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Óïðàâëÿåìîñòü è áûñòðîäåéñòâèå ïðîöåññîâ,

îïèñûâàåìûõ îáûêíîâåííûìè äèôôåðåíöèàëüíûìè

óðàâíåíèÿìè

Ïðåäëàãàåòñÿ ìåòîä ðåøåíèÿ çàäà÷è óïðàâëÿåìîñòè è îïòèìàëüíîãî áûñòðîäåéñòâèÿ äëÿ ïðî-
öåññîâ, îïèñûâàåìûõ îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ñ êðàåâûìè óñëî-
âèÿìè ïðè íàëè÷èè ôàçîâûõ è èíòåãðàëüíûõ îãðàíè÷åíèé. Ðàçðàáîòàí àëãîðèòì ðåøåíèÿ
çàäà÷è îïòèìàëüíîãî áûñòðîäåéñòâèÿ.
Îñíîâîé ïðåäëàãàåìîãî ìåòîäà ðåøåíèÿ êðàåâîé çàäà÷è óïðàâëÿåìîñòè è îïòèìàëüíîãî áûñò-
ðîäåéñòâèÿ ÿâëÿåòñÿ âîçìîæíîñòü ñâåäåíèÿ å¼ ê îäíîìó êëàññó ëèíåéíîãî èíòåãðàëüíîãî
óðàâíåíèÿ Ôðåäãîëüìà ïåðâîãî ðîäà. Ïîêàçàíî, ÷òî êðàåâûå çàäà÷è óïðàâëÿåìîñòè îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ìîãóò áûòü ñâåäåíû ê ñîîòâåòñòâóþùåé íà÷àëüíîé
çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ.
Ïîëó÷åíû íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è óïðàâëÿåìî-
ñòè è ìåòîä å¼ ðåøåíèÿ ïóò¼ì ïîñòðîåíèÿ ìèíèìèçèðóþùèõ ïîñëåäîâàòåëüíîñòåé. Ïîëó÷åíà
îöåíêà ñêîðîñòè ñõîäèìîñòè ìèíèìèçèðóþùèõ ïîñëåäîâàòåëüíîñòåé. Ñôîðìóëèðîâàí àëãî-
ðèòì ðåøåíèÿ çàäà÷è, êîíñòðóêòèâíîñòü ïðåäëàãàåìîãî ìåòîäà ïîêàçàíà íà ïðèìåðå.
Êëþ÷åâûå ñëîâà : óïðàâëÿåìîñòü, áûñòðîäåéñòâèå, ëèíåéíàÿ óïðàâëÿåìàÿ ñèñòåìà, îïòè-
ìèçàöèîííàÿ çàäà÷à, ãðàäèåíò ôóíêöèîíàëà, ìèíèìèçèðóþùèå ïîñëåäîâàòåëüíîñòè.

S.À. Aisagaliev, I.V. Sevryugin

Controllability and high-speed performance of processes described by ordinary

di�erential equations

In this work o�ers method for solving problems of controllability and optimal performance for
processes described by ordinary di�erential equations with boundary conditions,and also with
phase and integral restrictions. Developed algorithm for solving of this optimal control problem.
The base of the o�ered method of solving boundary value problems of controllability and optimal
performance is the possibility of reducing it to one class of linear integral Fredholm equations of
the �rst kind. It is shown that boundary controllability problem of ordinary di�erential equations
can be reduced to the corresponding initial optimal control problem.
Obtained necessary and su�cient conditions for the existence of solutions to the problems of
controllability and o�ers method of its solving by constructing of minimizing sequences. Obtained
estimation of the speed of convergence for minimizing sequences. Formulated algorithm for solving
of this problem, constructiveness of the proposed method is demonstrated with example.
Key words: controllability, high-speed performance, linear controlled system, optimization
problem, gradient of the functional, minimizing sequences.
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�àðàïàéûì äèôôåðåíöèàëäû© òåäåóëåðìåí ñèïàòòàëàòûí ³äåðiñòåðäi

áàñ©àðûìäûëû¡û ìåí òèiìäi òåç ºðåêåò åòói

Á´ë æ´ìûñòà øåêàðàëû© øàðòòàðûíäà ôàçàëû© æºíå èíòåãðàëäû© øåêòåóëåði áàð ©àðà-
ïàéûì äèôôåðåíöèàëäû© òåäåóëåðìåí ñèïàòòàëàòûí ³äåðiñòåð ³øií áàñ©àðûìäûëû© æºíå
òèiìäi òåç ºðåêåò åòó åñåïòåðií øåøó ºäiñòåði ´ñûíûëàäû. Òèiìäi òåç ºðåêåò åòó åñåáií øå-
øóäi àëãîðèòìi ©´ðûëàäû.
Áàñ©àðûìäûëû© æºíå òèiìäi òåç ºðåêåò åòó åñåïòåðií øåøó ºäiñòåðiíi íåãiçi îëàðäû Ôðåä-
ãîëüìíi áiðiíøi òåêòi ñûçû©òû èíòåãðàëäû© òåäåóiíi áið êëàñûíà êåëòiðó áîëûï òàáûëà-
äû. �àðàïàéûì äèôôåðåíöèàëäû© òåäåóëåðäi áàñ©àðóäû øåêàðàëû© åñåái òèiìäi áàñ©àðó-
äû ñºéêåñ áàñòàï©û åñåáiíå êåëòiðiëåòiíäiãi ê°ðñåòiëãåí.
Ìèíèìóìäàóøû òiçáåêòåð ©´ðó àð©ûëû áàñ©àðûìäûëû© åñåáiíi øåøiìiíi áàð áîëóûíû
©àæåòòi æºíå æåòêiëiêòi øàðòòàðû àëûí¡àí. Ìèíèìóìäàóøû òiçáåêòåðäi æèíà©òàëó æûë-
äàìäû¡ûíû áà¡àñû àëûí¡àí. Åñåïòi øåøó àëãîðèòìi ©´ðûë¡àí. �ñûíûë¡àí ºäiñòi êîí-
ñòðóêòèâòiëiãi ìûñàëäà ê°ðñåòiëãåí.
Ò³éií ñ°çäåð: áàñ©àðûìäûëû©, òèiìäi òåç ºðåêåò åòi, ñûçû©òû áàñ©àðûëàòûí æ³éå, òèiì-
äiëiê åñåï, ôóíêöèîíàë ãðàäèåíòi, ìèíèìóìäàóøû òiçáåêòåð

1 Ïîñòàíîâêà çàäà÷è. Ðàññìîòðèì óïðàâëÿåìûé ïðîöåññ, îïèñûâàåìûé îáûêíî-
âåííûì äèôôåðåíöèàëüíûì óðàâíåíèåì ñëåäóþùåãî âèäà

ẋ = A(t)x+B(t)f(x, u, t), t ∈ I = [t0, t1], (1)

ñ êðàåâûìè óñëîâèÿìè

(x(t0) = x0, x(t1) = x1) ∈ S0 × S1 = S ⊂ R2n, (2)

ïðè íàëè÷èè ôàçîâûõ îãðàíè÷åíèé

x(t) ∈ G(t) : G(t) = {x ∈ Rn/ γ(t) ≤ F (x, t) ≤ δ(t), t ∈ I} , (3)

èíòåãðàëüíûõ îãðàíè÷åíèé

gj(x, u, x(t0), x(t1)) ≤ cj, j = 1,m1, gj(x, u, x(t0), x(t1)) = cj, j = m1 + 1,m2, (4)

gj(x, u, x(t0), x(t1)) =

t1
∫

t0

f0j(x(t), u(t), x(t0), x(t1))dt, j = 1,m2, (5)

à òàêæå îãðàíè÷åíèé íà çíà÷åíèÿ óïðàâëåíèÿ

u(t) ∈ U(t) = {u(·) ∈ L2(I, R
m)/ u(t) ∈ V (t) ⊂ Rm ï.â. t ∈ I} . (6)

Çäåñü A(t), B(t) � ìàòðèöû ñ êóñî÷íî-íåïðåðûâíûìè ýëåìåíòàìè ïîðÿäêîâ n× n, n× k

ñîîòâåòñòâåííî, âåêòîð-ôóíêöèÿ f(x, u, t) íåïðåðûâíà ïî ñîâîêóïíîñòè ïåðåìåííûõ ïðè
âñåõ (x, u, t) ∈ Rn ×Rm × I, óäîâëåòâîðÿåò óñëîâèÿì

|f(x, u, t)− f(y, u, t)| ≤ l(t) |x− y| , ∀(x, u, t), (y, u, t) ∈ Rn ×Rm × I,

|f(x, u, t)| ≤ c0(|x|+ |u|
2) + c1(t), t ∈ I,
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ãäå l(t) > 0, l(t) ∈ L1(I, R
1), c0 = const > 0, c1(t) ≥ 0, c1(t) ∈ L2(I, R

1).
Ôóíêöèÿ F (x, t) = (F1(x, t), . . . , Fs(x, t)) íåïðåðûâíà ïî ñîâîêóïíîñòè ïåðåìåííûõ

