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Approximation by C∞ functions in Sobolev-Morrey spaces

In this paper we consider Sobolev spaces built on Morrey spaces, also referred to as Sobolev

Morrey spaces, i.e., the spaces of functions which have derivatives up to a certain order in

Morrey spaces.

First we characterize the functions in a Morrey space which can be approximated in norm

by smooth functions, as the functions which belong to a speci�c subspace of the Morrey

space, which we call the `little' Morrey space.

Contrary to the classical Sobolev spaces built on the Lp spaces with p < ∞, the Sobolev

spaces built on Morrey spaces are not separable spaces even if p < ∞ and we cannot

expect that the set of C∞ functions of a Sobolev Morrey space be dense in a Sobolev

Morrey space. However, we show that the functions in a Sobolev space built on little

Morrey spaces can be approximated by C∞ functions.
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Â. È. Áóðåíêîâ, Ì. Ëàíöà äå Êðèñòîôîðèñ, Í. À. Êûäûðìèíà

Ïðèáëèæåíèå áåñêîíå÷íî äèôôåðåíöèðóåìûìè ôóíêöèÿìè â

ïðîñòðàíñòâàõ Ñîáîëåâà-Ìîððè

Â äàííîé ðàáîòå ìû ðàññìàòðèâàåì ïðîñòðàíñòâà Ñîáîëåâà, ïîñòðîåííûå íà îñíî-

âå ïðîñòðàíñòâ Ìîððè, òàêæå íîñÿùèõ íàçâàíèå ïðîñòðàíñòâ Ñîáîëåâà-Ìîððè, ò.å.

ïðîñòðàíñòâà ôóíêöèé, èìåþùèõ ïðîèçâîäíûå âïëîòü äî îïðåäåëåííîãî ïîðÿäêà â

ïðîñòðàíñòâàõ Ìîððè.

Ñïåðâà ìû îïèñûâàåì ôóíêöèè èç ïðîñòðàíñòâà Ìîððè, êîòîðûå ìîæíî ïðèáëè-

çèòü ïî íîðìå áåñêîíå÷íî äèôôåðåíöèðóåìûìè ôóíêöèÿìè, êàê ôóíêöèè, ïðèíàäëå-

æàùèå îïðåäåëåííîìó ïîäïðîñòðàíñòâó ïðîñòðàíñòâà Ìîððè, íàçûâàåìîìó `ìàëûì'

ïðîñòðàíñòâîì Ìîððè.

Â îòëè÷èå îò êëàññè÷åñêèõ ïðîñòðàíñòâ Ñîáîëåâà, ïîñòðîåííûõ íà îñíîâå ïðî-

ñòðàíñòâ Lp, ãäå p < ∞, ïðîñòðàíñòâà Ñîáîëåâà, ïîñòðîåííûå íà îñíîâå ïðîñòðàíñòâ

Ìîððè, íå ÿâëÿþòñÿ ñåïàðàáåëüíûìè ïðîñòðàíñòâàìè äàæå ïðè p < ∞ è ó íàñ íåò

îñíîâàíèé îæèäàòü, ÷òî ìíîæåñòâî áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé èç ïðî-

ñòðàíñòâà Ñîáîëåâà-Ìîððè áóäåò ïëîòíî â ïðîñòðàíñòâå Ñîáîëåâà-Ìîððè. Îäíàêî,

ìû ïîêàçûâàåì, ÷òî ôóíêöèè èç ïðîñòðàíñòâà Ñîáîëåâà, ïîñòðîåííîãî íà îñíîâå ìà-

ëîãî ïðîñòðàíñòâà Ìîððè, ìîãóò áûòü ïðèáëèæåíû áåñêîíå÷íî äèôôåðåíöèðóåìûìè

ôóíêöèÿìè.

Êëþ÷åâûå ñëîâà : ïðîñòðàíñòâà Ìîððè, ïðîñòðàíñòâà Ñîáîëåâà, àïïðîêñèìàöèÿ.
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Ñîáîëåâ-Ìîððè êå­iñòiãiíäåãi ôóíêöèÿëàðäû øåêñiç ê°ï

äèôôåðåíöèàëäàíàòûí ôóíêöèÿëàðìåí æóû©òàó

Á´ë æ´ìûñòà Ìîððè êå­iñòiãiíi­ íåãiçiíäå ©´ðûë¡àí Ñîáîëåâ êå­iñòiãi ©àðàñòûðûëäû.

