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On a boundary value problem for the nonhomogeneous heat equation in an
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Due to the fact that the results find theoretical and practical applications, great attention is paid
to the study of boundary value problems for parabolic equations. Also the relevance of studying
such problems is justified by their physical application in the modeling of such processes as the
propagation of heat in homogeneous and nonhomogeneous media, the interaction of filtration
and channel flows, and other. Therefore, at the present stage of its development, the theory of
partial differential equations is one of the important branches of mathematics and is actively
developed by various mathematical schools. However, a number of significant problems in the
theory of partial differential equations remain, as before, unresolved. In the paper we study a
boundary value problem for the nonhomogeneous heat equation in an angular domain. Note that
the problem does not have the initial condition. It is caused by the form of the domain. We obtain
a boundary condition for the nonhomogeneous heat equation considered in the angular domain.
It is proven that the heat potential is a unique classical solution to this problem.
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06 oaHoit 3a/1a4e AJ1s1 HEOJHOPO/IHOTO YPABHEHUsI TEILJIONPOBO/IHOCTU B yIJIOBOU 0oGJsacTu
Cagupibekos M. A., IHCTUTYT MaTeMaTUKH U MATEMATUIECKOTO MOJEJIMPOBAHUSI,
r. Asnmvatel, Pecriybiinka Kazaxcran, E-mail: sadybekov@math.kz
Epramues M.I'., IncTturyT MareMaTHKM U MaTEMATHIECKOTO MO/JICTMPOBAHUSI,
r. Anmvarer, Peciybsinka Kazaxcran, E-mail: ergaliev.madi@mail.ru

B Cury TOTr'0, 4TO pPeE3y/IbTAaThl HAXOJIAT TeOpeTUYIEeCKUE U IIPAKTHUYICCKUEC IIPUMEHCHUA UCCIeJ0Ba-
HUIO KPAEBbIX 33J1a4 JjIs TapaboIMIecKuX ypPaBHEHU yIeaseTcs OPOMHOE BHUMaHUe. TakxKe aK-
TYaJIbHOCTDb U3YyYC€HUA TaKUX 3aJaq O6OCHOBaHa nx CbI/ISI/IquKI/HVI IIPpUMEHEHHUEM B MOJC/IMPOBaAHNN
TaKUX IIPOIECCOB KaK pAaCHpPOCTPaHEHUE TeIlla B OJJHOPOJAHBIX U HEOJHOPOIHBIX CPeJlaX, B3anMO-
ﬂeﬁCTBHH d)HﬂpraL[I/IOHHbIX 1 KaHaJIOBBIX IIOTOKOB MU JpYyrue. HOSTOI\Iy Ha Cero/HdIIHeM 3Talle
CBO€EI'0 pa3BUTUA TeOpUud ,HI/I(l)(bepeHHI/IaJIBHBIX ypaBHeHI/Iﬁ B 9aCTHBIX ITPOU3BOJAHBIX fABJIACTCA O~
HHUM M3 BazKHBIX Pa3eJI0B MaT€MaTUKN U aKTHBHO pa3pa6aTLIBa€TCH Pa3/JIMIHBIMA MaTeMaTHu4ie-
ckumu 1kojgaMu. OIHAKO Psifl CYIIECTBEHHBIX MpobsieM Teopun juddepeHMaabHbIX YPaBHEHUH
B YACTHBIX MTPOU3BOHDBIX OCTAETCs TO-TIPEKHEMY He pa3perneHHbIM. B Hamreit pabore paccMmarpu-
BAETCs TPAHUYTHAS 3a/1a4a, JIJIT HEOIHOPOIHOTO YPAaBHEHUsT TEILJIOITPOBOIHOCTH B YTJIOBOI 00JIacTH.
CTOI/IT OTMETUTDHb, 9TO IIOCTAaBJCHHasdA HaMMU I'DaHUYIHad 3a/ia9a HE MMEET HaYaJIbHOI'O YCJIOBUAA.
910 obycsoBauBaercss (Hopmoit BeIOpaHHON obsactu. Hamu mosydeHO paHWYHOE yCJIOBUE JJTst
HEOTHOPOHOTO YPABHEHHUS TEILJIONPOBOIHOCTH, PACCMATPHUBAEMOrO B yIJVIOBO# obmactu. [lokazan
TOT PaKT, ITO /I TPABOI JACTU HEOTHOPOIHOTO YPABHEHUS TEILIOIIPOBOTHOCTH IPUHAIIEKATIEH
BbI6paHHOfI HaMU yFJ’IOBOfI O6J'IaCTI/I, TEIJIOBOI IIOTeHIMaJI ABJAeTCA € IMHCTBECHHBIM KJIaACCUYICCKUM
penieHueM JaHHOI'O HeOJHOPOAHOI'O YpaBHEHU A TEIIJIOIIPOBOJHOCTH C HaIU/I,HeHHbII% I'PaHUIHBIM yCJIO-
BUEM.