ïðè âñåõ (x, t) ∈ Rn × I, ôóíêöèÿ

f0(x, u, x0, x1, t) = (f01(x, u, x0, x1, t), . . . , f0m2
(x, u, x0, x1, t))

íåïðåðûâíà ïî ñîâîêóïíîñòè ïåðåìåííûõ ïðè âñåõ (x, u, x0, x1, t) ∈ Rn×Rm×Rn×Rn×I,
óäîâëåòâîðÿåò óñëîâèÿì

|f0(x, u, x0, x1, t)− f0(y, u, x0, x1, t)| ≤ l1(t) |x− y| , ∀(x, u, x0, x1, t), (y, u, x0, x1, t) ∈ Rn×

×Rm ×Rn ×Rn × I,

|f0(x, u, x0, x1, t)| ≤ c2(|x|+ |u|
2) + c3(t), t ∈ I,

ãäå l1(t) > 0, l1(t) ∈ L2(I, R
1), c2 = const > 0, c3(t) ≥ 0, c3(t) ∈ L2(I, R

1). Ïîëà-
ãàåì, ÷òî S0, S1 � çàäàííûå âûïóêëûå çàìêíóòûå ìíîæåñòâà, îïðåäåëÿþùèå îãðàíè-
÷åíèÿ íà íà÷àëüíîå è êîíå÷íîå ñîñòîÿíèÿ ñèñòåìû. Âåêòîðû γ(t) = (γ1(t), . . . , γs(t)),
δ(t) = (δ1(t), . . . , δs(t)), t ∈ I, ÿâëÿþòñÿ çàäàííûìè ôóíêöèÿìè ñ íåïðåðûâíûìè ýëåìåí-
òàìè, âåëè÷èíû cj, j = 1,m2 � çàäàííûå ïîñòîÿííûå, ìíîæåñòâî V (t) ⊂ Rm âûïóêëî.

Â ÷àñòíîñòè, åñëè A(t) ≡ 0, t ∈ I, B(t) = In, In � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà n× n,
òî óðàâíåíèå (1) èìååò âèä ẋ = f(x, u, t).

Ñòàâÿòñÿ ñëåäóþùèå çàäà÷è:

Çàäà÷à 1 Íàéòè íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ ñè-

ñòåìû (1)-(6).

Çàäà÷à 2 Íàéòè óïðàâëåíèå èç ìíîæåñòâà U(t) ⊂ L2(I, R
m), êîòîðîå ïåðåâîäèò òðà-

åêòîðèþ ñèñòåìû (1), èñõîäÿùóþ èç òî÷êè x0 = x(t0) ∈ S0 ⊂ Rn â ìîìåíò âðåìåíè

t0, â òî÷êó x(t1) = x1 ∈ S1 ⊂ Rn,nt1 > t0, ïðè ýòîì ðåøåíèå ñèñòåìû (1), ôóíêöèÿ
x(t) = x(t; t0, x0, u), x0 ∈ S0, x1 ∈ S1 íàõîäèòñÿ íà ìíîæåñòâå G(t) ⊂ Rn, à òàêæå

âäîëü ðåøåíèÿ ñèñòåìû (1) âûïîëíåíû èíòåãðàëüíûå îãðàíè÷åíèÿ (4)-(5).

Ðåøåíèþ îòäåëüíûõ ïðîáëåì óïðàâëÿåìîñòè ëèíåéíûõ ñèñòåì ïîñâÿùåíû ðàáîòû [1-10].
Ñëåäóåò îòìåòèòü, ÷òî â óêàçàííûõ ðàáîòàõ èññëåäîâàíû ÷àñòíûå ñëó÷àè îáùåé çàäà-
÷è óïðàâëÿåìîñòè è áûñòðîäåéñòâèÿ äèíàìè÷åñêèõ ñèñòåì áåç ôàçîâûõ è èíòåãðàëüíûõ
îãðàíè÷åíèé. Àêòóàëüíûìè è íåðåøåííûìè ïðîáëåìàìè óïðàâëÿåìîñòè è îïòèìàëüíîãî
áûñòðîäåéñòâèÿ ÿâëÿþòñÿ: íàõîæäåíèå íåîáõîäèìîãî è äîñòàòî÷íîãî óñëîâèÿ ðàçðåøè-
ìîñòè îáùåé çàäà÷è óïðàâëÿåìîñòè è áûñòðîäåéñòâèÿ; ñîçäàíèå êîíñòðóêòèâíîãî ìåòî-
äà ïîñòðîåíèÿ åå ðåøåíèÿ äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Äàííàÿ
ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì íàó÷íûõ èññëåäîâàíèé èçëîæåííûõ â [11-15].

2. Ïðåîáðàçîâàíèå

Ïóñòü âåêòîð f0 = (f01, . . . , f0m2
). Ââåäåì âåêòîð-ôóíêöèþ x̄(t) = (x̄1(t), . . . , x̄m2

(t)),
t ∈ I ñëåäóþùèì îáðàçîì

x̄(t) =

t
∫

t0

f0(x(τ), u(τ), x0, x1, τ)dτ, t ∈ I.
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Îòñþäà ñëåäóåò, ÷òî

˙̄x(t) = f0(x(t), u(t), x0, x1, t), t ∈ I, (7)

x̄(t0) = 0, x̄(t1) = c̄ ∈ Q, (8)

Q = {c̄ ∈ Rm2/ c̄j = cj −dj, j = 1,m1, c̄j = cj, j = m1 + 1,m2, dj > 0, j = 1,m1}, (9)

ãäå c̄ = (c̄1, . . . , c̄m1
), d = (d1, . . . , dm1

), ïðè÷åì gj(u, x, x0, x1) = cj − dj, j = 1,m1, d ≥ 0 �
íåèçâåñòíûé âåêòîð. Òåïåðü èñõîäíàÿ çàäà÷à (1)-(6) çàïèøåòñÿ â âèäå (ñì.(7)-(9))

ẋ = A(t)x+B(t)f(x, u, t), t ∈ I, (10)

˙̄x = f0(x, u, x0, x1, t), x̄(t0) = 0, (11)

(x0, x1) ∈ S0 × S1, x̄(t1) ∈ Q, x(t) ∈ G(t), u(t) ∈ U(t). (12)

Ââîäÿ ñëåäóþùèå âåêòîðû è ìàòðèöû

µ =

(

x

x̄

)

, A1(t) =

(

A(t) On,m2

Om2,n Om2,m2

)

, B1(t) =

(

B(t)
Om2,k

)

, B2 =

(

On,m2

Im2

)

P1 =
(

In, On,m2

)

, P2 =
(

Om2,n, Im2

)

,

ãäå Or,q � ïðÿìîóãîëüíàÿ ìàòðèöà ïîðÿäêà r × q ñ íóëåâûìè ýëåìåíòàìè, In, Im2
� åäè-

íè÷íûå ìàòðèöû ïîðÿäêîâ n× n, m2 ×m2 ñîîòâåòñòâåííî

Ñèñòåìó (10)-(12) çàïèøåì â âåêòîðíîé ôîðìå

µ̇ = A1(t)µ+B1(t)f(P1µ, u, t) + B2f0(P1µ, u, x0, x1, t), (13)

(P1µ(t0), P1µ(t1)) ∈ S0 × S1, P2µ(t0) = 0, P2µ(t1) = c̄ ∈ Q, (14)

P1µ(t) ∈ G(t), u(t) ∈ U(t), t ∈ I. (15)

3. Ëèíåéíàÿ óïðàâëÿåìàÿ ñèñòåìà

Äëÿ ðåøåíèÿ çàäà÷è óïðàâëÿåìîñòè è áûñòðîäåéñòâèÿ íåîáõîäèìû ñëåäóþùèå òåî-
ðåìû î ñóùåñòâîâàíèè è îáùåì âèäå ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà
ïåðâîãî ðîäà èç ðàáîò [11, 12]. Ðàññìîòðèì èíòåãðàëüíûå óðàâíåíèÿ ñëåäóþùåãî âèäà:

Ku =

t1
∫

t0

K(t0, t)u(t)dt = a, t ∈ I = [t0, t1], (16)

ãäå K(t0, t) = ∥Kij(t0, t)∥, i = 1, n, j = 1,m � èçâåñòíàÿ ìàòðèöà ïîðÿäêàm×n ñ êóñî÷íî-
íåïðåðûâíûìè ýëåìåíòàìè ïî t ïðè ôèêñèðîâàííûõ t0, t1, u(·) ∈ L2(I, R

m) � èñêîìàÿ
ôóíêöèÿ, K : L2(I, R

m) → Rn � îïåðàòîð, a ∈ Rn � çàäàííûé âåêòîð.
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Òåîðåìà 1 Èíòåãðàëüíîå óðàâíåíèå (16) ïðè ëþáîì ôèêñèðîâàííîì a ∈ R èìååò ðå-

øåíèå òîãäà è òîëüêî òîãäà, êîãäà ìàòðèöà

C(t0, t1) =

t1
∫

t0

K(t0, t)K
∗(t0, t)dt (17)

ïîðÿäêà n× n ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåë¼ííîé, ãäå ∗ � çíàê òðàíñïîíèðîâàíèÿ,

t1 > t0.

