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On the existence of a conditionally periodic solution of one quasilinear
differential system in the critical case

Suleimenov Zh., al-Farabi Kazakh National University,
Almaty, Kazakhstan, E-mail: zh-suleimenov@mail.ru

In the theory of nonlinear oscillations one often encounters conditionally periodic oscillations
resulting from the superposition of several oscillations with frequencies incommensurable with
each other. When finding a solution to a resonant quasilinear differential system in the form of
a conditionally periodic function, the problem of a small denominator arises. Consequently, the
proof of the existence, and even more the construction of such a solution is not an easy task. In this
article, drawing on the work of VI. Arnold, I. Moser, and other researchers proved the existence and
constructed a conditionally periodic solution of a second-order quasilinear differential system in
the critical case. Accelerated convergence method by N.N. Bogolyubova, Yu.A. Mitropolsky, A.M.
Samoylenko. The result can be applied to construct a conditionally periodic solution of specific
differential systems.
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KBa3uchI3bIKTHIK JuddepeHITNAIIbIK, XKYHEeHIH ChIHAAPJIbI XKaraiiIarbl
MIAPTTHI-MIEPUOATHI MIENIiMiHiH 6ap 00JTybI
Cyneiimenos 7K., oin-@apabu aTbiHgarbl Kazak yiITThIK yHUBEPCUTETI,
Anvarer ., Kazakcran Pecriybiukacer, E-mail: zh-suleimenov@mail.ru

ChIBBIKTBIK, eMec TepbesicTep TeOpHsCHIHIA KULIr esmemiec emec OipHerie TepbesicTepin,
KabaTTachlll Kejyl HOTHXKeCiHIe naiina O0JIaThlH IMapTThI-IIEPUOATHI  TepbeicTepMeH  Kui
ke3zecyre Typa kejedi. OchIHIANl PE30HAHCTHIK, YKAFIal1arbl KBA3UCHI3bIKTHIK, YKYIEeHIH MIapTThI-
MepUOATH TrerntiMin Taby yrepici "kimkene GestiM"Mocesecin TybiHgaTa b Byt Mocene menriMHig
bap OOJIyBIH [RJIeJIZEy MEH OHBI Kypy ecebiH KublHmaTa Tycemi. DBi3fiH yCBIHBIT OThIpraH
MakaJjambrzga B.J. Aproabiarin, 1. Mosepailn koHe 0Oacka J1a 3epTTEYIILIEP/IiH YKYMbBICTAPBI
HeriziHge ekinmi perti Oip CBHIHAAPJBIK Karaaiilafbl KBA3UCBI3BIKTHIH, UM dEepPeHIHAIIBIK
JKYHEHIH MapTThl MEPUOJTHI IIENTiMiHiH 6ap OOJIATHIHBI JTJIJIIEHII, OHBI KYPY KOJIBI KOPCETIIIi.
[Mlemimai kypy OGapbIchiHIarbl KybikTay Tizberi Boromwotos, HO.A. Murpononasckuit, A.M.
CamoitsleHKOIap YCBIHFAH yjeMesi 9icke cyiieHin Gepimmi. 2KyMBICTBIH HOTHKECIH HAKTBI
muddepeHnuaIablK, Kyieaepais IMapTThI-MIEPUOATHI MIEMIIMIEPiH Kypy VIIH [aii aaIaHyra
001aIbI.

Tyitin ce3aep: MapTTHI-IEPUOITHI, VIEME KUHAKTBLIBIK, KUIIK, PE3OHAHC.

O cyriecTBOBaHUM yCJIOBHO-IIEPUOANYECKOTO PEIIEHUs O/IHOM KBAa3UJIMHENHOMN
aunddepeHTnaJIbHON CUCTEMbI B KDUTUYECKOM CJIyYae
Cyneitmenos 7K., Kazaxckuit HarimoHaabHbIN yHUBEpCUTET M. aib-Papabu,
r. Anvarer, Pecniybsinka Kazaxcran, E-mail: zh-suleimenov@mail.ru