Àëäûìåí Ìîððè êå­iñòiãiíi­ ñàíñûç ê°ï ðåò äèôôåðåíöèàëäàíàòûí ôóíêöèÿëàðìåí

æóû©òàëàòûí ôóíêöèÿëàðûí - "Ìîððèäi­ iøêi êå­iñòiãi" äåï àòàëàòûí iøêi êå­iñòi-

ãiíi­ ýëåìåíòi ðåòiíäå áåéíåëåäiê.

Ñîáîëåâ-Ìîððè êå­iñòiãi Lp êå­iñòiãiíi­ íåãiçiíäå ©´ðûë¡àí êëàññèêàëû© Ñîáîëåâ

êå­iñòiãi ñèÿ©òû ñåïåðàáåëüäi êå­iñòiê áîëìà¡àíäû©òàí, ñàíñûç ê°ï ðåò äèôôåðåíöè-

àëäàíàòûí ôóíêöèÿëàð æèûíû Ñîáîëåâ-Ìîððè êå­iñòiãiíi­ áàðëû© æåðiíäå äåðëiê

òû¡ûç áîëàäû äåï àéòà àëìàéìûç. Áiðà©, áiç îñû æ´ìûñòà "iøêi Ìîððè êå­iñòiãiíi­"

íåãiçiíäå ©´ðûë¡àí Ñîáîëåâ êå­iñòiãiíi­ êåç êåëãåí ýëåìåíòi ñàíñûç ê°ï ðåò äèôôå-

ðåíöèàëäàíàòûí ôóíêöèÿëàðìåí æóû©òàëàòûíûí ê°ðñåòòiê.

Ò³éií ñ°çäåð: Ìîððè êå­iñòiãi, Ñîáîëåâ-Ìîððè êå­iñòiãi, æóû©òàó.

1. Morrey spaces

Let N denote the set of all natural numbers including 0. Throughout the paper, n is an
element of N \ {0}.

Morrey spaces were introduced by C. Morrey in [1]. Here we consider the following variant
of Morrey spaces (coinciding with Morrey spaces for bounded sets).

De�nition 1. Let Ω be a Lebesgue measurable subset of Rn. Let 1 ≤ p ≤ +∞, 0 ≤ λ ≤ n
p

and wλ(ρ) =

{

ρ−λ, ρ ∈]0, 1],
1, ρ ≥ 1,

. Denote by Mλ
p (Ω) the space of all real-valued measurable

functions on Ω for which

∥f∥Mλ
p (Ω) = sup

x∈Ω
∥wλ(ρ)∥f∥Lp(B(x,ρ)∩Ω)∥L

∞
(0,∞) < ∞,

where B(x, ρ) is the open ball of radius ρ > 0 centered at the point x ∈ R
n.

Clearly, M0
p (Ω) = Lp(Ω). Also, M

n
p
p (Ω) = L∞(Ω).

By results in [2], [3] it follows that for λ < 0 or λ > n
p
the space Mλ

p (Ω) is trivial, that is
consists only of functions equivalent to 0 on Ω.

We �nd convenient to set

|f |ρ,λ,p,Ω ≡ sup
x∈Ω

∥

∥wλ(r)∥f∥Lp(B(x,r)∩Ω)

∥

∥

L
∞
(0,ρ)

∀ρ ∈]0,+∞[

for all measurable functions f from Ω to ]0,+∞[.
De�nition 2. Let Ω be an open subset of Rn. Let p ∈ [1,+∞], λ ∈ [0, n/p[. Then we

de�ne as the little Morrey space with the exponents λ, p is the subspace

Mλ,0
p (Ω) ≡

{

f ∈ Mλ
p (Ω) : lim

ρ→0
|f |ρ,λ,p,Ω = 0

}

of Mλ
p (Ω).