Òåîðåìà 2 Ïóñòü ìàòðèöà C(t0, t1) ïîëîæèòåëüíî îïðåäåëåíà. Òîãäà îáùåå ðåøåíèå

èíòåãðàëüíîãî óðàâíåíèÿ (16) èìååò âèä

u(t) = K∗(t0, t)C
−1(t0, t1)a+ v(t)−K∗(t0, t)C

−1(t0, t1)

t1
∫

t0

K(t0, t)v(t)dt, t ∈ I, (18)

ãäå v(·) ∈ L2(I, R
m) � ïðîèçâîëüíàÿ ôóíêöèÿ, a ∈ Rn � ïðîèçâîëüíûé âåêòîð.

Òåïåðü íàðÿäó ñ ñèñòåìîé (13)-(15) ðàññìîòðèì ëèíåéíóþ óïðàâëÿåìóþ ñèñòåìó

ẏ = A1(t)y +B1(t)w1(t) + B2w2(t), t ∈ I = [t0, t1], (19)

y(t0) = µ(t0) = µ0, y(t1) = µ(t) = µ1, (20)

w1(·) ∈ L2(I, R
k), w2(·) ∈ L2(I, R

m2), (21)

ãäå

µ(t0) = µ0 =

(

x(t0)
x̄(t0)

)

=

(

x0
Om2,1

)

, µ(t1) = µ1 =

(

x(t1)
x̄(t1)

)

=

(

x1
c̄

)

,

µ0 ∈ S0 ×Om2,1, µ1 ∈ S1 ×Q.

Ïóñòü ìàòðèöà B̄(t) = (B1(t), B2) ïîðÿäêà (n+m2)×(k+m2), à âåêòîð w(t) = (w1(t), w2(t)) ∈
L2(I, R

k+m2). Ïî èñõîäíûì äàííûì çàäà÷è, îïðåäåëèì ñëåäóþùèå ìàòðèöû è âåêòîðû

ā = Φ̄(t0, t1)µ1 − µ0, µ0, µ1 ∈ Rn+m2 , W̄ (t0, t1) =

t1
∫

t0

Φ̄(t0, t)B̄(t)B̄∗(t)Φ̄∗(t0, t)dt,

W̄ (t0, t) =

t
∫

t0

Φ̄(t0, τ)B̄(τ)B̄∗(τ)Φ̄(t0, τ)dτ, W̄ (t, t1) = W̄ (t0, t1)− W̄ (t0, t), t ∈ I,

λ̄1(t, µ0, µ̄1) = B̄∗(t)Φ̄∗(t0, t)W̄
−1(t0, t)ā, N̄1(t) = −B̄∗(t)Φ∗(t0, t)W̄

−1(t0, t1)Φ(t0, t1) =

=

(

−B∗

1(t)Φ̄
∗(t0, t1)W̄

−1(t0, t1)Φ̄(t0, t1)
−B∗

2Φ̄
∗(t0, t)W̄

−1(t0, t1)Φ̄(t0, t1)

)

=

(

N11(t)
N12(t)

)

, λ̄2(t, µ0, µ1) =

= Φ̄(t, t0)W̄ (t, t1)W̄
−1(t0, t1)µ0 + Φ̄(t, t0)W̄ (t0, t)W̄

−1(t0, t1)Φ̄(t0, t1)µ1,

N̄2(t) = −Φ̄(t, t0)W̄ (t0, t)W̄
−1(t0, t1)Φ̄(t0, t1), t ∈ I,

ãäå Φ̄(t, τ) = θ̄(t)θ̄−1(τ), θ̄(τ) � ôóíäàìåíòàëüíàÿ ìàòðèöà ðåøåíèé ëèíåéíîé îäíîðîäíîé
ñèñòåìû η̇ = A1(t)η.
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Òåîðåìà 3 Ïóñòü ìàòðèöà W̄ (t0, t1) > 0. Òîãäà óïðàâëåíèå w(·) ∈ L2(I, R
k+m2) ïåðå-

âîäèò òðàåêòîðèþ ñèñòåìû (19)-(21) èç ëþáîé çàäàííîé íà÷àëüíîé òî÷êè µ0 ∈ Rn+m2

â ëþáîå çàäàííîå êîíå÷íîå ñîñòîÿíèå µ1 ∈ Rn+m2, òîãäà è òîëüêî òîãäà, êîãäà

w(t) ∈ Σ = {w(·) ∈ L2(I, R
k+m2)/ w(t) = v(t) + λ̄1(t, µ0, µ1) + N̄1(t)z(t1, v),

∀v(·) ∈ L2(I, R
k+m2), t ∈ I}

(22)

ãäå v(·) ∈ L2(I, R
k+m2) � ïðîèçâîëüíàÿ ôóíêöèÿ, à ôóíêöèÿ z(t) = z(t, v), t ∈ I � ðåøåíèå

äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ż = A1(t)z + B̄(t)v(t), z(t0) = 0, t ∈ I. (23)

Ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (19), ñîîòâåòñòâóþùåå óðàâíåíèþ w(t) ∈ Σ,
èìååò âèä

y(t) = z(t) + λ̄2(t, x0, x1) + N̄2(t)z(t1, v), t ∈ I. (24)

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî òåîðåìû ñëåäóåò èç òåîðåì 1,2. Äåéñòâèòåëüíî, ðåøå-
íèå çàäà÷è ñâîäèòñÿ ê íàõîæäåíèþ îáùåãî ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ

t1
∫

t0

Φ̄(t0, t)B̄(t)w(t)dt = ā.

Äàííîå èíòåãðàëüíîå óðàâíåíèå ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì (16), ãäåK(t0, t) = Φ̄(t0, t)B̄(t).
Äàëåå, ïóò¼ì çàìåíû K(t0, t) íà Φ̄(t0, t)B̄(t), ïîëó÷èì W̄ (t0, t1) = C(t0, t1) (ñì. (17)). Èç
(18) ñëåäóåò (22). Äèôôåðåíöèàëüíîå óðàâíåíèå (23) è ñîîòíîøåíèå (24) íåïîñðåäñòâåí-
íî ñëåäóþò èç ôîðìóë

z(t, v) =

t
∫

t0

Φ̄(t, τ)B̄(τ)v(τ)dτ, z(t1, v) = Φ̄(t1, t0)

t1
∫

t0

Φ̄(t0, t)B̄(t)v(t)dt.

Ëåãêî óáåäèòüñÿ â òîì, ÷òî y(t0) = µ0, y(t1) = µ1. Òåîðåìà äîêàçàíà.
Çàìåòèì, ÷òî êîìïîíåíòû âåêòîð ôóíêöèè w(t) ∈ Σ ðàâíû:

w1(t) = v1(t) + B∗

1(t)Φ̄
∗(t0, t1)W̄

−1(t0, t1)ā+N11(t)z(t1, v), t ∈ I, (25)

w2(t) = v2(t) + B∗

2Φ̄
∗(t0, t1)W̄

−1(t0, t1)ā+N12(t)z(t1, v), t ∈ I, (26)

ãäå v(t) = (v1(t), v2(t)), t ∈ I.
Ââåäåì ñëåäóþùèå áëî÷íûå ìàòðèöû

Φ̄∗(t0, t)W̄
−1(t0, t1)Φ̄(t0, t1) =

(

Π11(t)
Π12(t)

)

, Φ̄∗(t0, t)W̄
−1(t0, t1) =

(

S11(t)
S12(t)

)

,

Φ̄(t, t0)W̄ (t, t1)W̄
−1(t0, t1) = (Π21(t),Π22(t)), Φ̄(t, t0)W̄ (t0, t)W̄

−1(t0, t1)Φ̄(t0, t1) =

= (Π31(t),Π32(t)), B
∗(t)Π11(t) = (T0(t), T1(t)), Π12(t) = (T2(t), T3(t)),
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−B∗(t)S11(t) = (D0(t), D1(t)), −S12(t) = (D2(t), D3(t)), t ∈ I.

Òåïåðü ôóíêöèè w1(t), w2(t), t ∈ I èç (25), (26) ñîîòâåòñòâåííî ìîãóò áûòü ïðåäñòàâëåíû
â âèäå

w1(t) = v1(t) +D0(t)x0 + T0(t)x1 + T1(t)c̄+N11(t)z(t1, v), t ∈ I, (27)

w2(t) = v2(t) +D2(t)x0 + T2(t)x1 + T3(t)c̄+N12(t)z(t1, v), t ∈ I. (28)

Ôóíêöèÿ y(t), t ∈ I, îïðåäåëÿåìàÿ ïî ôîðìóëå (24), çàïèøåòñÿ òàê

y(t) = z(t) + Π21(t)x0 +Π31(t)x1 +Π32(t)c̄+N2(t)z(t1, v), t ∈ I. (29)

Ëåììà 1 Ïóñòü ìàòðèöà W̄ (t0, t1) > 0. Òîãäà êðàåâàÿ çàäà÷à (1)-(6) ðàâíîñèëüíà ñëå-

äóþùåé çàäà÷å

w1(t) = v1(t) +D0(t)x0 + T0(t)x1 + T1(t)c̄+N11(t)z(t1, v) =
= f(P1y(t), u, t), t ∈ I,

(30)

w2(t) = v2(t) +D2(t)x0 + T2(t)x1 + T3(t)c̄+N12(t)z(t1, v) =
= f0(P1y(t), u, x0, x1, t), t ∈ I.

