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Î ðåøåíèé äîìåííîé ñòåíêè èíòåãðèðóåìîãî

ñïèíîâîãî óðàâíåíèÿ

Íåêîòîðûå îáîáùåííûå óðàâíåíèÿ Ëàíäàó-Ëèôøèöà ÿâëÿþòñÿ èíòåãðèðóåìûìè, äî-
ïóñêàþò ôèçè÷åñêè èíòåðåñíûå òî÷íûå ðåøåíèÿ, áîëåå òîãî ýòè èíòåãðèðóåìûå óðàâ-
íåíèÿ ðàçðåøèìû ìåòîäîì îáðàòíîé çàäà÷è ðàññåÿíèÿ [1]. Èññëåäîâàíèå èíòåãðèðóå-
ìûõ ñïèíîâûõ óðàâíåíèé â (1+1)-, (2+1)-èçìåðåíèÿõ ÿâëÿþòñÿ àêòóàëüíûì ñ òî÷êè
çðåíèÿ ìàòåìàòè÷åñêîé ôèçèêè [2]-[5]. Èíòåãðèðóåìûå óðàâíåíèÿ äîïóñêàþò ðàçëè÷-
íûå âèäû ðåøåíèé êàê ðåøåíèå äîìåííîé ñòåíêè [2]. Ðàññìîòðèì èíòåãðèðóåìîå ñïè-
íîâîå óðàâíåíèå [3]. Îíî èìååò ñîîòâåòñòâóþùåå ïðåäñòàâëåíèå Ëàêñà. Êðîìå òîãî
óðàâíåíèå îáëàäàåò áåñêîíå÷íûì ÷èñëîì èíòåãðàëîâ äâèæåíèÿ. Â äàííîé ðàáîòå ìû
ñòðîèì ïîâåðõíîñòü ñîîòâåòñòâóþùóþ ðåøåíèþ äîìåííîé ñòåíêè äàííîãî óðàâíåíèÿ.
Äàëåå èññëåäóåì íåêîòîðûå ãåîìåòðè÷åñêèå õàðàêòåðèñòèêè ýòîé ïîâåðõíîñòè.
Êëþ÷åâûå ñëîâà : ïîâåðõíîñòü, ðåøåíèå äîìåííîé ñòåíêè, èíòåãðèðóåìîå óðàâíå-
íèå, èíòåãðàëû äâèæåíèÿ, íåëèíåéíîå óðàâíåíèå.

Æ.Õ. Æ³í³ñîâà

Èíòåãðàëäàíàòûí ñïèíäiê òåäåóäi äîìåíäiê ©àáûð¡à øåøiìi

Êåéáið Ëàíäàó-Ëèôøèö òåäåóiíi æàëïûëàìàëàðû èíòåãðàëäàíàäû, ôèçèêàëû©
ìà¡ûíàëû øåøiìäåði áàð, ñîíûìåí ©àòàð îñû èíòåãðàëäàíàòûí òåäåóëåð êåði
ñåéiëó ºäiñiìåí øåøiëåäi [1]. Èíòåãðàëäàíàòûí ñïèíäiê òåäåóëåðäi (1+1)-, (2+1)-
°ëøåìäåðiíäå ìàòåìàòèêàëû© ôèçèêà ò´ð¡ûñûíàí çåðòòåó °çåêòi [2]-[5]. Èíòåãðàëäà-
íàòûí òåäåóëåðäi äîìåíäi© ©àáûð¡à ñèÿ©òû ©ûçû©òû øåøiìäåði áàð. Á´ë æ´ìûñòà
èíòåãðàëäàíàòûí ñïèíäiê òåäåóäi ©àðàñòûðàìûç [3]. Îíû Ëàêñ æ´áû áàð. Ñîíûìåí
©àòàð á´ë òåäåóäå ©îç¡àëûñ èíòåãðàëäàðûíû øåêñiç ñàíû áàð. Á´ë òåäåóäi äî-
ìåíäiê ©àáûð¡à øåøiìiíå ñºéêåñ áåò ©´ðàìûç. Îñû áåòòi ãåîìåòðèÿëû© ©àñèåòòåðií
çåðòòåéìiç.
Ò³éií ñ°çäåð: áåò, äîìåíäiê ©àáûð¡à øåøiìi, èíòåãðàëäàíàòûí òåäåó, ©îç¡àëûñ
èíòåãðàëäàðû, ñûçû©òû åìåñ òåäåó.