Lemma 1. Let Ω be an open subset of R
n. Let p ∈ [1,+∞]. Let λ ∈ [0, n/p]. Then

Mλ,0
p (Ω) is a closed proper subspace of Mλ

p (Ω).
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Theorem 1. Let Ω be an open subset of Rn. Let p1, p2 ∈ [1,+∞] be such that 1
p1

+ 1
p2

=
1
p
. Let λ1, λ2 ∈ [0,+∞[, λ = λ1 + λ2. Then the pointwise multiplication is bilinear and

continuous from Mλ1

p1
(Ω)×Mλ2

p2
(Ω) to Mλ

p (Ω) and maps Mλ1,0
p1

(Ω)×Mλ2

p2
(Ω) to Mλ,0

p (Ω) and
Mλ1

p1
(Ω)×Mλ2,0

p2
(Ω) to Mλ,0

p (Ω)
Remark. This statement proves the H�older inequality for Morrey space Mλ

p (Ω):

∥fg∥Mλ
p (Ω) ≤ ∥f∥

M
λ1
p1

(Ω)
∥g∥

M
λ2
p2

(Ω)
∀ (f, g) ∈ Mλ1

p1
(Ω)×Mλ2

p2
(Ω).

Proof. Note that

wλ(ρ) =

{

ρ−λ, ρ ∈]0, 1],
1, ρ ≥ 1,

=

{

ρ−λ1−λ2 , ρ ∈]0, 1],
1, ρ ≥ 1,

= wλ1
(ρ)wλ2

(ρ).

Then, by H�older inequality, we have

|fg|ρ,λ,p,Ω = sup
(x,r)∈Ω×]0,ρ[

wλ(r)∥fg∥Lp(B(x,r)∩Ω) ≤

≤ sup
(x,r)∈Ω×]0,ρ[

wλ(r)∥f∥Lp1
(B(x,r)∩Ω)∥g∥Lp2

(B(x,r)∩Ω) ≤

≤ sup
(x,r)∈Ω×]0,ρ[

wλ1
(r)∥f∥Lp1

(B(x,r)∩Ω) sup
(x,r)∈Ω×]0,ρ[

wλ2
(r)∥g∥Lp2

(B(x,r)∩Ω) =

= |f |ρ,λ1,p1,Ω|g|ρ,λ2,p2,Ω for all ρ ∈]0,+∞].

Therefore, by taking ρ = +∞, we deduce that fg ∈ Mλ
p (Ω) when (f, g) ∈ Mλ1

p1
(Ω) ×

Mλ2

p2
(Ω).
By letting ρ → 0, we deduce that fg ∈ Mλ,0

p (Ω) when (f, g) ∈ Mλ1,0
p1

(Ω)×Mλ2

p2
(Ω).

The case when f ∈ Mλ1

p1
(Ω) and g ∈ Mλ2,0

p2
(Ω) can be analyzed in the same way.

Theorem 2. Let Ω be an open subset of Rn. Let p ∈ [1,+∞]. Let λ ∈ [0, n/p]. Then
the pointwise multiplication is bilinear and continuous from Mλ

p (Ω)× L∞(Ω) to Mλ
p (Ω) and

maps Mλ,0
p (Ω)× L∞(Ω) to Mλ,0

p (Ω).
Proof. We show that if f ∈ Mλ

p (Ω), g ∈ L∞(Ω), then

|fg|ρ,λ,p,Ω = sup
(x,r)∈Ω×]0,ρ[

wλ(r)∥fg∥Lp(B(x,r)∩Ω) ≤

≤ ∥g∥L
∞
(Ω) sup

(x,r)∈Ω×]0,ρ[

wλ(ρ)∥f∥Lp(B(x,r)∩Ω) =

= ∥g∥L
∞
(Ω)|f |ρ,λ,p,Ω for all ρ ∈]0,+∞].

Hence, by taking ρ = +∞, we deduce that fg ∈ Mλ
p (Ω) when (f, g) ∈ Mλ

p (Ω)× L∞(Ω).
By letting ρ → 0, we deduce that fg ∈ Mλ,0

p (Ω) when (f, g) ∈ Mλ,0
p (Ω)× L∞(Ω).

2. Sobolev-Morrey spaces

De�nition 3. Let Ω ⊂ R
n be an open set. Let l ∈ N, 1 ≤ p ≤ +∞, and 0 ≤ λ ≤ n

p
. Then

we de�ne the Sobolev space of order l built on the Morrey space Mλ
p (Ω), as the set

W l,λ
p (Ω) ≡

{

f ∈ Mλ
p (Ω) : D

α
wf ∈ Mλ

p (Ω) ∀α ∈ N
n, |α| ≤ l

}

,

ISSN 1563�0285 KazNU Bulletin, ser. math., mech., inf. 2014, �2(81)



Approximation by C∞ functions in Sobolev-Morrey spaces 17

where Dα
wf is the weak derivative of f .