(31)

ż = A1(t)z + B1(t)v1(t) + B2v2(t), z(t0) = 0, t ∈ I, (32)

v1(·) ∈ L2(I, R
k), v2(·) ∈ L2(I, R

m2), (33)

x0 ∈ S0, x1 ∈ S1, c̄ ∈ Q, u(t) ∈ U(t), (34)

ω(t) ∈ Ω(t) = {ω(·) ∈ L2(I, R
s)/ γ(t) ≤ ω(t) ≤ δ(t), t ∈ I, ï.â. t ∈ I}

ω(t) = F (y(t), t), t ∈ I.
(35)

ãäå w1(t), w2(t), y(t), t ∈ I îïðåäåëÿþòñÿ ôîðìóëàìè (27)-(29) ñîîòâåòñòâåííî.

Äîêàçàòåëüñòâî ëåììû ñëåäóåò èç ðàâíîñèëüíîñòè èñõîäíîé çàäà÷è (1)-(6) ê çàäà÷å (13)-
(15). Òåîðåìà 1 ïîçâîëÿþùàÿ âûäåëèòü âñå ìíîæåñòâà ðåøåíèé (19)-(21) êàæäûé ýëå-
ìåíò êîòîðîãî ïåðåâîäèò òðàåêòîðèþ ñèñòåìû (19) èç ëþáîé òî÷êè µ0 ∈ Rn+m2 â ëþáóþ
òî÷êó µ1 ∈ Rn+m2 , â ÷àñòíîñòè, âåðíà è äëÿ ëþáûõ µ0 ∈ S0 ×Om2,1, µ1 ∈ S1 ×Q.

Â ñâîþ î÷åðåäü, çàäà÷à óïðàâëÿåìîñòè (19)-(21) ïðè âûïîëíåíèè óñëîâèé (30)-(35)
ðàâíîñèëüíà êðàåâîé çàäà÷å (13)-(15). Ñëåäîâàòåëüíî, èñõîäíàÿ çàäà÷à óïðàâëÿåìîñòè
(1)-(6) ðàâíîñèëüíà óñëîâèÿì (30)-(35) ïðè µ(t) = y(t), t ∈ I, ω(t) = F (y(t), t), t ∈ I.

4. Îïòèìèçàöèîííàÿ çàäà÷à

Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ: ìèíèìèçèðîâàòü ôóíê-
öèîíàë

J(v1, v2, u, ω, x0, x1, d) =

t1
∫

t0

S0(q(t), t)dt =

t1
∫

t0

[|w1(t)− f(P1y(t), u, t)|
2+

+|w2(t)− f0(P1y(t), u, x0, x1, t)|
2 + |ω(t)− F (P1y(t), t)|

2]dt→ inf

(36)

ïðè óñëîâèÿõ

ż = A1(t)z + B1(t)v1(t) + B2v2(t), z(t0) = 0, t ∈ I, (37)
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v1(·) ∈ L2(I, R
k), v2(·) ∈ L2(I, R

m2), (38)

x0 ∈ S0, x1 ∈ S1, u(t) ∈ U(t), ω(t) ∈ Ω(t), (39)

d ∈ D = {d ∈ Rm2/ d ≥ 0}, (40)

ãäå ôóíêöèè w1(t), w2(t), y(t), t ∈ I îïðåäåëÿþòñÿ ôîðìóëàìè (27)-(29) ñîîòâåòñòâåííî,
q̄(t) = (v1(t), v2(t), u(t), ω(t), x0, x1, d, z(t, v), z(t1, v)), v = (v1, v2).

Ìàòðèöû T1(t), T3(t), t ∈ I ïðåäñòàâèì â âèäå T1(t) = (T11(t), T12(t)), T3(t) = (T31(t), T32(t)).
Ïóñòü âåêòîðû, c̄1 = (c1, . . . , cm1

), c̄2 = (cm1+1, . . . , cm2
). Òîãäà âåêòîð c̄ = (c̄1− d, c̄2), ïðî-

èçâåäåíèÿ

T1(t)c̄ = T11(t)(c̄1 − d) + T12(t)c̄2 = T1(t)e− T11(t)d, e = (c̄1, c̄2),

T3(t)c̄ = T31(t)(c̄1 − d) + T32(t)c̄2 = T3(t)e− T31(t)d, t ∈ I.

Òåïåðü ôóíêöèè w1(t), w2(t), t ∈ I çàïèøóòñÿ òàê:

w1(t) = v1(t) +D0(t)x0 + T0(t)x1 + T1(t)e− T11(t)d+N11(t)z(t1, v), t ∈ I, (41)

w2(t) = v2(t) +D2(t)x0 + T2(t)x1 + T3(t)e− T31(t)d+N12(t)z(t1, v), t ∈ I, (42)

ãäå T1(t)e, T3(t)e, t ∈ I � èçâåñòíûå ôóíêöèè. Àíàëîãè÷íûì ïóòåì, ïîëó÷èì

y(t) = z(t, v) + Π21(t)x0 +Π31(t)x1 +Π32(t)e− Π321(t)d+N3(t)z(t1, v), t ∈ I, (43)

ãäå Π32(t) = (Π321(t),Π322(t)), t ∈ I. Â ôóíêöèîíàëå (36) ôóíêöèè w1(t), w2(t), y(t), t ∈ I

ïðåäñòàâëåíû â âèäå (41)-(43).
Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

ξ = (v1(t), v2(t), u(t), ω(t), x0, x1, d) ∈ X = L2(I, R
k)× L2(I, R

m2)× U × Ω×

×S0 × S1 ×D ⊂ H = L2(I, R
k)× L2(I, R

m2)× L2(I, R
S)×Rn ×Rn ×Rm1

X∗ = {ξ∗ ∈ X/ J(ξ∗) = J∗ = inf
ξ∈X

J(ξ)}.

Òåîðåìà 4 Ïóñòü ìàòðèöà W̄ (t0, t1) > 0. Äëÿ òîãî, ÷òîáû ñèñòåìà (1)-(6) áûëà

óïðàâëÿåìà, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû çíà÷åíèå J(ξ∗) = 0, ãäå
ξ∗ = (v∗1(t), v

∗

2(t), u∗(t), ω∗(t), x
∗

0, x
∗

1, d∗) ∈ X �îïòèìàëüíîå óïðàâëåíèå â çàäà÷å (36)-
(40).

Äîêàçàòåëüñòâî òåîðåìû ñëåäóåò èç ðàâíîñèëüíîñòè çàäà÷ (1)-(6) è (36)-(40).

5. ×àñòíûå ïðîèçâîäíûå

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

w̄1(q(t), t) = w1(t)− f(P1y(t), u(t), t), t ∈ I,

w̄2(q(t), t) = w2(t)− f0(P1y(t), u(t), x0, x1, t), t ∈ I,

w̄3(q(t), t) = ω(t)− F (P1y(t), t), t ∈ I.
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Òåïåðü ôóíêöèîíàë (36) çàïèøåòñÿ â âèäå

J(ξ) =

t1
∫

t0

S0(q(t), t)dt =

t1
∫

t0

(|w̄1(q(t), t)|
2 + |w̄2(q(t), t)|

2 + |w̄3(q(t), t)|
2)dt,

ãäå q(t) = (v1(t), v2(t), u(t), ω(t), x0, x1, d, z(t, v), z(t1, v)), t ∈ I.

×àñòíûå ïðîèçâîäíûå ðàâíû:

∂S0(q(t), t)

∂v1
= 2w̄1(q(t), t),

∂S0(q(t), t)

∂v2
= 2w̄2(q(t), t),

∂S0(q(t), t)

∂u
= −2f ∗

u(P1y, u, t)w̄1(q(t), t)− 2f ∗

0u(P1y, u, x0, x1, t)w̄2(q(t), t),

∂S0(q(t), t)

∂ω
= 2w̄3(q(t), t),

∂S0(q(t), t)

∂x0
= [2D∗

0(t)− 2Π∗

21(t)P
∗

1 f
∗

x(P1y, u, t)]×

×w̄1(q, t) + [2D∗

2(t)− 2Π∗

21(t)P
∗

1 f
∗

0x(P1y, u, x0, x1, t)−

−2f ∗

0x0
(P1y, u, x0, x1, t)]w̄2(q, t),

∂S0(q(t), t)

∂x1
= [2T ∗

0 (t)− 2Π∗

31(t)P
∗

1 f
∗

x(P1y, u, t)]w̄1(q, t)+

+[2T ∗

2 (t)− 2Π∗

31(t)P
∗

1 f
∗

0x(P1y, u, x0, x1, t)− 2f ∗

0x1
(P1y, u, x0, x1, t)]w̄2(q, t)−

−2Π∗

31(t)P
∗

1F
∗

x (P1y, t)w̄3(q, t),

∂S0(q(t), t)

∂z(t1)
= [2N∗

11(t)− 2N∗

2 (t)P
∗

1 f
∗

x(P1y, u, t)]w̄1(q, t)+

+[2N∗

12(t)− 2N∗

2 (t)P
∗

1 f
∗

0x(P1y, u, x0, x1, t)] w̄2(q, t)−

−2N∗

2 (t)P
∗

1F
∗

x (P1y, t)w̄3(q, t),

∂S0(q(t), t)

∂z
= −2P ∗

1 f
∗

x(P1y, u, t)]w̄1(q, t)−

−2P ∗

1 f
∗

0x(P1y, u, x0, x1, t)]w̄2(q, t)− 2P ∗

1F
∗

x (P1y, t)w̄3(q, t),

∂S0(q(t), t)

∂d
= [−2T ∗

11(t) + 2Π∗

321(t)P
∗

1 f
∗

x(P1y, u, t)]w̄1(q, t)+

+[−2T ∗

31(t) + 2Π∗

321(t)P
∗

1 f
∗

0x(P1y, u, x0, x1, t)]w̄2(q, t)−

−2Π∗

321(t)P
∗

1F
∗

x (P1y, t)w̄3(q, t).

