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Approximation by C'* functions in Sobolev-Morrey spaces

In this paper we consider Sobolev spaces built on Morrey spaces, also referred to as Sobolev
Morrey spaces, i.e., the spaces of functions which have derivatives up to a certain order in
Morrey spaces.

First we characterize the functions in a Morrey space which can be approximated in norm
by smooth functions, as the functions which belong to a specific subspace of the Morrey
space, which we call the ‘little’ Morrey space.

Contrary to the classical Sobolev spaces built on the L, spaces with p < oo, the Sobolev
spaces built on Morrey spaces are not separable spaces even if p < oo and we cannot
expect that the set of C'™ functions of a Sobolev Morrey space be dense in a Sobolev
Morrey space. However, we show that the functions in a Sobolev space built on little
Morrey spaces can be approximated by C* functions.

Key words: Morrey spaces, Sobolev-Morrey spaces, approximation.

B. U. Bypenkos, M. Jlauna ge Kpucrogopuc, H. A. Kprapipmuna
IIpubamkxenne 6eckonedHo auddepennupyeMbiMu (pyHKIUAMA B
npoctpancTBax CobosieBa-Moppu

B nanmnoit pabore Mbl paccmarpubaem npocrpatncrBa CoboJieBa, MOCTPOEHHBIE HA OCHO-
Be mpoctpanctB Moppu, TakxKe HOcAmux HazBaHue npocrpancrs Cobosesa-Moppu, T.e.
TpPOCTPAaHCTBA (PYHKIINI, UMEIOINNX MPOU3BOIHBIE BILIOTH 0 OMPEIETEHHOTO TOPSIKA B
npocTpancTBax Moppu.

CnepBa MBI omuchiBaeM (yHKIUU W3 TpocTpaHcTBa Moppu, KOTOpble MOXKHO MpubJIM-
3UTH 110 HOpMe OeckonedHo auddeperiupyeMbiMu PYHKIUAMA, KakK QYHKIAN, TPUHAIIE-
JKAIKe OINpEeIeIEHHOMY MOANPOCTPAHCTBY MpocTpancTBa Moppu, HA3bIBAEMOMY ‘MaJIbiM’
npocrpauncrsoMm Moppu.

B ornumume or kiaccudeckux mnpoctpancTtB CoboJieBa, MOCTPOEHHBIX HA OCHOBE IIPO-
crpancTB Ly, rae p < oo, npocrpancrsa CobosieBa, 1OCTPOEHHBIE HA OCHOBE IIPOCTPAHCTB
Moppu, He gBJIs0TCs cenapadbe/IbHbIMU IPOCTPAHCTBAME JIaXKe Npu P < 00 U Y HAC HET
OCHOBAaHWUI 0XKMIATH, YTO MHOXKECTBO DeCKOHe4UHO uddepeHimpyemMbix (QyHKInI U3 1po-
crpanctBa CobosieBa-Moppu 6yzaer njorao B npocrpancrse CoboseBa-Moppu. Ojgnako,
MBI TIOKa3bIBaeM, uTo GyHKIUN u3 mpoctpancTtsa CobosieBa, TOCTPOSHHOTO HA OCHOBE Ma-
Jioro mpoctpancTtsa Moppu, MOTYyT OBITH TPUOINKEHBI OECKOHEYTHO AuddepeHITupyeMbIMu
BYHKITAIM.

Karouesnvte caoea: npocrpancrsa Moppu, npocrpancrsa Cobosiesa, almpoKCUMallns.
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B. U. Bypenkos, M. Jlaana ge Kpucrogopuc, H. A. Ksiasipmuna
Cob6oseB-Moppu Kenicriringeri dyHKIugaIapabl MIEKCI3 KO
anddepeHnangaHaTHIH (PYHKIIUATIAPMEH XKYBIKTAY

By xxymbicra Moppu Kenicririnig Herizinge Kypblirad Co60/1eB KeHICTIr KapacThIPhLIIbI.
Anaeiven Moppu KeHICTITIHIH, CAHCHI3 KOT peT audpepeHInaaIaHaThH (hyHKITATAPMEH
JKYBIKTAJIAThIH (DyHKIUsLIapbia - "Moppuaig imki kegicTiri" gem atajaTbiH iMKi KeHiCTi-
riHIH 97IeMeHTI peTiHe Oeiineeik.

CobosteB-Moppu kenicriri L, kenicririnig Herisinge Kypbuiran kiaccukasblkK Coboses
KEeHICTIT CHIKTHI cemepabesib/i KeHICTIK 00IMaraHIbIKTaH, CAHCHI3 KOl peT auddepenim-
asiraHaThie yHKIUsIap Kubiabl Cobo1eB-Moppu KeHicTiriHIH OapJiblK KepiHje JIepJik
TBIFBI3 00JIAJIBI JIel aiiTa ajMmaliMbl3. Bipak, 6i3 ocer xxymbicTa "imki Moppu kenicririnin"
Herizinge Kypbuiradn CoboJieB KeHICTINHIH, Ke3 KeJIreH 3JIeMeHTI CaHChbI3 Kol per jaudde-
PEHIMAITAHATEIH (PYHKIUIIAPMEH KYBIKTAIATHIHBIH KOPCETTIK.