B Teopun mHenmHEHHBIX KOJEOAHUI TPUXOAUTCS YACTO BCTPEUATHCS C YCJIOBHO-IIEPUOIAIECKUMU
KOJIEOAHUSIMA, BO3HUKAIOMMMEU B  Pe3YJIbTaTe HAJOXKEHH: HECKOJIbKHX KoJiebaHuil ¢
HECOU3MEPUMBIMHU  MeEXKJy coboit wactoramu. Ilpm oOTbICKaHUM pellleHusT PE30HAHCHOM
KBasmanHeiiHo# auddepeHmaabHoil  CHCTeMbI B BHJE YCIOBHO-TIEPUOINYIECKON (DYHKIINN
BO3HHUKAET ITpobJieMa MaJIoro 3HaMeHaTe is. BeieicrBue 9Toro, J0Ka3aTeIbCTBO CYIIECTBOBAHMUS,
a TeM 0oJiee TIOCTPOEHMS TAKOrO PEIeHUsl sBJSIeTCs HeJEerKoil 3amadeil. B mammHoil craTbe
ommpasick Ha paborsr B.M. Apmonpma, . Mosepa u apyrux wucciefoBaTesieil  JI0Ka3aHO
CYIIECTBOBAHAE M IIOCTPOEHO YCJIOBHO-IEPUOJMYECKOE PpeIleHue OJHONH  KBa3UJIMHENHONI
nuddepeHInaIbHOl CUCTEMBl BTOPOTrO IMIOPSAJIKA B KPUTUYECKOM ciydae. Meromom mocrpoeHus
IIOCJIETOBATE/IbHOCTU TTPUOJIUKEHUsT BLIOpaH MeToJi yekopeHHbI! cxomumoctu H.H. Borosmobosa,
FO.A. Murponossckoro, A.M. Camoiisenko. Pesysbrar MoxkeT ObITH NPUMEHEH JIJIsi TTOCTPOCHUST

YCJIOBHO-TIEPUOIMIECKOTO PEIIeHNsT KOHKPETHBIX MU HEPEHITNATBHBIX CHCTEM.
KitroueBbie cj0Ba: yCIOBHO-IIEPUOINIECKOE, YCKOPEHHAS! CXOAMMOCTh, 9aCTOTa, PE3OHAHC.
) Y )
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On the existence of a conditionally periodic solution ... 9

1 Introduction

Conditionally periodic functions are functions that are representable by trigonometric poly-
nomials or series of the form

Z AlFiskn) cos(kiwy + ..., +k,w, )t + Bk1--kn) sin(kiwy + ... + kpwy)t
|k1|+...+|kn|>0

where ¢ — argument, the summation is over all possible integer values ki, k»..., k,,; numbers
wy, Ws, ..., w, — fixed real, and rationally incommensurable numbers i.e. such that for any
integers ki, ko..., k,

k1w1 + k’gwg..., k:nwn 7é 0

Alkrkn) = Bkkn) _congtant coefficients, ot ky, ks, ..., k, Set of numbers wy, wo, ..., wy, is
called the frequency basis or the frequency spectrum of the conditionally periodic function.
It is characteristic that the frequency basis of the conditionally periodic function is finite.

The name "conditionally - periodic"was introduced by O. Staude.

The conditionally periodic function is often written for the convenience of the operations
used in a complex form

E A(k’l,...,k‘n)ei(k}1w1+...+k’nwn)t

If termwise integrating a conditionally periodic function written in the form of the indicat-
ed series without a free term, then this series may converge or may diverge. With convergence,
we obtain a conditionally periodic function. If the series diverges, then one cannot integrate
term by term.

Based on the ideas of A.N. Kolmogorov, V.I. Arnold managed to beat this difficulty and
achieve serious results. In the present paper, we have produced a proof of the existence of a
conditionally periodic solution of one quasilinear system.

2 Literature review

As already noted in celestial mechanics, nonlinear oscillations are often encountered, ex-
pressed by conditionally periodic functions. But the problem of a small denominator, arising
as a result of the integration of such functions, made it difficult to carry out deep and diverse
studies of the existence and construction of the conditionally periodic solution of differential
equations. At the same time, KL’s estimates were obtained in the theory of real numbers.
Seidel [2|, under which integrated conditionally-periodic functions are admissible: for the
majority (in the sense of Lebesgue measure) frequencies belonging to the region n of the
dimensional number space () with a bounded sum of modules of any n numbers.

The original literature is the works of A.N. Kolmogorov [1], V.I. Arnold [3-4], who devel-
oped a method of proving the existence and built conditionally periodic solutions of Hamilto-
nian systems, I. Moser [5-7], who considered a common system characteristic of the problems
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10 Suleimenov Zh.

of the theory of nonlinear oscillations and proved the existence of conditionally periodic so-
lutions with a smaller number of basic frequencies than the number of degrees of freedom of
the system. G.A. Merman [9] investigated the divergence of conditionally periodic series in
powers of a small parameter. Yu.A. Ryabov, E.A. Grebennikov, L.K. Lika [10-11] addressed
the issues of constructing conditionally-periodic solutions of canonical systems.