Îïðåäåëåíèå 1 Áóäåì ãîâîðèòü, ÷òî ïðîèçâîäíàÿ

S0q(q, t) = (S0v1(q, t), S0v2(q, t), S0u(q, t), S0ω(q, t), S0x0
(q, t),

S0x1
(q, t), S0z(q, t), S0z(t1)(q, t), S0d(q, t))

óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ïî ïåðåìåííîé q â îáëàñòè RN1, N1 = k +m2 +m+
s+ 2n+m1 + 2(n+m2), åñëè

|S0v1(q +∆q, t)− S0v1(q, t)| ≤ L1|∆q|, |S0v2(q +∆q, t)− S0v2(q, t)| ≤ L2|∆q|,
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|S0u(q +∆q, t)− S0u(q, t)| ≤ L3|∆q|, |S0ω(q +∆q, t)− S0ω(q, t)| ≤ L4|∆q|,

|S0x0
(q +∆q, t)− S0x0

(q, t)| ≤ L5|∆q|, |S0x1
(q +∆q, t)− S0x1

(q, t)| ≤ L6|∆q|,

|S0d(q +∆q, t)− S0d(q, t)| ≤ L7|∆q|, |S0z(q +∆q, t)− S0z(q, t)| ≤ L8|∆q|,

|S0z(t1)(q +∆q, t)− S0z(t1)(q, t)| ≤ L9|∆q|,

ãäå Li = const > 0, i = 1, 9, |∆q| = |∆v1,∆v2,∆u,∆x0,∆x1,∆d,∆z,∆z(t1)|.

Ëåììà 2 Ïóñòü ìàòðèöà W̄ (t0, t1) > 0, ôóíêöèÿ S0(q, t) íåïðåðûâíî äèôôåðåíöèðó-

åìà ïî q, q ∈ RN1, ìíîæåñòâà U , S0, S1, Ω � âûïóêëûå è çàìêíóòûå è âûïîëíåíî

íåðàâåíñòâî

< S0q(q1, t)− S0q(q2, t), q1 − q2 >RN1≥ 0, ∀q1, q2 ∈ RN1 . (44)

Òîãäà ôóíêöèîíàë (36) ïðè óñëîâèÿõ (37)-(40) ÿâëÿåòñÿ âûïóêëûì.

Äîêàçàòåëüñòâî. Íåðàâåíñòâî (44) ðàâíîñèëüíî òîìó, ÷òî ôóíêöèÿ S0(q, t), q ∈ RN1 , t ∈ I

âûïóêëà ïî ïåðåìåííîé q. Òîãäà I(αξ1 + (1 − α)ξ2) ≤ αI(ξ1) + (1 − α)I(ξ2), ∀ξ1, ξ2 ∈ X,
α ∈ [0, 1]. Ëåììà äîêàçàíà.

6. Ãðàäèåíò ôóíêöèîíàëà

Ñëåäóþùàÿ òåîðåìà äàåò àëãîðèòì âû÷èñëåíèÿ ãðàäèåíòà ôóíêöèîíàëà (36) ïðè
óñëîâèÿõ (37)-(40).

Òåîðåìà 5 Ïóñòü ìàòðèöà W̄ (t0, t1) > 0, ôóíêöèè f(x, u, t), f0(x, u, x0, x1, t), F (x, t)
íåïðåðûâíî äèôôåðåíöèðóåìû ïî ïåðåìåííûì (x, u, x0, x1), ÷àñòíàÿ ïðîèçâîäíàÿ S0q(q, t)
óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà.

Òîãäà ôóíêöèîíàë (36) ïðè óñëîâèÿõ (37)-(40) íåïðåðûâíî äèôôåðåíöèðóåì ïî Ôðå-

øå, ãðàäèåíò

J ′(ξ) = (J ′

v1
(ξ), J ′

v2
(ξ), J ′

u(ξ), J
′

ω(ξ), J
′

x0
(ξ), J ′

x1
(ξ), J ′

d(ξ)) ∈ H

â ëþáîé òî÷êå ξ ∈ X âû÷èñëÿåòñÿ ïî ôîðìóëå

J ′

v1
(ξ) =

∂S0(q(t), t)

∂v1
−B∗

1(t)ψ, J
′

v2
(ξ) =

∂S0(q(t), t)

∂v2
−B∗

2ψ,

J ′

u(ξ) =
∂S0(q(t), t)

∂u
, J ′

ω(ξ) =
∂S0(q(t), t)

∂ω
, J ′

x0
(ξ) =

t1
∫

t0

∂S0(q(t), t)

∂x0
dt,

J ′

x1
(ξ) =

t1
∫

t0

∂S0(q(t), t)

∂x1
dt, J ′

d(ξ) =

t1
∫

t0

∂S0(q(t), t)

∂d
dt,

(45)

ãäå ÷àñòíûå ïðîèçâîäíûå îïðåäåëÿþòñÿ âûðàæåíèÿìè âûøå, ôóíêöèÿ z(t, v1, v2), t ∈ I

� ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (37), à ôóíêöèÿ ψ(t), t ∈ I � ðåøåíèå ñîïðÿ-

æåííîé ñèñòåìû

ψ̇ =
∂S0(q(t), t)

∂z
− A∗

1(t)ψ, ψ(t1) = −

t1
∫

t0

∂S0(q(t), t)

∂d
dt. (46)
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Êðîìå òîãî, ãðàäèåíò J ′(ξ), ξ ∈ X óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà

||J ′(ξ1)− J ′(ξ2)|| ≤ K||ξ1 − ξ2||, ∀ξ1, ξ2 ∈ X, (47)

ãäå K = const > 0.

Äîêàçàòåëüñòâî. Ïóñòü ξ(t), ξ(t) +∆ξ(t) ∈ X, z(t, v), z(t, v+∆v), t ∈ I ðåøåíèå ñèñòåìû
(37),(38). Ïóñòü z(t, v + ∆v) = z(t, v) + ∆z(t), t ∈ I. Òîãäà |∆z(t)| ≤ c1∥∆v∥, t ∈ I, à
ïðèðàùåíèå ôóíêöèîíàëà

∆I = I(ξ +∆ξ)− I(ξ) =

t1
∫

t0

[S0(q(t) + ∆q(t), t)− S0(q(t), t)]dt =

t1
∫

t0

[∆v∗1(t)·

·S0v1(q(t), t) + ∆v∗2(t)S0v2(q(t), t) + ∆u∗(t)S0u(q(t), t) + ∆ω∗(t)S0ω(q(t), t)+

+∆x∗0(t)S0x0
(q(t), t) + ∆x∗1(t)S0x1

(q(t), t) + ∆d∗(t)S0d(q(t), t) + ∆z∗(t)S0z(q(t), t)+

+∆z∗(t1)S0z(t1)(q(t), t)]dt+
9

∑

i=1

Ri,

ãäå

|R1| ≤ L1

t1
∫

t0

|∆v1(t)||∆q(t)|dt, |R2| ≤ L2

t1
∫

t0

|∆v2(t)||∆q(t)|dt, |R3| ≤ L3

t1
∫

t0

|∆u(t)||∆q(t)|dt,

|R4| ≤ L4

t1
∫

t0

|∆ω(t)||∆q(t)|dt, |R5| ≤ L5

t1
∫

t0

|∆x0(t)||∆q(t)|dt, |R6| ≤ L6

t1
∫

t0

|∆x1(t)||∆q(t)|dt,

|R7| ≤ L7

t1
∫

t0

|∆d||∆q(t)|dt, |R8| ≤ L8

t1
∫

t0

|∆z(t)||∆q(t)|dt, |R9| ≤ L9

t1
∫

t0

|∆z(t1)||∆q(t)|dt,

Îòñþäà, ñ ó÷¼òîì òîãî, ÷òî

t1
∫

t0

∆z∗(t1)S0z(t1)(q(t), t)dt = −

t1
∫

t0

[∆v∗1(t)B
∗

1(t) + ∆v∗2(t)B
∗

2 ]ψ(t)dt−

−

t1
∫

t0

∆z∗(t)S0z(q(t), t)dt,

ïîëó÷èì ñîîòíîøåíèÿ (45), ãäå ψ(t), t ∈ I - ðåøåíèå ñèñòåìû (46).
Ïóñòü ξ1 = (v1 +∆v1, v2 +∆v2, u+∆u, ω +∆ω, x0 +∆x0, x1 +∆x1, d+∆d),