KuroueBbie cioBa: YpaBHEHUE TEILIONPOBOMHOCTH, (hyHKINs ['prHA, K/IACCHIECKOe pEeIeHue.
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AJIbIHFaH HOTHXKEJIED TEOPUSIJIBIK, YKOHE MPAKTUKAJBIK, KOJIJIAHBLIBIMEA Ue OOJFaH IBIKTAH Mapa-
6OJIAJIBIK, TEHIEYJIEpre apHAJIFAH IIEKaPAJIbIK, eCerTep/Ii 3epTTeyre Ko KoH1 beminyae. CoHbiMeH
KaTap, OCBIHIall ecenTep/i 3epTTEY/IiH 63eKTLIIr oapbliH OipTeKTi »KomHe OipTEeKTi eMec OpTaIarsbl
2KBUIYIBIH TapaJsIybl, (PUIbTPAIUAIIBI 2KOHE KAHAJIbI aFbIHIAD/IbIH ©3aPa 9CEePJIECY] CUSIKTHI XKOHE
T.6. yaepicTep/i Mojie ibjiey ieri (Ppu3nKasbIK, KOJJIaHbLIBICBIMEH TYyCiHipiieai. CoHabIKTaH aepbec
TYBIHJBLIBL M hEPEHITUAIBIK TEHIEYIED TeOPUsIChI OYTIHT TaHIAFbI JaMy JeHreiiine OailjaHbl-
CTBI MATEMATUKA FHLIBIMBIHBIH MAHBI3IBLIAPBIHBIH, O1pi OOJIBIT TAOBIIBII, 9PTYPJI MATEMATHKAJIBIK,
MEKTEeNTep OHbI KAPKBIHILI JaMBITyIa. Autaiiia aepbec TYBIHABLIB UM dOEPEHITNAIBIK, TeHJIe-
yJep TEeOPHUSICHIHBIH OipKaTap Mocesesepi IMemigMereH Typ/ie KAJbIl OThIp. Bi3 KyMbICHIMBI3IA
YIIOYPBIMITHl OOJIBICTAFBI OIPTEKTI eMec KBbLIYOTKI3TIMTIK TeHJAeyl YIMH KOWBLIFAH IIeKapaJsIbIk,
ecebiH KapacThIpaMbl3. KofbLaraH meKapaJibiK eCelTiH 6acTallKbl IMMaPTHIHLIH, YKOK, eKEHIITH aiTa,
KETKEH KOH. ByJ1 TaHaraH OOJIBICTRIH, MinTiHiHe 6ailjIaHbICTBI. Y MIOYPBIIITHL 00JIBICTA KAPACThI-
pbLIFaH OIPTEKTI eMec KBUTYOTKI3TIMITIK TeHIey1 VIMH MeKaPAJIBIK IapT AJIBIHIBI. 2K YMBICHIMbI-
3/ma GIpTEKTI eMec XKBITYOTKI3TIMTIK TeHAeyiHIH OH *KarbIHIAFbl KoHe 013 TaH araH YITOYPBIIITHI
O0JTBICHIHA THICTI (DYHKITHUSCHI YIMH KBITY TOTEHITNAIB KOWBIIFAH OipTEKTi eMec KbLTYyOTKI3TIMTiK
TeHJIEYi VIITiH TaOBbIIFaH MEKAPAJIBIK, IIAPTHI O0ap €CENTiH KAJFbI3 KJIACCUKAJIBIK, MeITiMi 60I1aThIH-
JIBIFBI JTOJICTIIEH/TI.

Tvyiiiu ce3nep: ?Kburyerkisrimrik Teneyi, ['pus QyHKITUACH, KIACCUKAJIBIK, IIEITIM.

1 Introduction

For the first time, the boundary condition of the volume potential for an arbitrary bounded
domain 2 C R™ with a sufficiently smooth boundary S was found in the article (Kal’'menov,
2009,646-649) by T. Sh. Kal'menov and D. Suragan, i.e., in this article it was proven that
for a given f € Ly(2) the volume potential

uw) = [ <o) 1wy
is a unique solution to the equation
Au(z) = f(x), z € Q,

satisfying the nonlocal boundary condition

[T - e B s =0, s e

where £(z,y) is the fundamental solution of the Laplacian and n is an outer normal. In the
case of a two-dimensional disk or a three-dimensional ball, the eigenvalues and eigenfunctions
of the volume potential, i.e., the eigenvalues and eigenfunctions of the spectral problem

