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Let M be a finite von Neumann algebra equipped with a finite faithful normal trace 7 and let
LP(M,T) be the corresponding noncommutative LP space of T-measurable operators associated
with the couple (M, 7), 1 < p < oco. Let My be the algebra of all complex N x N-matrices
equipped with the standard trace T'r. In this note we study the properties of Arens “algebras” over
finite dimensional matrix spaces, given by Trunov’s construction for noncommutative LP-spaces.
In this work we show that the Arens “algebras” built upon Trunov’s noncommutative LP-spaces
fails to form an algebra in general. We also show that the Arens space L («, h), with 0 < a < 1,
fails to form an algebra in general, even in the setting of finite algebras associated to a trace, in
contrast to L¥ (M, 7). In particular, we provide an example of a finite von Neumann algebra, with
an associated trace, such that L*(«, h) is not an algebra, for any choice of « € [0, 1].
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Anrebpsl Apenca u MaTpudHbIe TPOCTPAHCTBA
Henuc IToramnos ! u @enop Cykoues 2
IMkona MaremaTuku u craructuku 2, Yuusepcurer Hosoro FOxxuoro Yambca, KencuurTow,

HIOY 2052 Ascrpasus

IIyctb M - koneunasi anrebpa ¢on Heiimana, cHabyKeHHasi KOHEYHBIM TOYHBIM HOPMAaJIbHBIM
ciegom 7 u uycrb LP(M,T) - COOTBETCTBYIOIEE HEKOMMYTATUBHOE IPOCTPAHCTBO LP T7-
U3MEPUMBIX OILEPATOPOB, CBA3aHHBIX ¢ napoit (M,7), 1 < p < oco. Ilycte My - anrebpa Bcex
KoMILTeKCHBIX N X N -marpwur], cHaOKEHHBIX CO CTaHIAPTHBIM ciemxoM 17r. B sroit 3ameTke
MBI U3y4daeM CBOHCTBa “airebp”’ ApeHca HaJi KOHEYHOMEPHBIMH MaTPUYHBIMHU IIOCTPAHCTBAMH,
3aJlaHHble KOHCTPyKImel TpyHOBa it HEKOMMYTaTUBHOrO L -mipocTpaHcTBa. B 3T0ii pabore MbI
mokazkeM, 4To “anredbpa”’ Aperca mocTpoeHa Ha HEKOMMYyTaTUBHOM L-tipoctpancrse TpyHoBa He
obpasyior anrebpy. Mbl Tak:Ke oka3biBaeM, 9To IpocrpancTso Apenca LY (o, h), ¢ 0 < a < 1, ne
obpazyer ajredpy, JaxKe B CIydae Korja ajredpa KOHEUHasl, CBI3aHHBIX CO CJIEJIOM, B OTJIMIHE OT
LY (M, 7). B wacrHOCTH, MBI UPUBOJAMM LpUMep KOHe4uHOIl asrebpel ¢on Heiimana ¢ cBsazaHHBIH
caienioM, Takoit, uro L¥(a, h), He siBisiercst aireGpoii, 1uist aoboro seibopa « € [0, 1].
KuaroueBble cjioBa: aJrebpa ¢oun Heiimana, KoHewHbIil ciaen, “anredpnr’  Apemca,
HEKOMMYyTaTuBHbIe LP-1ipocTpaHcTBa.

1 Introduction

Given a von Neumann algebra with a suitable trace, we may consider the now well developed
theory of noncommutative integration (see, for example, [4, 9]). If we do not have a trace, or
wish to consider integration with respect to a state, then the theory becomes substantially
more involved. We may define noncommutative LP-spaces, however in the most common
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approaches, such as those of Haagerup [5, 10|, or Connes and Hilsum [3, 6], the intersection
of any two LP-spaces for different values of p is necessarily trivial.

Our goal is to better understand the properties of noncommutative Arens algebras for
integration with respect to a state. Obviously these constructions with trivial intersection are
not suitable, however there are alternative possibilities. In this note we study the properties
of Arens “algebras” over finite dimensional matrix spaces, given by Trunov’s construction for
noncommutative LP-spaces |11, 12]. This extends our understanding of Arens’ construction
[2] for different noncommutative spaces. This topic has also been investigated by Albeverio,
Ayupov, and Abdullaev [1], who characterise when this construction forms an algebra, for
von Neumann algebras of type I,,.