ξ2 = (v1, v2, u, ω, x0, x1, d) ∈ X. Òàê êàê

∥I ′(ξ1)− I ′(ξ2)∥
2 ≤ L10|∆q(t)|

2 + L11|∆ψ(t)|
2 + L12|∆ξ|

2,
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|∆q(t)| ≤ L13∥∆ξ∥, |∆ψ(t)| ≤ L14∥∆ξ∥,

òî ∥I ′(ξ1)− I ′(ξ2)∥ ≤ K∥ξ1 − ξ2∥, ∀ξ1, ξ2 ∈ X. Òåîðåìà äîêàçàíà.
Èñïîëüçóÿ ñîîòíîøåíèÿ (45)-(47) ñòðîèì ïîñëåäîâàòåëüíîñòü

{ξn} = {vn1 , v
n
2 , un, ωn, x

n
0 , x

n
1 , dn} ⊂ X

ïî ñëåäóþùåìó àëãîðèòìó

vn+1
1 = vn1 − αnJ

′

v1
(ξn), v

n+1
2 = vn2 − αnJ

′

v2
(ξn),

un+1 = PU [un − αnJ
′

u(ξn)], ωn+1 = PΩ[ωn − αnJ
′

ω(ξn)],
xn+1
0 = PS0

[xn0 − αnJ
′

x0
(ξn)], x

n+1
1 = PS1

[xn1 − αnJ
′

x1
(ξn)],

dn+1 = PD[dn − αnJ
′

d(ξn)], n = 0, 1, 2, . . . ,

(48)

ãäå 0 < αn <
2

K+2ε
, ε > 0, K > 0 � ïîñòîÿííàÿ Ëèïøèöà èç íåðàâåíñòâà (47).

Ââåäåì ìíîæåñòâî Λ0 = {ξ ∈ X/ J(ξ) ≤ J(ξ0)}, ãäå ξ0 = (v01, v
0
2, u0, ω0, x

0
0, x

0
1, d0) ∈ X

� íà÷àëüíàÿ òî÷êà äëÿ ïîñëåäîâàòåëüíîñòè (48).

7. Ìèíèìèçèðóþùèå ïîñëåäîâàòåëüíîñòè

Ñëåäóþùàÿ òåîðåìà äàåò íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå óïðàâëÿåìîñòè ñèñòåìû
(1)-(5).

Òåîðåìà 6 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3, ïîñëåäîâàòåëüíîñòü {ξn} îïðåäåëÿ-

åòñÿ ïî ôîðìóëå (48), U , S0, S1, Ω � âûïóêëûå çàìêíóòûå ìíîæåñòâà. Òîãäà:

1. ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü {J(ξn)} ñòðîãî óáûâàåò;

2. ||ξn − ξn+1|| → 0 ïðè n→ ∞.

Åñëè, êðîìå òîãî, âûïîëíåíî íåðàâåíñòâî (44), ìíîæåñòâî Λ0 îãðàíè÷åíî, òî:

3. ïîñëåäîâàòåëüíîñòü {ξn} ⊂ X ÿâëÿåòñÿ ìèíèìèçèðóþùåé, ò.å. lim
n→∞

J(ξn) = J∗ =

inf
ξ∈X

J(ξ);

4. ïîñëåäîâàòåëüíîñòü {ξn} ⊂ X ñëàáî ñõîäèòñÿ ê ìíîæåñòâó X∗, X∗ ̸= ∅, ξn
ñë
−→ ξ∗

ïðè n→ ∞;

5. ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà ñêîðîñòè ñõîäèìîñòè

0 ≤ J(ξn)− J∗ ≤
m3

n
, n = 1, 2, . . . , m3 = const > 0.

6. çàäà÷à óïðàâëÿåìîñòè (1)-(5) èìååò ðåøåíèå òîãäà è òîëüêî òîãäà, êîãäà J(ξ∗) =
0.

Äîêàçàòåëüñòâî. Óòâåðæäåíèÿ 1), 2) íåïîñðåäñòâåííî ñëåäóþò èç ñâîéñòâà ïðîåêöèè
òî÷êè íà âûïóêëîì çàìêíóòîì ìíîæåñòâå è àëãîðèòìà (48).

Èç íåðàâåíñòâà (44) ñëåäóåò, ÷òî ôóíêöèîíàë (36) ïðè óñëîâèÿõ (37)-(40) ÿâëÿåòñÿ
âûïóêëûì. Òàê êàê Λ0 îãðàíè÷åííîå âûïóêëîå çàìêíóòîå ìíîæåñòâî â ðåôëåêñèâíîì
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áàíàõîâîì ïðîñòðàíñòâå H, òî îíî ñëàáî áèêîìïàêòíî. Ïîñêîëüêó I(ξ) ∈ C1(X), òî
I(ξ) - ñëàáî ïîëóíåïðåðûâíî ñíèçó íà Λ0. Ñëåäîâàòåëüíî, ôóíêöèîíàë I(ξ) äîñòèãàåò
íèæíåé ãðàíè íà ìíîæåñòâå Λ0. Òàê êàê ôóíêöèîíàë I(ξ) âûïóêëûé íà Λ0 òî âåðíî
íåðàâåíñòâî 0 ≤ I(ξn) − I(ξ∗) ≤ C∥ξn − ξn+1∥, C = const > 0, n = 1, 2, . . . , ãäå I(ξ∗) =
infξ∈Λ0

I(ξ) = minξ∈Λ0
I(ξ). Îòñþäà ñ ó÷¼òîì òîãî, ÷òî ∥ξn−ξn+1∥ → 0 ïðè n→ ∞, èìååì:

ïîñëåäîâàòåëüíîñòü {ξn} ÿâëÿåòñÿ ìèíèìèçèðóþùåé. Ïîñêîëüêó {ξn} ⊂ Λ0, Λ0 - ñëàáî

áèêîìïàêòíî, òî ξn
ñë
−→ ξ∗ ïðè n→ ∞.

Ïîñêîëüêó 0 ≤ I(ξn) − I(ξ∗) ≤ C∥ξn − ξn+1∥, I(ξn) − I(ξn+1) ≥ ε∥ξn − ξn+1∥
2, òî

âåðíî óòâåðæäåíèå 5). Êàê ñëåäóåò èç òåîðåìû 4, åñëè çíà÷åíèå I(ξ∗) = 0, òî çàäà÷à
óïðàâëÿåìîñòè (1) -(5) èìååò ðåøåíèå. Òåîðåìà äîêàçàíà.

8. Îïòèìàëüíîå áûñòðîäåéñòâèå. Ïðèìåð

Ïóñòü t1∗ > t0 � íàèìåíüøåå çíà÷åíèå t1, äëÿ êîòîðîãî I(ξ∗) = 0 ïðè t1 = t1∗. Íåîá-
õîäèìî íàéòè u∗(t), t ∈ [t0, t1∗], x∗(t) = x∗(t, u∗), t ∈ [t0, t1∗], òàêîå, ÷òî:

1. u∗(t) ∈ U(t), t ∈ [t0, t1∗];

2. x0∗ ∈ S0, x1∗ ∈ S1;

3. x∗(t) ∈ G(t), t ∈ [t0, t1∗];

4. gj(x∗, u∗) ≤ cj, j = 1,m1; gj(x∗, u∗) = cj, j = m1 + 1,m2.

Äëÿ ðåøåíèÿ çàäà÷è îïòèìàëüíîãî áûñòðîäåéñòâèÿ íåîáõîäèìî ðåøèòü çàäà÷è óïðàâ-
ëÿåìîñòè äëÿ çíà÷åíèé t11, t12, . . . , ãäå t1 > t11 > t12 . . . .

Ïóñòü ðåøåíà çàäà÷à óïðàâëÿåìîñòè äëÿ çàäàííîãî çíà÷åíèÿ t1 > t0. Âûáåðåì t11 =
t1/2. Ïî èçëîæåííîìó àëãîðèòìó íàõîäèì u∗(t), x∗(t), t ∈ [t0, t11]. Åñëè äëÿ äàííîé
ïàðû çíà÷åíèå I(ξ∗) = 0, òî âûáåðåì çíà÷åíèå t12 = t1/4 è ò.ä. Â ñëó÷àå, åñëè äëÿ
çàäàííîé ïàðû I(ξ∗) > 0, âûáåðåì t12 = 3t1/4 è ò.ä. Ïî äàííîé ñõåìå ÷åðåç êîíå÷íîå ÷èñëî
øàãîâ ïîëó÷èì ïðèáëèæ¼ííîå ðåøåíèå çàäà÷è îïòèìàëüíîãî áûñòðîäåéñòâèÿ çàäàííîé
òî÷íîñòè.