The method of constructing a sequence of approximate solutions was chosen by the
method of accelerated convergence N.N. Bogolyubova, Yu.A. Mitropolsky, A.M. Samoylenko
[12].

In recent years, A. Bari, H. Brezis, E. Feireist, H.P. have been investigating the existence

of periodic and conditionally periodic solutions of nonlinear differential equations. Pelyukh,
Suvak O.A. [13-15].

3 Materials and methods

Take quasi-linear system of differential equations

dx
E :Ax—i—Ef(t,m)a (1)

Where

r = colon(xl,xg), A = (ajk)a .7 = k = 1727 f(t,.ﬁ[) = COlon(fl(t7$1>$2)a f2<tax17$2))

conditionally-periodic by t with frequency basis wq,ws, ...,w,; analytical by ¢ and x in the
domain = {(t,z) C C*: ||z|| < h, |[Imwt|| < ¢} function, det |A — AE| = 0 has purely imag-
inary roots ioq, 109, and rational numbers o, o5 non-co-measurable with wy,ws, ..., w,, e—is
a small parameter.

Let S—be a matrix, making the matrix A to Jordan form:

With conversionz = Sy, of the system (1) reduces to the form

% = Jr+ S 'ef(t, Sy) (2)

Without loss of generality, can assume that the system (1) has the form (2), i.e. A has

the form:J := diag(oyi, 091).

3.1 The method of successive approximations

In order to find a conditionally-periodic solutions of the method of accelerated conver-
gence [12]is applied. As an initial approximate conditionally-periodic solutions of the system
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On the existence of a conditionally periodic solution ... 11

(1)2©(t,&) = 0 := colon(0;0)is chosen. Its residual denoted by #(V)(¢,¢) and take this func-
tion as a first approximation to the original conditionally-periodic solutions of the system
(1).Then the system relatively to ™) (¢, e) will look like:

dzM(t,e)

=]+ POz (t,e) + exV(t, 2,

where PO(t) := f/(t,0) := <%>( ) gk = 1,2; x't,2@) := f(t,0).Amendment to
t;0

oxy,

2 (t,£) denote as y(t,e) = colon(y\" (¢, ), 45" (¢,€)). Then it has the system:

dy(t, ¢)
dt

where Y (¢, 20)) = f(t, M) — f(¢,0) — f.(,0)xW.

The second approximation is determined by the formula z?)(¢,¢) := 2 (¢, &) + y (¢, ),
and
the amendment is denoted by y®(t,e) etc. Then to determinex)(t,e) =
colon(mgj)(t,s),xgj)(t,5)) and y9(t,e) = colon(yt?(t,e),y¥(t,)), j = 1,2,.., the
following system of equations is obtained

=(J+ sf;(t, x(l))y(l)(t, ) + 5Y(1)(t,x(1>), (3)

dx) (¢ , , . .
WL _ (74 P (0)a) 1+ 2x9(1.297), ()
dy(]) t’g . . . . .

di ) (T4 POy + ey D(t,20-D, 40y (5)

where PU=1 () Y0 4§ =2 3 .. — are defined similarly to P© 1 y®.

3.2 Integrating Model Equation

The systems (4) and (5) have the same structure and are linear non-homogeneous systems
of the form:

% = (J+¢eP(t))z+eq(t) (6)

where J = diag(o1,02), P(t) = (pj(t)), j,k = 1,2; q(t) = colon(q:(t),q(t)). Ma-
trix P(t) and vector-function ¢(t)are considered to be analytical and conditionally periodic
but bio
ba1 b
andR(t) = (r'(t) r*(t)) is purely conditionally-periodic parts of the matrix P(t), satisfying
the equation P(t) = B+ R(t). DenoteT'(t) := [ R(t)dt and let TR = RT, BT = T B. Making
a replacement in the equation(6)with z = 7)), have

by ¢ with frequency basis wi,ws,...,w,. Let B = (b',b?) = ( ) be a constant,
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12 Suleimenov Zh.

dv
dt

where g(t) = exp(—<T(£))q(t), g(t) == colon(g1(£), 92(1))
Let g(t) be the following

= (J+eB)d+¢eg(t), (7)

g(t) = > Crexp(i(k,w)t), (8)

[[%[1=0

wherek := (kyi,...,kn), w = (w1, ....;wn), |kl = k1| + ... + |kn|, C* := colon(CF,C¥), kw :=
k1w1 + ...+ knwn.
Conditionally-periodic solution of the system (7) is defined by the same formof series

Z d* exp(i(k,w)t), (9)

<=0

where d* = colon(d},d5)—undetermined coefficients. Using (9) in the system (7)
considering(8) the
formal solution of the system(7)is the following :

ey =3 e[ Zfi’z;’)z(_(gll)_ _dj;; __fg;z e expli(k,w)t).  (10)

lI%l>0

It is actual conditionally-periodic solution if the series (10)converges uniformly by t.