Then we set

∥f∥W l,λ
p (Ω) =

∑

|α|≤l

∥Dα
wf∥Mλ

p (Ω) ∀ f ∈ W l,λ
p (Ω).

In particular,W 0,λ
p (Ω) = Mλ

p (Ω) andW l,0
p (Ω) = W l

p(Ω), whereW
l
p(Ω) denotes the classical

Sobolev space with exponents l, p in Ω. It is obvious that W l,λ
p (Ω) ⊂ W l

p(Ω).

De�nition 4. Let Ω ⊂ R
n be an open set. Let l ∈ N, p ∈ [1,+∞] and λ ∈

[

0, n
p

]

. Then

we de�ne the Sobolev space of order l built on the little Morrey space Mλ,0
p (Ω), as the set

W l,λ,0
p (Ω) ≡

{

f ∈ Mλ,0
p (Ω) : Dα

wf ∈ Mλ,0
p (Ω) ∀α ∈ N

n, |α| ≤ l
}

.

Since Mλ,0
p (Ω) is a closed subspace of Mλ

p (Ω), we can easily deduce the validity of
Lemma 2. Let Ω be an open subset of Rn. Let l ∈ N, 1 ≤ p ≤ +∞, and 0 ≤ λ ≤ n

p
. Then

W l,λ,0
p (Ω) is a closed proper subspace of W l,λ

p (Ω).
Proof. Let u ∈ W l,λ

p (Ω). Let {uk}k∈N be a sequence in W l,λ,0
p (Ω) which converges to u in

W l,λ
p (Ω). We want to show that u ∈ W l,λ,0

p (Ω).
Since uk → u in W l,λ

p (Ω) as k → ∞, we have

Dα
wuk → Dα

wu ∀ |α| ≤ l in Mλ
p (Ω)

as k → ∞.
We know that Mλ,0

p (Ω) is a closed subspace of Mλ
p (Ω). Therefore,

Dα
wu ∈ Mλ,0

p (Ω) ∀ |α| ≤ l,

and, thus, u ∈ W l,λ,0
p (Ω).

3. The main result

Denote by C∞(Ω) the space of in�nitely continuously di�erentiable functions on Ω and
by C∞

c (Ω) the space of functions in C∞(Ω) with compact support.
De�nition 5. If φ ∈ L1(Rn) and t ∈]0,+∞[, we denote by φt(·) the function from R

n to

R de�ned by φt(x) ≡ t−nφ(x/t) ∀ x ∈ R
n.

De�nition 6. Let V,Ω be open subsets of Rn. We write V ⊂⊂ Ω if V ⊂ V̄ ⊂ Ω and V̄ is

compact, and say that V is compactly embedded in Ω.
Contrary to the classical Sobolev spaces built on the Lp spaces with p < ∞, the Sobolev

spaces built on Morrey spaces are not separable spaces even if p < ∞ and we cannot expect
that the set of C∞ functions of a Sobolev Morrey space be dense in a Sobolev Morrey space.
However, we show that the functions in a Sobolev space built on little Morrey spaces can be
approximated by C∞ functions.

First we state a known Leibnitz formula for Sobolev spaces. For the proof one can see for
example [4].

Theorem 3. Let l ∈ N. Let 1 ≤ p < +∞. Let Ω be a bounded open subset of Rn. Let

u ∈ W l
p(Ω) and |α| ≤ l. If ζ ∈ C l

c(Ω), then ζu ∈ W l
p(Ω) and

Dα
w(ζu) =

∑

β≤α

(

α

β

)

DβζDα−β
w u,
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where

(

α

β

)

=
α!

β!(α− β)!
Lemma 3. Let Ω ⊂ R

n be an open set, l ∈ N. Let u, v ∈ Lloc
1 (Ω). Moreover, assume that

for any β ∈ N
n satisfying |β| ≤ l there exists 1 ≤ pβ < ∞ such that Dβ

wu ∈ Lloc
pβ
(Ω) and

Dγ
wv ∈ Lloc

p′
β
(Ω) for all γ ∈ N

n : |γ| ≤ l− |β|. Then for any α ∈ N
n satisfying |α| ≤ l the weak

derivative Dα
w(uv) exists and the Leibnitz formula holds:

Dα
w(uv) =

∑

0≤β≤α

(

α

β

)

Dβ
wuD

α−β
w v.