Tytivn cesdep: Moppu kericriri, CobosieB-Moppu KeHICTIr, XKybIKTAY.

1. Morrey spaces

Let N denote the set of all natural numbers including 0. Throughout the paper, n is an
element of N'\ {0}.

Morrey spaces were introduced by C. Morrey in [1]. Here we consider the following variant
of Morrey spaces (coinciding with Morrey spaces for bounded sets).

Definition 1. Let Q) be a Lebesgue measurable subset of R™. Let 1 < p < 400, 0 < A < %
Y
and wy(p) = { p 1’ ﬁi](i’ 1, . Denote by M)(Q) the space of all real-valued measurable

functions on € for which

1l = Sup (O f |2, (B0 | Lo 0,00) < 00,

where B(x, p) is the open ball of radius p > 0 centered at the point v € R".
Clearly, M2(Q) = L,(). Also, M (Q) = Loo().
By results in [2], [3] it follows that for A <0 or A > 2 the space M) is trivial, that is

consists only of functions equivalent to 0 on 2.
We find convenient to set

oo = sup [or( 1|z, sl o, 7P €10,+00]
for all measurable functions f from Q to |0, +oo.

Definition 2. Let Q2 be an open subset of R™. Let p € [1,40c], A € [0,n/p[. Then we
define as the little Morrey space with the exponents \,p is the subspace

A0/ — O - T _
M) = {7 € M@ ¢l flyape =0}
of M) Q).
Lemma 1. Let Q2 be an open subset of R™. Let p € [1,400|. Let A € [0,n/p|. Then
M)(Q) is a closed proper subspace of M)(€2).
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Theorem 1. Let 2 be an open subset of R". Let py, ps € [1,4+00] be such that pil + p% =
%. Let M\, Aa € [0,400[, A = A1 + A\o. Then the pointwise multiplication is bilinear and
continuous from M) (Q) x M)?(Q) to M () and maps M)»0(Q) x M)2(Q) to M°(Q) and
MpAll(Q) X M];\;’O(Q) to MI;\’O(Q)

Remark. This statement proves the Holder inequality for Morrey space MPA(Q)

Fallaspia < I lpr 90y ¥ (F0) € M) x M2(9).

Proof. Note that

- “A1—A
9 60717 ! 27 60717
wxp):{pl £>]1] :{p p €0, 1]

Then, by Holder inequality, we have

f9lporpe = sup  wx(M|f9llL,BErne <
(z,r)€Qx]0,p]

< sup  w(r)fllz,, Ben 9L, BEHn) <
(z,r)€QX]0,p[

< sup  wx (N fllz,, Berne  sup  wx(M)9lL,, (BErne) =
(z,r)€Qx]0,p] (z,r)€Qx]0,p[

- |f|P7>\1:p1,Q|g|P7)\2,P219 fOI" a'll p 6]07 +m]'

)\Therefore, by taking p = 400, we deduce that fg € M)(Q) when (f,g) € M)(Q) x
M2(Q).
szy letting p — 0, we deduce that fg € M}°(Q) when (f,g) € M) x M)?(9Q).
The case when f € M)} (Q) and g € M)>°(Q) can be analyzed in the same way.
Theorem 2. Let  be an open subset of R™. Let p € [1,+00|. Let X € [0,n/p]. Then
the pointwise multiplication is bilinear and continuous from M) () X L(2) to M) (Q) and
maps M) X Loo() to M)M(Q).
Proof. We show that if f € M}(2), g € Loo(€2), then

(z,r)€02x]0,p[
< ||9||LOO(Q) sup w/\(P)||f||Lp(B(x,r)mQ) =
(z,7)€02%]0,p[

= |9l 2@ flprpe forall p €]0,+oq].

Hence, by taking p = +oo, we deduce that fg € M)(Q) when (f,g) € M}Q) X Ly (9).
By letting p — 0, we deduce that fg € M)°(Q) when (f,g) € M}(Q) x Lyo(Q).

2. Sobolev-Morrey spaces

Definition 3. Let Q2 C R" be an open set. Let | e N, 1 < p < 400, and 0 < A < %. Then
we define the Sobolev space of order | built on the Morrey space MPA(Q), as the set

WIAQ) = {f e M)Q) : Dyf € M)Q)VaeN', |af <1},
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where D f is the weak derivative of f.
Then we set

[ llyir ) = S DS fllape) V€ WA9Q).

laf<l

In particular, W) (Q) = M) (€2) and W} °(Q) = W)(Q), where W](Q) denotes the classical
Sobolev space with exponents I, p in €. It is obvious that W)*(Q) € W(€).

Definition 4. Let Q@ C R"™ be an open set. Let | € N, p € [1,4+00] and X € [O, g} Then
we define the Sobolev space of order | built on the little Morrey space MZ;\’O(Q), as the set

W;,A,O(Q) _ {f c MI;\O(Q) DA f € Mg‘vo(Q) Va e N ol < l} )

Since M°(Q) is a closed subspace of M;'(Q2), we can easily deduce the validity of

Lemma 2. Let € be an open subset of R™. Letl € N, 1 < p < 400, and 0 < \ < %. Then
WA(Q) is a closed proper subspace of WiNQ).