Zh.Kh. Zhunussova

On domain wall solution of the integrable spin equation

Some generalizations of Landau-Lifschitz equation are integrable, admit physically interes-
ting exact solutions and these integrable equations are solvable by the inverse scattering
method [1]. Investigating of the integrable spin equations in (1+1)-, (2+1)-dimensions
are topical both from mathematical physics point of view [2]-[5]. Integrable equations
admit di�erent kinds of physically interesting as domain wall solutions [2]. We consider
an integrable spin equation [3]. There is a corresponding Lax representation. Moreover
the equation allows an in�nite number of integrals of motion. We construct a surface
corresponding to domain wall solution of the equation. Further, we investigate some
geometrical features of the surface.
Key words: surface, domain wall solution, integrable equation, integrals of motion, non-
linear equation.
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Ââåäåíèå

Ìû ïðèìåíÿåì ãåîìåòðè÷åñêèé ïîäõîä ê îáîáùåííîìó óðàâíåíèþ Ëàíäàó-Ëèôøèöà
ñëåäóþùåãî âèäà [3]

St = (S× Sy + uS)x, (1a)

ux = −(S, (Sx × Sy)), (1b)

ãäå S ÿâëÿåòñÿ ñïèíîâûì âåêòîðîì, S2

1
+ S2

2
+ S2

3
= 1, × ÿâëÿåòñÿ âåêòîðíûì ïðîèçâå-

äåíèåì, u ïðîèçâîëüíàÿ ñêàëÿðíàÿ ôóíêöèÿ. Äàííîå óðàâíåíèå äîïóñêàåò áåñêîíå÷íîå
÷èñëî èíòåãðàëîâ äâèæåíèÿ è èìååò íåêîòîðûå òî÷íûå ðåøåíèÿ. Îäíèì èç íèõ ÿâëÿåò-
ñÿ ðåøåíèå äîìåííîé ñòåíêè. Ñîãëàñíî ãåîìåòðè÷åñêîìó ïîäõîäó [3] ìû îòîæäåñòâëÿåì
ñïèíîâûé âåêòîð S ñ âåêòîðîì rx

S ≡ rx (2)

Òîãäà (1a), (1b) ïðèíèìàåò âèä

rxt = (rx × rxy + urx)x (3a)

ux = −(rx, (rxx × rxy)). (3b)

Åñëè ïðîèíòåãðèðîâàòü (3a) ïî x, òîãäà îíî ïðèìåò ñëåäóþùèé âèä

rt = rx × rxy + urx.

Ó÷èòûâàÿ óðàâíåíèå Ãàóññà-Âåéíãàðòåíà è E = r
2

x = 1 ñèñòåìà îïðåäåëÿåòñÿ êàê

rt = (u+
MF
√
Λ
)rx −

M
√
Λ
ry + Γ2

12

√
Λn,

ux =
√
Λ(LΓ2

12
−MΓ2

11
),

ãäå

Γ2

11
=

2EFx − EEt − FEx

2Λ
,

Γ2

12
=

EGx − FEt

2Λ
,

Λ = EG− F 2. Óðàâíåíèå (1a), (1b) ÿâëÿåòñÿ èíòåãðèðóåìûì è èìååò ñîëèòîííûå ðåøå-
íèÿ.