Ïðèìåð. Óðàâíåíèå äâèæåíèÿ ñèñòåìû èìååò âèä

ẋ1 = x2, ẋ2 = x31 + u3, t ∈ I = [0, 1].

Êðàåâûå óñëîâèÿ:
x1(0) = 2, x2(0) = −2, x1(1) = 0, x2(1) = 0.

Óïðàâëåíèå
u(·) ∈ L2(I, R

1).

Ìíîæåñòâà U , S0, S1, G(t), t ∈ Iòàêèå:

U = {u(·) ∈ L2(I, R
1)/ − 1 ≤ u(t) ≤ 1 ï.â. t ∈ [0, 1]},

S0 = {x0 = (x10, x20) ∈ R2/ (x10 − 2)2 + (x20 + 2)2 ≤ 1} ⊂ R2,

S1 = {x1 = (x11, x12) ∈ R2/ x211 + x212 ≤ 1} ⊂ R2,

G(t) = {x = (x1, x2) ∈ R2/ − 1 ≤ x1(t) ≤ 3, −3 ≤ x2(t) ≤ 1, t ∈ [0, 1]}.
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ïðè íàëè÷èè èíòåãðàëüíîãî îãðàíè÷åíèÿ ñëåäóþùåãî âèäà

gj(u, x, x0, x1) =

1
∫

0

[x21(t) + x22(t) + u2(t) + x∗0R0(t)x0 + x∗1R1(t)x1]dt ≤ c1,

ãäå R0(t), R1(t), t ∈ I � çàäàííûå ìàòðèöû ïîðÿäêîâ 2× 2, c1 � çàäàííîå ÷èñëî.
Äëÿ äàííîãî ïðèìåðà, ôóíêöèÿ

x̄(t) =

1
∫

0

[x21(τ) + x22(τ) + u2(τ) + x∗0P0(τ)x0 + x∗1P1(τ)x1]dτ, t ∈ I = [0, 1].

Òîãäà
˙̄x = [x21(t) + x22(t) + u2(t) + x∗0P0(t)x0 + x∗1P1(t)x1], t ∈ I

x̄(0) = 0, x̄(1) = c̄ = c1 − d, d ≥ 0.

Âåêòîðû è ìàòðèöû

µ =





x1
x2
x̄



 , A1 =





0 1 0
0 0 0
0 0 0



 , B1 =





0
1
0



 , B2 =





0
0
1



 , P1 =

(

1 0 0
0 1 0

)

, P2 =
(

0 0 1
)

.

Ñèñòåìà (13)-(15) çàïèøåòñÿ â âèäå

µ̇ = A1µ+ B1(µ
3
1 + u3) + B2(µ

2
1 + µ2

2 + u2 + x∗0P0(t)x0 + x∗1P1(t)x1),

(µ1(0), µ2(0)) ∈ S0, (µ1(1), µ2(1)) ∈ S1, µ3(0) = 0, µ3(1) = c1 − d,

d ∈ D = {d ∈ R1/ d ≥ 0, (µ1(t), µ2(t)) ∈ G(t), u(t) ∈ U}.

Ëèíåéíàÿ óïðàâëÿåìàÿ ñèñòåìà èìååò âèä

ẏ = A1y +B1w1(t) + B2w2(t), t ∈ I = [0, 1],

y(0) = µ0 =





x10
x20
0



 , y(1) = µ1 =





x11
x12
c− d



 , (x10, x20) ∈ S0, (x11, x12) ∈ S1,

d ∈ D = {d ∈ R1/ d ≥ 0}.

Ìàòðèöû

θ̄(t) = eA1t =





1 t 0
0 1 0
0 0 1



 , e−A1t =





1 −t 0
0 1 0
0 0 1



 , Φ̄(t, 0) =





1 t 0
0 1 0
0 0 1



 ,

Φ̄(0, t) =





1 −t 0
0 1 0
0 0 1



 , B̄ = (B1, B2) =





0 0
1 0
0 1



 ,
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W̄ (0, 1) =

1
∫

0

eA1tB̄B̄∗e−A∗

1
tdt =

1
∫

0





t2 −t 0
−t 1 0
0 0 1



 dt =





1/3 −1/2 0
−1/2 1 0
0 0 1



 > 0,

W̄−1(0, 1) =





12 6 0
6 4 0
0 0 1



 , W̄ (0, t) =





t3/3 −t2/2 0
−t2/2 t 0

0 0 1



 ,

W̄ (t, 1) =





(1− t3)/3 (t2 − 1)/2 0
(t2 − 1)/2 1− t 0

0 0 1− t



 .

Òîãäà

ā = Φ̄(0, t)µ1 − µ0 = e−A1tµ1 − µ0 =





x11 − x12 − x10
x12 − x20
c− d



 ,

λ̄1(t, µ0, µ1) = B̄∗(t)Φ̄∗(0, t)W̄−1(0, 1)a =

=

(

x11(−12t+ 6) + x12(6t− 2) + x10(12t− 6) + x20(12t− 4)
c− d

)

,

N̄1(t) = −B̄∗Φ̄∗(0, t)W̄−1(0, 1) · Φ(0, 1) =

(

12t− 6 −6t+ 2 0
0 0 1

)

,

λ̄2(t, µ0, µ1) = eA1tW̄ (t, 1)W̄−1(0, 1)µ0 + eA1tW̄ (0, t)W̄−1(0, 1)e−A1µ1 =

=

(

x10(2t
3 + 3t2 + 1) + x20(t

3 − 2t2 + t) + x11(−2t3 + 3t2) + x12(t
3 − t2)

x10(6t
2 − 6t) + x20(3t

2 − 4t+ 1) + x11(−6t2 + 6t) + x12(3t
2 − 2t)

)

,

N2(t) = −eA1tW̄ (0, t)W̄−1(0, 1)e−A1 =





2t3 − 3t2 −t3 + t2 0
6t2 − 6t −3t2 + 2t 0

0 0 −t



 ,

w1(t) = v1(t) + x11(−12t) + 6 + x12(6t− 2) + x10(12t− 6) + x20(12t− 4)+

+(12t− 6)z1(1, v1, v2) + (−6t+ 2)z2(1, v1, v2),

w2(t) = v2(t) + (c− d)− z3(1, v1, v2),

y1(t) = z1(t, v1, v2) + x10(2t
3 − 3t2 + 1) + x20(t

3 − 2t2 + t) + x11(−2t3 + 3t2)+

+x12(t
3 − t2) + (2t3 − 3t2)z1(1, v1, v2) + (−t3 + t2)z2(1, v1, v2),

y2(t) = z2(t, v1, v2) + x10(6t
2 − 6t) + x20(3t

2 − 4t+ 1) + x11(−6t2 + 6t) + x12(3t
2 − 2t)+

+(6t2 − 6t)z1(1, v1, v2) + (−3t2 + 2t)z2(1, v1, v2),

y3(t) = z3(t, v1, v2) + t(c− d)− t z3(1, v1, v2), t ∈ [0, 1].

Îïòèìèçàöèîííàÿ çàäà÷à (36)-(40) äëÿ äàííîãî ïðèìåðà çàïèøåòñÿ òàê:

J(v1, v2, u, ω1, ω2, x0, x1, d) =

1
∫

0

[|w1(t)− (y31 + u3)|2 + |w2(t)− (y21 + y22+
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+u2 + x∗0P0(t)x0 + x∗1P1(t)x1)|
2 + |ω1(t)− y1(t)|

2 + |ω2(t)− y2(t)|
2] dt→ inf

ïðè óñëîâèÿõ

ż1 = z2, ż2 = v1, ż3 = v2, z1(0) = 0, z2(0) = 0, z3(0) = 0, t ∈ I,

v1(·) ∈ L2(I, R
1), v2(·) ∈ L2(I, R

1), x0 = (x10, x20) ∈ S0, x1 = (x11, x12) ∈ S1,

u(t) ∈ U, ω1(t) ∈ Ω1 = {ω1(·) ∈ L2(I, R
1)/ − 1 ≤ ω1 ≤ 3, t ∈ [0, 1]},

ω2(t) ∈ Ω2 = {ω2(·) ∈ L2(I, R
1)/ − 3 ≤ ω2 ≤ 1, t ∈ [0, 1]},

u(t) ∈ U = {u(·) ∈ L2(I, R
1)/ − 1 ≤ u(t) ≤ +1, t ∈ I}, d ∈ D = {d ∈ R1/ d ≥ 0},

S0 = {x0 = (x10, x20) ∈ R2/ (x10 − 2)2 + (x20 + 2)2 ≤ 1} ⊂ R2,

S1 = {x1 = (x11, x12) ∈ R2/ x211 + x212 ≤ 1} ⊂ R2, G(t) = {x = (x1, x2) ∈ R2}.