Au(z) = du(z), = € Q,

with the nonlocal boundary condition

_@ +/S {%n;y)uw) - s(a:,y)agr(f:) dS =0, z €8,

are determined in (Kal’'menov,2011,189). The corresponding problem is also discussed in
(Kal'menov,2011,188).
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2 Literature review

For the bounded simply-connected domain and the polyharmonic equation, the volume
potential boundary conditions are obtained in (Kal’'menov,2012a,604-608). We refer also to
the article (Suragan,2013,141-149), where the same question is studied for the polyparabolic
equation in cylindrical domain. To solve the nonhomogeneous Helmholtz equation in a
bounded domain with sufficiently smooth boundary, the authors in (Kal’'menov,2012b,164-
1065) propose new boundary conditions possessing the property to suppress waves reflected
from the boundary. It is demonstrated that in a bounded domain this solution coincides
with that in an unbounded domain satisfying the Sommerfeld radiation condition. In
(Kal'menov,2014,1-6) the authors considered an initial-boundary value problem for the one-
dimensional wave equation and proved the uniqueness of the solution and showed that the
solution coincides with the wave potential. In (Kal’'menov,2013,1024) authors generalized the
results of (Kal'menov, 2009,646-649) to the case of a parabolic operator in a noncylindrical
domain and studied a nonlocal boundary value problem for a space-multidimensional
parabolic equation in this domain. In the article (Kal’'menov,2015,1062) authors studied the
so-called permeable potential boundary conditions for the Laplace-Beltrami operator defined
in a domain  on the unit sphere S in R3. A model case of the problem of heat diffusion in
a homogeneous body with a special initial state was considered in (Kal’'menov,2016,126). In
that paper we consider volume heat potential in an angular domain. The boundary condition
are found for him. Herewith by reason of angular form of the domain the problem does not
have initial conditions.

3 Material and methods

To obtain the main results in the work, we use both the previously invented methods for
solving boundary value problems for the heat equation, and new methods, which will be
described in more detail in the following sections.

4 Results and discussion

Let an angular domain @ = {0 < z <t < 1} be given. Consider the boundary problem:
w2, t) — uge(z,1) = f(,t), (2,1) €Q, (1)

u(0,t) = 0, (2)

_u(gt) +/0t <€1£(t,§,t— s)

- /t gl(tvsat - S)U&(f, S)
0

—eq(t, s, t — s)) u(s, s)ds— (3)

E=s

ds =0,
£=s

where
51(‘Ta€7t_ 8) = €($ — &t — 8) —5(fl/’+€,t—8),
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and

o 10 [

is the fundamental solution to the Cauchy problem for the heat equation (Friedman,1964,3-
347). Note that the problem (1)-(3) does not have the initial condition. It is caused by the
form of the domain ).

THEOREM 1 The volume heat potential

u@¢%3Aﬁ§AZAaat—@ﬂaﬂ% (1)

is a unique classical solution to the boundary problem (1)-(3).
LEMMA 1 For all u € C*Y(Q), u|,—0 = 0 we have the following equality

/ ds/sel(ac,ﬁ,t— $) (us — uge) d€ = u(x, t)+ (5)
0 0
+A 51€(x,§,t—s) s

_/tgl(xasat - S)Ug(f,S)
0

t
u(s, s)ds — / e1(z, s, t — s)u(s, s)ds—
0

ds, (z,t) € Q.

E=s

PROOF. Since integral at the left side of (5) is an improper integral due to the singularity,
we understood it to be as the limit

t—a s
lim / ds/ e1(x, &t — s) (us — uge) d€.
a=0 Jq 0

The last integral exists in the usual sense and we can make all actions including integrating
by parts, for instance. Then for all (z,t) € @, we have

/ds/ (6t — 5) (g — uge) dé =

—tim [ el )@t—a@—hm/’ (.6 — E)u(E, €)dt—

— lim ds/ e1,(z,&,t — s)u(&, s)d¢ — lim el(x,s,t—s)-

a—0 0

ug(&,s)|  ds+ hr% €1§(£B £t —s)

E=s

u(s, s)ds+
E=s

+hm d5/81££$ft s)u(€, s)dg.