Ïîñòðîåíèå ïîâåðõíîñòè ñîîòâåòñòâóþùåé ðåøåíèþ äîìåííîé ñòåíêè

Çäåñü ìû ðàññìîòðèì ðåøåíèå äîìåííîé ñòåíêè óðàâíåíèÿ (1a), (1b) [3],

S+(x, y, t) =
expiby

cosh[a(x− bt− x0)]
, (4a)

S3(x, y, t) = −tanh[a(x− bt− x0)], (4b)

ãäå a, b ÿâëÿþòñÿ äåéñòâèòåëüíûìè ïîñòîÿííûìè.
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Ò å î ð åì à . Ðåøåíèå äîìåííîé ñòåíêè (4a)-(4b) ñïèíîâîé ñèñòåìû (1a), (1b) ìî-
æåò áûòü ïðåäñòàâëåíî â âèäå êîìïîíåíò âåêòîðà rx, ãäå

r1 =
1

a
cos(by)arctg(sh[a(x− bt− x0)]) + c1, (5a)

r2 =
1

a
sin(by)arctg(sh[a(x− bt− x0)]) + c2, (5b)

r3 = −
1

a
ln|ch[a(x− bt− x0)]|+ c3, (5c)

ãäå c1, c2, c3 ÿâëÿþòñÿ ïîñòîÿííûìè. Ðåøåíèþ âèäà (5a)-(5c) ñîîòâåòñòâóåò ïîâåðõ-
íîñòü ñ êîýôôèöèåíòàìè ïåðâîé è âòîðîé êâàäðàòè÷íûõ ôîðì

E =
2 + sh2[a(x− bt− x0)]

(1 + sh2[a(x− bt− x0)])2
, F = 0, (6a)

G =
b2

a2
arctg2(sh[a(x− bt− x0)]), L = 0, (6b)

M = 0, N = −
b3arctg2(sh[a(x− bt− x0)])
√
Λa2ch[a(x− bt− x0)]

. (6c)

Äîê à ç à ò å ë ü ñ ò â î. Èç (2) èìååì

(S1, S2, S3) = (r1x, r2x, r3x), (7)

ò.å.
r1x = S1, r2x = S2, r3x = S3. (8)

Ñëåäîâàòåëüíî

r1 =

∫

S1dx+ c1, (9a)

r2 =

∫

S2dx+ c2, (9b)

r3 =

∫

S3dx+ c3, (9c)

ãäå c1, c2, c3 ÿâëÿþòñÿ ïîñòîÿííûìè èíòåãðèðîâàíèÿ. Çàìåòèì

S+ = S1 + iS2 = r+x ,

òîãäà

r+ = r1 + ir2 =

∫

S+dx+ c+, (10)

ãäå c+ ÿâëÿåòñÿ ïîñòîÿííîé èíòåãðèðîâàíèÿ. Ïîäñòàâëÿÿ (4b) â óðàâíåíèå (9c) èìååì

r3 =

∫

S3dx+ c3 = −

∫

[tanh[a(x− bt− x0)]dx+ c3 =
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= −
1

a
ln|ch[a(x− bt− x0)]|+ c3, (11)

ãäå c3 ÿâëÿåòñÿ ïîñòîÿííîé. Òàêèì îáðàçîì

r3 = −
1

a
ln|ch[a(x− bt− x0)]|+ c3, (12)

Ïîäñòàâëÿÿ (4a) â (10) èìååì

r+ = r1 + ir2 =

∫

S+dx+ c+ =

=

∫

expiby

cosh[a(x− bt− x0)]
dx+ c+,

òîãäà

r+ =
1

a
cos(by)arctg(sh[a(x− bt− x0)]) + c1+

+i(
1

a
sin(by)arctg(sh[a(x− bt− x0)]) + c2),

ò.å. ìû ïîëó÷èëè

r1 =
1

a
cos(by)arctg(sh[a(x− bt− x0)]) + c1,

r2 =
1

a
sin(by)arctg(sh[a(x− bt− x0)]) + c2. (13)

Òàêèì îáðàçîì, (12), (13) äàåò íàì (5a)-(5c).
Ìû ïåðåõîäèì ê äîêàçàòåëüñòâó âòîðîé ÷àñòè òåîðåìû. Èç (12) è (13) èìååì

r1x =
cos(by)

1 + sh2[a(x− bt− x0)]
, r2x =

sin(by)

1 + sh2[a(x− bt− x0)]
, (14a)

r3x = −
1

ch2[a(x− bt− x0)]
, r1y = −

b

a
sin(by)arctg(sh[a(x− bt− x0)]), (14b)

r2y =
b

a
cos(by)arctg(sh[a(x− bt− x0)]), r3y = 0. (14c)