Let: kyy1 = —1, wpy1 = 01, kpio = —1, wpyo 1= 09, k% := (k1, ..., knso), w* =
(W1 ooy Wnaa),  (B* w*) = kw1 + ... + kpwp + kngown .

Then for most of the frequencies (meaning Lebega) {wy,...,wn,wnio} C Q* and for
integersky, ..., k, o the following estimation is true:

(k0" = K (k]| +2)7"7 (1)

where K > 0—is some fixed number smaller than [1] :
In the strip [[Jmwt|| < ¢ lets define My = |[|q(¢)||, = supll¢(t)]|, No = ||R(t)|l, =
t

sup||R(t)]], lets define [|-||,is the normof the strip ||Jmwt|| < g.
t

Then for the coefficients of the series r™(t) = > pmkeihwlt — pmk =
lI%[1>0

colon(p™*, p7¥), m = 1,2; and the following estimation is true: ||pm’“HO < Npe~lIklla m =
1,2,
Therefore, for T'(t) in the strip ||met|| < q — 26;; 26 < q there is T(t) =

> mpmkei(k"“)t, 1T, < %Qg‘), Q=+ (¢ ) Vw € G,where G— is a set where the

[[K[1=0
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On the existence of a conditionally periodic solution ... 13

following satisfies |(k,w)| > K||k||~",where ||-||, is the norm of the strip ||Jmwt|| < ¢ — 26;.
In general, |- ;is taken as the norm of the strip |[Jmwt|| < ¢ —2(0;1 + -+ d;). Then
lg(0)ll, < Moe=No@™" = My, ||CH| < MyeIHo=20),

Therefore in the strip ||[Jmwt|| < g — 207 — 202, 20 < ¢ — 24, for conditionally-periodic
solution of the system (6) have

M 1 4 9 n+2
|z(t,e)ll, < \/_52n+1(1 + Q1) exp(2e NoQ6; "), Q1 = e ( (ne—l— ))

Lets prove convergence of the series of the estimated solutions zU)(¢,¢) to solution of
system (1).
Return to equations (4) and (5). Let in equation (2)matrix P (¢) := f/(¢,0) has a form:

POt = BO +ic® 4 RO%), B .= (by,), C = (c1n), [,m =1,2;

where R (t)— pure conditionaly-periodic part of matrix P (¢). Then

eM —on
W(l + Ql) eXp(25N0Q51 2 )

V25

where Ny := ||R© (t)HO. If 2™ (t,¢) stays in the domain D, then f(t,#V)) and Y (¢, zM)
also

will be analytical by t and (M. If Ny := HR(l)(t) H, RM(t)— is the pure conditionally- periodic
part of matrix P (¢), then

l#V . e)l] <

Hy( to)|| € =55 (1 + Q1) exp(2eN1Qd5>")

\/_52n+1

For w = (wl, ey Wnt1, Wnta) s Wi 1= O'Z—|—€(C§i1) +cg2)), © = 1,2, satisfying the inequality

11), where ¢ D) from the following expansion
im g exp
POty = BY 4ic® + RWO(@), BO .= @)y, ¢V .= (!, RO .= () 1 m=1,2.

Similar estimation is obtained for 4\ (¢, ¢), j > 2.
Let in the region Dthefollowingconditionshold:

! 1 " " anl
Hfz(t@)“ < §L7 Hfgﬂ(t?x)H < 2P, fo = a? , ml=1,2.

Then under the condition that all the approximations #()(¢, €) stay in the region ||z|| < h
we have
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14 Suleimenov Zh.

[PO@)|| < L, [[YO(t,20-D, 40| < p”y(j*l))”z_

Therefore,

29t )], < %(1 + Q) exp(2eLQo ™), (12)
2

, P(1+
||y(])(ta€)”2j+2 = 8\/(5527142) exp(25LQ(52J+ Hy(J K (t,e HQ iz 1 (1)
2

where Qo := || f(¢,0)]],.