Proof. Let u ∈ C∞(Ω) and v ∈ Lloc
1 (Ω) be such that Dγ

wv ∈ Lloc
1 (Ω). Then

Dα
w(uv) =

∑

0≤β≤α

(

α

β

)

DβuDα−β
w v.

Now let u be as in formulation, i.e. Dβ
wu ∈ Lloc

pβ
(Ω). Let also

uk(x) = u(x) ∗ ϕ 1

k
(x) ∀ k ∈ N,

where ϕ 1

k
(x) as in de�nition 5 with t =

1

k
.

Then, by Theorem 3, we have

Dα
w(ukv) =

∑

0≤β≤α

(

α

β

)

DβukD
α−β
w v =

∑

0≤β≤α

(

α

β

)

Dβ[u ∗ ϕ 1

k
]Dα−β

w v.

Properties of molli�ers imply that

uk → u in Lloc
pβ
(Ω),

Dβuk → Dβ
wu in Lloc

pβ
(Ω),

as k → ∞. Thus,

Dα
w(uv) =

∑

0≤β≤α

(

α

β

)

Dβ
wuD

α−β
w v.

Theorem 4. Let l ∈ N. Let 1 ≤ p < +∞, 0 ≤ λ ≤ n
p
. Let Ω be a bounded open subset of

R
n. Then for u ∈ W l,λ,0

p (Ω) there exist functions um ∈ C∞(Ω) ∩W l,λ
p (Ω) such that

um → u in W l,λ
p (Ω).

Proof. We have Ω =
∞
∪

i=1

Ωi, where

Ωi :=

{

x ∈ Ω: dist(x, ∂Ω) >
1

i

}

(i = 1, 2, . . .).
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Write Vi := Ωi+3 − Ω̄i+1.

Choose also any open set V0 ⊂⊂ Ω so that Ω =
∞
∪

i=0

Vi. Now let {ζi}
∞

i=1 be a smooth

partition of unity subordinate to the open sets {Vi}
∞

i=0; that is, suppose






0 ≤ ζi ≤ 1, ζi ∈ C∞

c (Vi)
∞
∑

i=0

ζi = 1 on Ω.

Next, choose any function u ∈ W l,λ,0
p (Ω). By Theorem 3 we know that

Dα
w(uζi) =

∑

0≤β≤α

(

α

β

)

Dβ
wuD

α−β
w ζi.

Since Dβ
wu ∈ Mλ,0

p (Ω), Dα−β
w ζi ∈ L∞(Ω), by Theorem 2 Dβ

wuD
α−β
w ζi ∈ Mλ,0

p (Ω). Therefore,
Dα

w(uζi) ∈ Mλ,0
p (Ω) for all |α| ≤ l. Since W l,λ,0

p (Ω) is a closed subspace of W l,λ
p (Ω), we have

ζiu ∈ W l,λ,0
p (Rn) and supp (ζiu) ⊂ Vi.

Fix δ > 0. Choose then εi > 0 so small that φεi ∗ (ζiu) satis�es
{

∥φεi ∗ (ζiu)− ζiu∥W l,λ
p (Ω) ≤

δ
2i+1 , (i = 0, 1, . . .)

supp [φεi ∗ (ζiu)] ⊂ Wi (i = 1, . . .),

for Wi := Ωi+4 − Ω̄i ⊃ Vi (i = 1, . . .).

Write v :=
∞
∑

i=0

φεi ∗(ζiu). This function belongs to C∞(Ω), since for each open set V ⊂⊂ Ω

there are at most �nitely many nonzero terms in the sum. Since u =
∞
∑

i=0

ζiu, we have for each

V ⊂⊂ Ω

∥v − u∥W l,λ
p (V ) ≤

∞
∑

i=0

∥φεi ∗ (ζiu)− ζiu∥W l,λ
p (Ω) ≤ δ

∞
∑

i=0

1

2i+1
= δ.

Take the supremum over sets V ⊂⊂ Ω , to conclude ∥v − u∥W l,λ
p (Ω) ≤ δ.
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