9. Çàêëþ÷åíèå

Ñîçäàíà íîâàÿ êîíñòðóêòèâíàÿ òåîðèÿ óïðàâëÿåìîñòè è îïòèìàëüíîãî áûñòðîäåé-
ñòâèÿ äèíàìè÷åñêèõ ñèñòåì ïðè íàëè÷èè ôàçîâûõ è èíòåãðàëüíûõ îãðàíè÷åíèé ñ ó÷¼òîì
îãðàíè÷åííîñòè ðåñóðñîâ óïðàâëåíèÿ, êîãäà íà÷àëüíîå è êîíå÷íîå ñîñòîÿíèÿ ñèñòåìû
ÿâëÿþòñÿ ýëåìåíòàìè çàäàííûõ ìíîæåñòâ.

Ëèòåðàòóðà

[1] Êàëìàí Ð.Å. Îá îáùåé òåîðèè ñèñòåì óïðàâëåíèÿ // Òðóäû IV Êîíãðåññà Ìåæäó-
íàðîäíîé ôåäåðàöèè ïî àâòîìàòè÷åñêîìó óïðàâëåíèþ. ÀÍ ÑÑÑÐ. 1961. ò. 2. C. 521-
547.

[2] Êðàñîâñêèé Í.Í. Òåîðèÿ óïðàâëåíèÿ äâèæåíèåì. Ì.: Íàóêà, 1968. 475 ñ.

[3] Ãàáàñîâ Ð., Êèðèëëîâà Ô.Ì. Êà÷åñòâåííàÿ òåîðèÿ îïòèìàëüíûõ ïðîöåññîâ. Ì.: Íà-
óêà, 1971. 480 ñ.

[4] Çóáîâ Â.È. Ëåêöèè ïî òåîðèè óïðàâëåíèÿ. Ì.: Íàóêà, 1975. 495 ñ.

[5] Àéñàãàëèåâ Ñ.À. Êðàåâûå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ. Àëìàòû: �àçà© óíè-
âåðñèòåòi, 1999. 213 ñ.

[6] Àéñàãàëèåâ Ñ.À., Àéñàãàëèåâ Ò.Ñ. Ìåòîäû ðåøåíèÿ êðàåâûõ çàäà÷. Àëìàòû: �àçà©
óíèâåðñèòåòi, 2002. 348 ñ.

[7] Àíàíüåâñêèé È.Ì., Àíàõèí Í.Â., Îâñååâè÷ À.È. Ñèíòåç îãðàíè÷åííîãî óïðàâëåíèÿ
ëèíåéíûìè äèíàìè÷åñêèìè ñèñòåìàìè ñ ïîìîùüþ îáùåé ôóíêöèè Ëÿïóíîâà //
Äîêëàäû ÐÀÍ. 2010. ò. 434, � 3. Ñ. 319-323.

[8] Ñåì¼íîâ Þ.Ì. Î ïîëíîé óïðàâëÿåìîñòè ëèíåéíûõ íåàâòîíîìíûõ ñèñòåì // Äèô-
ôåðåíöèàëüíûå óðàâíåíèÿ. 2012. ò. 48, � 9. Ñ. 1263-1277.

Âåñòíèê ÊàçÍÓ, ñåð. ìàò., ìåõ., èíô. 2014, �2(81)



36 Ñ.À. Àéñàãàëèåâ, È. Â. Ñåâðþãèí

[9] Åìåëüÿíîâ Ñ.Â., Êðèùåíêî À.Ï. Ñòàáèëèçàöèÿ íåðåãóëÿðíûõ ñèñòåì // Äèôôå-
ðåíöèàëüíûå óðàâåííèÿ. 2012. ò. 48, � 11. Ñ. 1515-1524.

[10] Êîðîâèí Ñ.Ê., Êàïàëèí È.Â., Ôîìè÷åâ Â.Â. Ìèíèìàëüíûå ñòàáèëèçàòîðû äëÿ ëè-
íåéíûõ äèíàìè÷åñêèõ ñèñòåì // Äîêëàäû ÐÀÍ. 2011. ò. 441., � 5. Ñ. 606-611.

[11] Àéñàãàëèåâ Ñ.À. Óïðàâëÿåìîñòü íåêîòîðîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé
// Äèôôåðåíöèàëüíûå óðàâíåíèÿ. 1991. ò. 27, � 9. Ñ. 1475-1486.

[12] Àéñàãàëèåâ Ñ.À. Îáùåå ðåøåíèå îäíîãî êëàññà èíòåãðàëüíûõ óðàâíåíèé // Ìàòå-
ìàòè÷åñêèé æóðíàë. 2005. ò. 5, � 4(21). Ñ. 17-34.

[13] Àéñàãàëèåâ Ñ.À., Êàáèäîëäàíîâà À.À.Îïòèìàëüíîå áûñòðîäåéñòâèå íåëèíåéíûõ ñè-
ñòåì ñ îãðàíè÷åíèÿìè // Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ïðîöåññû óïðàâëåíèÿ.
2010. � 1. Ñ. 30-55.

[14] Àéñàãàëèåâ Ñ.À., Áåëîãóðîâ À.Ï. Óïðàâëÿåìîñòü è áûñòðîäåéñòâèå ïðîöåññà, îïè-
ñûâàåìîãî ïàðàáîëè÷åñêèì óðàâíåíèåì ñ îãðàíè÷åííûì óïðàâëåíèåì // Ñèáèðñêèé
ìàòåìàòè÷åñêèé æóðíàë. 2012. ò. 53, � 1. Ñ. 20-37.

[15] Àéñàãàëèåâ Ñ.À., Ñåâðþãèí È.Â. Óïðàâëÿåìîñòü è áûñòðîäåéñòâèå ïðîöåññà, îïè-
ñûâàåìîãî ëèíåéíîé ñèñòåìîé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ îãðà-
íè÷åíèÿìè // Ìàòåìàòè÷åñêèé æóðíàë. 2013. ò. 13, � 2(48). Ñ. 5-30

References

[1] Kalman R.E. Ob obshhej teorii sistem upravlenija // Trudy IV Kongressa
Mezhdunarodnoj federacii po avtomaticheskomu upravleniju. AN SSSR. 1961. t. 2.
C. 521-547.

[2] Krasovskij N.N. Teorija upravlenija dvizheniem. M.: Nauka, 1968. 475 s.

[3] Gabasov R., Kirillova F.M. Kachestvennaja teorija optimal'nyh processov. M.: Nauka,
1971. 480 s.

[4] Zubov V.I. Lekcii po teorii upravlenija. M.: Nauka, 1975. 495 s.

[5] Ajsagaliev S.A. Kraevye zadachi optimal'nogo upravlenija. Almaty: Kazak universiteti,
1999. 213 s.

[6] Ajsagaliev S.A., Ajsagaliev T.S. Metody reshenija kraevyh zadach. Almaty: Kazak
universiteti, 2002. 348 s.

[7] Anan'evskij I.M., Anahin N.V., Ovseevich A.I. Sintez ogranichennogo upravlenija
linejnymi dinamicheskimi sistemami s pomoshh'ju obshhej funkcii Ljapunova // Doklady
RAN. 2010. t. 434, � 3. S. 319-323.

[8] Semjonov Ju.M. O polnoj upravljaemosti linejnyh neavtonomnyh sistem //
Di�erencial'nye uravnenija. 2012. t. 48, � 9. S. 1263-1277.

ISSN 1563�0285 KazNU Bulletin, ser. math., mech., inf. 2014, �2(81)



Óïðàâëÿåìîñòü è áûñòðîäåéñòâèå ïðîöåññîâ . . . 37

[9] Emel'janov S.V., Krishhenko A.P. Stabilizacija nereguljarnyh sistem // Di�erencial'nye
uravennija. 2012. t. 48, � 11. S. 1515-1524.

[10] Korovin S.K., Kapalin I.V., Fomichev V.V. Minimal'nye stabilizatory dlja linejnyh
dinamicheskih sistem // Doklady RAN. 2011. t. 441., � 5. S. 606-611.

[11] Ajsagaliev S.A. Upravljaemost' nekotoroj sistemy di�erencial'nyh uravnenij //
Di�erencial'nye uravnenija. 1991. t. 27, � 9. S. 1475-1486.

[12] Ajsagaliev S.A. Obshhee reshenie odnogo klassa integral'nyh uravnenij //
Matematicheskij zhurnal. 2005. t. 5, � 4(21). S. 17-34.

[13] Ajsagaliev S.A., Kabidoldanova A.A. Optimal'noe bystrodejstvie nelinejnyh sistem s
ogranichenijami // Di�erencial'nye uravnenija i processy upravlenija. 2010. � 1. S. 30-
55.

[14] Ajsagaliev S.A., Belogurov A.P. Upravljaemost'i bystrodejstvie processa, opisyvaemogo
parabolicheskim uravneniem s ogranichennym upravleniem // Sibirskij matematicheskij
zhurnal. 2012. t. 53, � 1. S. 20-37.

[15] Ajsagaliev S.A., Sevrjugin I.V. Upravljaemost'i bystrodejstvie processa, opisyvaemogo
linejnoj sistemoj obyknovennyh di�erencial'nyh uravnenij s ogranichenijami //
Matematicheskij zhurnal. 2013. t. 13, � 2(48). S. 5-30

Âåñòíèê ÊàçÍÓ, ñåð. ìàò., ìåõ., èíô. 2014, �2(81)


