = 2-10% 3) Re,, = 5-10% 4) Re,, = 10*.

According to semi-empirical theory of turbulence integral scale should grow with time.
The results presented in Figure 6 illustrates the effect of magnetic viscosity on the internal
structure of the MHD turbulence. Variation of the coefficient of magnetic viscosity leads
to a proportional change in the integral scale. Figure 6 shows that the size of large eddies
rapidly increases at small number of magnetic Reynolds Re,, = 103, than in the case, when
Re,,, = 10* which leads to fast energy dissipation.

Figure 7 shows the change in the micro scale - calculated at different numbers of magnetic
Reynolds 1) Re,, = 10%; 2) Re,, = 2-10%; 3) Re,, = 5-10%; 4) Re,, = 10*. Figure 7 shows the
change of the Taylor microscale at different magnetic Reynolds numbers. It can be seen that
in the case Re,, = 10? when the magnetic viscosity coefficient is large then the dissipation
rate increases. In the case when the magnetic viscosity coefficient is smaller then the scale
gradually increases, and the small scale structure of the turbulence tends to slowly isotropy.
This also indicates that with small numbers Re,, the decay of isotropic turbulence occurs
faster than in the case when Re,, is high.

From the figures it is seen that in the case of high medium conductivity at Re,, = 10?
the frictional force increases and the flow rate is reduced faster than, at Re,, = 10*, that
corresponds to the low conductivity of the medium, in this version, the frictional force have
minimal impact on the flow velocity. Based on the study of the results determined that the
first part of the turbulent kinetic energy is used for turbulent mixing, the second part - at
creating magnetic field and the third part - on the forces of resistance between the components
of the velocity and magnetic tension.
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Figure 7: Change of Taylor-scale calculated at different magnetic Reynolds numbers: 1) Re,,, =
103; 2)Re,,, = 2-10%; 3)Re,, = 5 - 10%; 4)Re,, = 10%.

5 Conclusion

Based on the method large-eddy simulation was produced the numerical modelling of influ-
ence magnetic viscosity to decay of magnetohydrodynamic turbulence, analyzing simulation
results it is possible to make the following conclusion: the magnetic viscosity of the flow has
a significant influence on the MHD turbulence. Obtained results allow sufficiently accurately
calculate the change characteristics of magnetohydrodynamic turbulence over time at differ-
ent magnetic Reynolds numbers. To simulate the turbulence energy degeneration, a numerical
algorithm for solving the unsteady three-dimensional Navier-Stokes equations based on the
hybrid method was developed. The numerical algorithm is a hybrid method combining fi-
nite difference and spectral methods. It is also computationally efficient. The finite-difference
method combined with the cyclic Penta-diagonal matrix for the solution of the Navier-Stokes
equations allowed to achieve the accuracy of the fourth order in space and the accuracy of
the second order in time. The spectral method for solving the Poisson equation has a high
computational efficiency by using a fast Fourier transform library.

To check the adequacy of the developed algorithm, the classical Taylor and green problem
with the same initial flow conditions, for modeling the degeneracy of the kinetic energy of the
flow and the time evolution of viscous dissipation is considered. Average normalized errors
between analytical and numerical solutions for mean kinetic energy and mean dissipation rate
were established as Error(Ey) = |EFPM — ETY| = 1074, Error(e) = [eFPM — 16 = 1072,

respectively. Thus, the results of numerical simulation of turbulence characteristics show very
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good agreements with the analytical solution. Thus, the numerical algorithm was developed
for solving unsteady three-dimensional magnetohydrodynamic equations, and makes it pos-
sible to simulate the MHD turbulence decay at different magnetic Reynolds numbers.
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