Proof. Let u € WIA(€2). Let {ug}ren be a sequence in W)0(Q) which converges to u in
WAQ). We want to show that u € W)A0(Q).

Since u, — u in WA (Q) as k — oo, we have

Douy = Dou Y|a| <1 in M)(Q)

as k — oo.
We know that M(€2) is a closed subspace of M, (€2). Therefore,

Dyue MM(Q) Va| <1,
and, thus, u € W}M0(Q).
3. The main result

Denote by C*°(Q2) the space of infinitely continuously differentiable functions on 2 and
by C°(€2) the space of functions in C*°(£2) with compact support.

Definition 5. If ¢ € L'(R™) and t €]0, +o00[, we denote by ¢,(-) the function from R™ to
R defined by ¢(x) =t "¢p(x/t) YV x € R™

Definition 6. Let V, ) be open subsets of R™. We write V CC Qif V.CV C Q and V is
compact, and say that V is compactly embedded in ).

Contrary to the classical Sobolev spaces built on the L, spaces with p < oo, the Sobolev
spaces built on Morrey spaces are not separable spaces even if p < oo and we cannot expect
that the set of C'* functions of a Sobolev Morrey space be dense in a Sobolev Morrey space.
However, we show that the functions in a Sobolev space built on little Morrey spaces can be
approximated by C'*° functions.

First we state a known Leibnitz formula for Sobolev spaces. For the proof one can see for
example [4].

Theorem 3. Let | € N. Let 1 < p < 4+00. Let Q be a bounded open subset of R™. Let
ue WiQ) and |of < 1. If ¢ € CLQ), then (u € W(Q) and

Do(Cu) =" ( 3 ) D¢D5 u,

BLla
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where ( @ ) = L
B Bl a - B)!

Lemma 3. Let Q C R” be an open set, | € N. Let u,v € L'°°(Q). Moreover, assume that
for any B € N" satisfying |3| < | there exists 1 < ps < oo such that D2u € LLOBC(Q) and

Dlv e L;ZC(Q) for ally € N : || <1—|B|. Then for any o € N" satisfying |a| <1 the weak
derivative DS (uv) exists and the Leibnitz formula holds:

D¢ (uv) = Z ( g ) DEuD2 Py,

0<B<a

Proof. Let u € C*(Q2) and v € LI*°(Q) be such that D}v € L*¢(Q2). Then
D& (uv) = Z < g ) DPuD Py,
0<f<a

Now let u be as in formulation, i.e. D%u € L};;BC(Q). Let also

ug(x) = u(x) * 90%(33) VEkeN,

1
where goé(x) as in definition 5 with ¢t = —.

Then, by Theorem 3, we have
o Q@ o a o
D¢ (ugv) = Z ( 5 ) DPu DO Py = Z ( 3 ) Dﬁ[u*gp%}Dw Pu.
0<B<a 0<B<a
Properties of mollifiers imply that
up — u in Lg’;(ﬂ),
Duy — DPu in L;O;(Q),
as k — oco. Thus,
o
Do (uv) = DPuD Py,
o= 3 () Dl
<BLa

Theorem 4. Let l € N. Let 1 <p < +00, 0 <A < %. Let Q be a bounded open subset of
R". Then for u € WA (Q) there exist functions u,, € C*°(Q) NWENQ) such that

U — u in WIAQ).

o0

Proof. We have 2 = | J €;, where

=1

Q= {x € Q: dist(x,00Q) > 1} (1=1,2,...).

4
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Write ‘/z = Qi+3 — Qi-i—l-
Choose also any open set V[, CC (2 so that 2 = U Vi. Now let {(;}32; be a smooth

=0
partition of unity subordinate to the open sets {V;}2,; that is, suppose

0<G <1, ¢elx(Vi)
YGi=1 on €.
=0

Next, choose any function v € W)*?(Q). By Theorem 3 we know that

D2 (u¢;) = Z ( g ) DPuDY PG,

0<p<a

Since Dju € M}°(Q), DeP¢ € Loo(R), by Theorem 2 DJuDg ¢ € M)°(Q). Therefore,
D (u¢;) € M}°(Q) for all |af < 1. Since W)*(Q) is a closed subspace of W/*(Q), we have
Gu € WM(R™) and supp (Gu) C V;

Fix § > 0. Choose then &; > 0 so small that ¢., * (;u) satisfies

{ =, % (Gu) = Gull i) < . ((=0,1,..)
sSupp [¢Ez * (Czu)] - VVZ (Z = 17 - ')7
for W~::Qi+4—§_2~ DV (i=1,...).
Write v:= E ¢e, * (Gu). This function belongs to C*°(2), since for each open set V' CC Q

=
o
there are at most finitely many nonzero terms in the sum. Since u = > (;u, we have for each
i=0
VccQ

o0

o
o = gy < 3162 % (G) = Gullygy <83 5o = 8
i=0

=0

Take the supremum over sets V CC €, to conclude [|v — uf[y1a ) < 6.
P
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