3.3 Convergence of the sequence of approximation

Solution of the system (1) is the sum of the series

=Y e (14)

Then using the inequalities (12), (13)we obtain that this series is majored by the series

mo + Z mg, Mo : \/—gngl (]‘ + Ql) exp(sQ*51_2”), Q* = QLQa
7=1
(14 Quexp(eQ 0 m2,. (15)
m; = ~ 1) exp m .
J \/—53]1_21 2j+1 -1
Consider the series
Zm] = Z&)mj, g0 = —=(1+ Q). (16)
7=0 7=0 \/§

instead of (15).
Choose 61 < 1, d5 < 1, so that

57 exp(—reQ*672") =: iy,

2057 exp(—reQ*6;2") = (e(1 4 Q1))* PQo exp(eQ*5y 2™, 'Y
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On the existence of a conditionally periodic solution ... 15

2557““)(2”“) =(e(1+ Ql))2 exp((r + 1)eQ"0r™).

Let 2—a)r=a, 1 <a<2.
The other 9, choose so that dq;42 = 52J, 52]+1 = 52] wt=6a7, j=1,2, ...

Then the series (16) has the form Z m; = Z m§” . This series converges for my < 1. And
=0

o0
! 5, then its sum S satisfies the inequality S; < 2mg. The series ) §; also converges

7=0
due to the relationship between its members, its sum satisfies the inequality 255 < ¢, if

it mg~

1

2[05 " exp(—e@*67°M)] " < 1. (17)

Thus we have derived the convergence conditions (15) and (16). Setting 2« = 3for defi-
niteness, we get 7 = 3. Then from (16) and m§ " < 3 it follows that

1
A 16v/PQo(1 + Q1) h

Besides from the inequality 255 < ¢ we obtain

2
€< d = &9g.

VPQo(1+ Q1)

The condition that the approximations #() (¢, £) stay in the region ||z|| < h yields Sy < h,
here Sy is a sum of the series dominating the series (14). By (15): S; = £¢.S2. Consequently,
g092 < 2myg. Hence, under the assumption 2my < gph the approximations stay in the region
||z|| < h. This condition implies the inequality

h2\/P

543—::83.
Q021+ Q)

Thereby, with € < min(ey, €9, £3)the series (14)uniformly converges on the real axis ¢ to
the
conditionally-periodic solution of the system (1).

4 Results and reasoning.

The existence of a conditionally periodic solution of system (1) is proved. For this purpose,
a sequence has been constructed, rapidly converging to the conditionally periodic solution of
system (1).

First, a linear inhomogeneous system is investigated in detail, which is a model equation
for the terms of the sequence of approximations. The research results are used to build a
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16 Suleimenov Zh.

sequence of approximate solutions and in their evaluation. The conclusions of the work have
scientific and practical value. Simultaneously with the proof of the existence of a solution,
the construction of its construction is given. Unlike previous researchers, a critical case was
considered and the method of accelerated convergence was applied.

5 Conclusion

The question of the existence and construction of a conditionally periodic solution is one of
the most important in celestial mechanics. In problems of celestial mechanics, a condition-
ally periodic solution is a solution in which positional variables (semi-major axis, eccentrici-
ty, inclination, etc.) are expressed as conditionally-periodic functions, and angular variables
(pericenter longitude, angle longitude, etc.) are expressed as a formula:

nt— conditionally periodic function,
where n — average angular variation for a given variable. Movement in an orbit corresponding
to a conditionally periodic solution occurs in a limited region of space, and after a certain
period of time, the celestial body returns to as close to any point within this region as
you like. A characteristic feature of the series representing a conditionally periodic function
is that their members are arranged according to increasing degrees of one or several small
parameters, as in ordinary power series. However, the question of the convergence of these
series in a strict mathematical sense has long remained open. Moreover, it was proved that a
considerable number of these series diverges.

Thus, the assumption that conditionally periodic solutions in the problems of celestial
mechanics exist and that the real motions of celestial bodies should be described by con-
ventionally periodic functions required proof. G.A. Merman’s paper first obtained a rigorous
proof of the existence of a conditionally periodic solution in the plane bounded three-body
problem.

V.I. Arnol’d developed a method for proving the existence and constructing conditionally
periodic solutions of Hamiltonian systems of differential equations of a satisfied general form
[3-4]. This method of A.N. Kosmogorov-V.I. Arnold was disclosed in terms of their practical
application by Yu.A.Rabov and E.G. Grebennikov for the same Hamiltonian systems.

In recent years, A.Bari, H. Brezis, Feireist E., Pelyukh H.P., Syvak Q.A. have become
involved in the problems described above or close to them [13-15]. In some international
conferences, the author of this article made reports of particular details of the formulation of
the question and the election of the method [16-17], theses of which were published.
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