Çàòåì ìû âû÷èñëèì
E = r

2

x = r2
1x + r2

2x + r2
3x =

=
cos2(by)

(1 + sh2[a(x− bt− x0)])2
+

+
sin2(by)

(1 + sh2[a(x− bt− x0)])2
+

1

ch2[a(x− bt− x0)]
=

2 + sh2[a(x− bt− x0)]

(1 + sh2[a(x− bt− x0)])2
. (15)

Ïîäîáíî, èñïîëüçóÿ (13) è (14c) ïîëó÷èì

G = r
2

y = r2
1y + r2

2y + r2
3y =

b2

a2
arctg2(sh[a(x− bt− x0)]). (16)

F = (rx, ry) = r1xr1y + r2xr2y + r3xr3y = 0. (17)
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Ôîðìóëû (15) - (17) äàþò íàì ïåðâûå òðè óðàâíåíèÿ (6a) - (6c). Èñïîëüçóÿ (15) - (17)
èìååì

Λ = EG− F 2 =
b2(2 + sh2[a(x− bt− x0)])

a2(1 + sh2[a(x− bt− x0)])2
arctg2(sh[a(x− bt− x0)]).

Íàéäåì êîìïîíåíòû âåêòîðà n

n =
rx × ry

|rx × ry|
=

rx × ry
√
Λ

=
1

√
Λ
(n1, n2, n3),

n1 =
1

√
Λ
(r2xr3y − r3xr2y) =

bcos(by)arctg(sh[a(x− bt− x0)])
√
Λach[a(x− bt− x0)]

. (18)

Ïîäîáíî äëÿ êîìïîíåíò

n2 =
1

√
Λ
(r3xr1y − r1xr3y) =

bsin(by)arctg(sh[a(x− bt− x0)])
√
Λach[a(x− bt− x0)]

, (19a)

n3 =
1

√
Λ
(r1xr2y − r2xr1y) =

barctg(sh[a(x− bt− x0)])
√
Λa(1 + sh2[a(x− bt− x0)])

. (19b)

Òåïåðü èç (14a), (14b) èìååì

r1xx = −
2acos(by)sh[a(x− bt− x0)]ch[a(x− bt− x0)]

(1 + sh2[a(x− bt− x0)])2
, (20a)

r2xx = −
2asin(by)sh[a(x− bt− x0)]ch[a(x− bt− x0)]

(1 + sh2[a(x− bt− x0)])2
. (20b)

r3xx =
ash[a(x− bt− x0)]

ch2[a(x− bt− x0)]
. (20c)

Òàêèì îáðàçîì, èñïîëüçóÿ (18), (19a), (19b), (20a) - (20c) ìîæåì íàéòè

L = (n, rxx) = n1r1xx + n2r2xx + n3r3xx.

Ñëåäîâàòåëüíî
L = 0. (21)

Ïîäîáíûì îáðàçîì, ìû íàõîäèì êîýôôèöèåíòû âòîðîé ôóíäàìåíòàëüíîé ôîðìû

M = 0, (22)

N = −
b3arctg2(sh[a(x− bt− x0)])
√
Λa2ch[a(x− bt− x0)]

. (23)

Ôîðìóëû (21) - (23) äàþò íàì ïîñëåäíèå òðè óðàâíåíèÿ (6a) - (6c). Òåîðåìà äîêàçàíà.

Çàêëþ÷åíèå

Îñíîâûâàÿñü íà ðåçóëüòàòàõ ðàáîòû [3], ãäå óðàâíåíèå Ãàóññà-Êîäàööè-Ìàéíàðäè
ðàññìîòðåíî â ìíîãîìåðíîì ïðîñòðàíñòâå, ìû èññëåäîâàëè îáîáùåííîå óðàâíåíèå Ëàíäàó-
Ëèôøèöà è ïîñòîðîèëè ïîâåðõíîñòü ñîîòâåòñòâóþùóþ ðåøåíèþ äîìåííîé ñòåíêè. Òà-
êèì îáðàçîì, äàííàÿ ðàáîòà ðàñêðûâàåò çíà÷åíèå ãåîìåòðè÷åñêîãî ïîäõîäà [3] â (2+1)
- èçìåðåíèé.
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