The properties of the fundamental solution ensure the equality (Friedman,1964,3-347)

/t ds /S (}gssl(m,f,t —s)u(&, s)dé =0,
0 0
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for (z,t) € Q, where

Oe(x, &t — s)

Qgs€($,§,t—3>:— Os

— Age(z, &t —5) =0

and so

[ts [ a5 tue — ) de = ©

-«

= lim e1(z, &, )u(é, t —a)dE — iig%/o h ez, &t — Hu(, §)dE—

a—0 0

ds+
E=s

t—a
— lim / e1(x,s,t — s)ue(E, s)
0

a—0

t—a
+ lim e1.(w, &t —5)|  uls,s)ds.
a—0 0 >

E=s

Since
t—a

lim e1(z, &, )u(é, t — a)d§ = u(x,t)

a—0 0
in formula (6) the second integral converges absolutely, the third and forth integrals are the
potentials of a double and a simple layer, respectively, and we have (5) for all (x,t) € Q. The
lemma is proved.
PROOF. Proof of the theorem. Let u(x,t) be represented in the form of (4). It’s obvious
that u(x,t) is a solution to the equation (1) and satisfies the condition (2). Then from (5)
we have

/0 er.(z, &t —5)|  u(s,s)ds — /0 e1(x, s, t — s)u(s, s)ds— (7)

E=s

ds = 0.
E=s
Passing to the limit as  — t and recalling the properties of potentials (see [10]), we arrive
at (3). Thus, the volume heat potential (4) meets the boundary condition (3).
Conversely, let us show that the solution to the problem (1)-(3) is unique. Suppose there are
two solutions u;, uy € C?Y(Q). Let u = u; — uy. It is known that u is the solution to the
homogeneous equation u; — u,, = 0 and satisfies the condition (2). Then from (5) we infer

—/ e1(z, s, t — s)ue(E, s)
0

u(t,t)

5 u(s, s)ds—

E=s

+/0 515(25,5,25—8)

t t
—/ e1(t, s, t — s)u(s,s)ds — / e1(t, s, t — s)ue(&,s)|  ds=0.

0 0 =5
Hence and from (3), we obtain u(t,t) = 0,0 < t < 1. Since u € C%!(Q), then by uniqueness
of the solution of the problem with the Dirichlet conditions (Amangalieva,2015,981-995)
u(z,t) =0 in Q. The theorem is proved.
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5 Conclusion

In the paper we obtain a boundary condition for the nonhomogeneous heat equation
considered in the angular domain. It is proven that the heat potential is a unique classical
solution to this problem. The authors express their gratitude to T.Sh. Kalmenov and B.E.
Kanguzhin and to all participants of the Citywide Scientific Seminar "Differential Operators
and Their Applications" for the beneficial discussion of the results. This research is financially
supported by a grant from the Ministry of Science and Education of the Republic of
Kazakhstan, (Grant No. 0824/GF4).

References

[1] M.M. Amangalieva, M.T. Dzhenaliev, M.T. Kosmakova, M.I. Ramazanov, "On one
homogeneous problem for the heat equation in an infinite angular domain”, Sib. math.
jour. 56 (6) (2015): 982-995.

[2] A. Friedman, Partial differential equations of parabolic type (Englewood Cliffs, N.J.:
Prentice-Hall, 1964), 262.

[3] Kal'menov T.Sh., Arepova G.D., "On a heat and mass transfer model for the locally
inhomogeneous initial data”, Vestnik YuUrGU. Ser. Mat. Model. Progr. 9 (2) (2016):
124-129.

[4] Kal’'menov T.Sh., Suragan D., "Boundary conditions for the volume potential for the
polyharmonic equation”, Differential Equations. 48 (4) (2012): 604-608.

[5] Kal'menov T.Sh., Suragan D., "Transfer of Sommerfeld radiation conditions to the
boundary of a bounded domain”, Zh. Vychisl. Mat. i Mat. Fiz. 52 (6) (2012): 1063—
1068.

[6] Kal'menov T.Sh., Suragan D., "Initial boundary value problems for the wave equation”,
Electronic journal of differential equations. 2014 (48) (2014): 1-6.

[7] Kal’'menov T.Sh., Suragan D., "On permeable potential boundary conditions for the
Laplace-Beltrami operator”, Siberian Mathematical Journal. 56 (6) (2015): 1060-1064.

[8] Kal’'menov T.Sh., Suragan D., "To spectral problems for the volume potential”, Dokl.
Math. 80 (2) (2009): 646-649.

[9] Kal’'menov T.Sh., Suragan D., A boundary condition and spectral problems for the
Newton potentials”, Oper. Theory, Adv. Appl. 216 (2011): 187-210.

[10] Kal'menov T.Sh., Tokmagambetov N., "On a nonlocal boundary value problem for the
multidimensional heat equation in a noncylindrical domain ” | Siberian Mathematic
Journal. 54 (6) (2013): 1023-1028.

[11] Suragan D., Tokmagambetov N., ’On transparent boundary conditions for the high-order
heat equation” , Siberian Electronic Math. Reports. 10 (2013): 141-149.

ISSN 1563-0285 Journal of Mathematics, Mechanics, Computer Science Ne4(96)2017