In this note we show that the Arens space L¥(«, h), with 0 < o < 1, fails to form an
algebra in general, even in the setting of finite algebras associated to a trace, in contrast to
LY (M, 7) |7]. In Section 2 we review the necessary background, and in Section 3 we detail
some intermediate results for matrix algebras. Then in Section 4 we provide an example of
a space which fails to form an algebra for a € (0,1). Finally, in Section 5 we show that the
example also fails to form an algebra for o € {0, 1}.

2 Preliminaries

Let M be a von Neumann algebra equipped with a finite trace 7 and let LP(M, ) be the
noncommutative LP space associated with the couple (M, 1), 1 < p < co. The norm in the
space LP(M, 1) is given by

1
], = (7 «]")7 .
Let h € M be a positive operator such that 7(h) = 1 and let 0 < o < 1. Introduce the

Trunov LP-spaces
LP(a,h) = {x e M: B zht e LP(M,T)} ,

where M is the algebra of all 7-measurable operators [4]. We equip the latter space with the
norm

l-a a

I e

, x € LP(a,h).
P

See [11, 12] for further details.
It can be seen via the Holder inequality that the space

L“M,7r)= () L’(M,7)C L'(M,7)

1<p<o

is an algebra, i.e. zy € LY(M, 1) provided z,y € L“(M, 7). Here we will see that the latter
observation fails in general for the space

LY(a, h) = ﬂ LP(a, h) € LY (M, 7).

1<p<oo

In other words, the spaces L“(«, h) is not an algebra in general.
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3 Matricial case

Let My be the algebra of all complex N x N-matrices equipped with the standard trace T'r.
Let us define the matrices xn and hy by setting

N N
N = E €kl and hN = E 27k€kk,
k=1 k=1

where {e;;} C My are the matrix units. If ||-||, stands for the p-th Schatten-von Neumann
norm on the algebra My (see, for example, [8]), then

La N N WA . 2
] s 3 )
p k=1 k=1
1
< Cap = (1)

N

2 (207 1)

The constant ¢, is finite for every 1 < p < oo and every 0 < a < 1. Furthermore, the
latter constant does not depend on N. On the other hand, we also have that

N
th {L'}kV$Nh]I\)[ Z E, (2)

(1—a) a

which follows easily from calculation of (hy” zjznhi)i= 3.

4 The example

Let us consider the algebra M given by the following direct sum
M =P My.
N=1
We equip the latter algebra with the finite trace 7 defined by
=3 M A= () el
N=1

where E}r is the space of non-negative real valued sequences which are 1-summable. We define
the elements z, h € M by setting

Proposition 4.1. For 0 < a < 1, the space L*(«, h) fails to form an algebra.
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Proof. 1t follows from (1) that x,z* € L¥(a, h) for every 0 < a < 1. Indeed,

1

A g
vk < ( N —c ) < 400
N=1

. — Ay
[E| MR (Z ch;_a,p> < +o0.

N=1
On the other hand, from (2) we also have that

Hx*pr,ah (Z )\NNp 1)

The latter quantity is infinite, subject to appropriate choice of A € ¢!. Thus, we see that the
space L“(a, h) is not an algebra, if 0 < a < 1. ]

|

and

3=

5 The case « =0 and a=1

Proposition 5.1. For o € {0,1}, the space L*(a, h) fails to form an algebra.

Proof. Let us return to the matricial setting of Section 3. According to (1) we clearly have
that
‘ p

and the constant ¢, is finite for every 1 < p < 0o. Moreover, the constant ¢, does not depend
on N.

Observe that the operators zx and x}, are rank one operators and hence they are equiv-
alent, i.e. there is a unitary operator vy € My such that

1

p
hizn|| <cp

Ty = UNTNUN-

Consequently, we obtain that

1 1 1. 1
‘ hﬁﬂ]Nt%N = h}(,x}‘v Z —N§,
p p 2
by unitary invariance.
Indeed, this inequality follows as
iy 1
1
'hm Zz (> ew| =[S0 Leu] = La
k=1 » k=1 »

Repeating the construction of Section 4 with

x—@x]\/ and v—@

N=1

shows that L“(«, h) fails to be an algebra also for o = 0. Considering z* and v* proves that
this also fails for o = 1.
O
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