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Î ïîëíîòå ñèñòåìû êîðíåâûõ ôóíêöèé îáûêíîâåííîãî

äèôôåðåíöèàëüíîãî îïåðàòîðà âòîðîãî ïîðÿäêà ñ

èíòåãðàëüíûìè êðàåâûìè óñëîâèÿìè1

Â ðàáîòå â ôóíêöèîíàëüíîì ïðîñòðàíñòâå L2(0, 1) ðàññìîòðèì îáûêíîâåííûé äèô-
ôåðåíöèàëüíûé îïåðàòîð âòîðîãî ïîðÿäêà L ñ èíòåãðàëüíûìè êðàåâûìè óñëîâèÿìè.
Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ èíòåãðàëüíûìè êðàåâûìè óñëîâèÿìè
âîçíèêàþò â òåîðèè òóðáóëåíòíîñòè è â òåîðèè ìàðêîâñêèõ ïðîöåññîâ. Â ñëó÷àå äâóõ-
òî÷å÷íûõ êðàåâûõ óñëîâèé ïîëíîòà ñèñòåìû ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé
áûëè èçó÷åíû â ðàáîòàõ Ìàðêà Àðîíîâè÷à Íàéìàðêà è äðóãèõ ó÷åíûõ. Ïîëíîòà ñè-
ñòåìû ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé â ñëó÷àå èíòåãðàëüíûõ êðàåâûõ óñëî-
âèé èññëåäîâàíà â ðàáîòàõ Þðèé Èëüè÷à Ëþáè÷à, Àíäðåÿ Àíäðååâè÷à Øêàëèêîâà
è èõ ó÷åíèêîâ. Â äàííîé ñòàòüå èññëåäóåòñÿ âîïðîñ ïîëíîòû ñèñòåìû ñîáñòâåííûõ è
ïðèñîåäèíåííûõ ôóíêöèé â ôóíêöèîíàëüíîì ïðîñòðàíñòâå L2(0, 1). Ïðè íåêîòîðûõ
ïðåäïîëîæåíèÿ íà ãðàíè÷íûå ôóíêöèè ïîëó÷åíî óñëîâèå äëÿ ïîëíîòû ñèñòåìû ñîá-
ñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé îïåðàòîðà L â èñõîäíûõ òåðìèíàõ ãðàíè÷íûõ
ôóíêöèé â ôóíêöèîíàëüíîì ïðîñòðàíñòâå L2(0, 1).
Êëþ÷åâûå ñëîâà : îáûêíîâåííûé äèôôåðåíöèàëüíûé îïåðàòîð, èíòåãðàëüíîå êðà-
åâîå óñëîâèå, ñèñòåìà êîðíåâûõ ôóíêöèé, ïîëíîòà ñèñòåìû.

Kanguzhin B.E., Tokmagambetov N.E.,
On completeness of the system of root functions of a second order ordinary

di�erential operator with integral boundary conditions

In this paper in the functional space L2(0, 1) we consider an ordinary second order
di�erential operator L with integral boundary conditions. Ordinary di�erential equations
with integral boundary conditions arise in the theory turbulence and in the theory of
Markov processes. In the case of two-point boundary conditions the completeness of
the system of eigen- and associated functions were studied in Naimark Naimark and
other scientists. Completeness of the system of eigenfunctions and associated functions
in the case of integral boundary conditions investigated by Yury Ilyich Lubitsch, Andrei
Adreevich Shkalikov and their students. This article arises the question of completeness of
the system of eigenfunctions and associated functions in the functional space L2(0, 1).
In some assumptions on the boundary functions it was obtained the condition for
completeness of the system of eigenfunctions and associated functions of the operator
L in the initial terms of the boundary functions in the functional space L2(0, 1).
Key words:{ordinary di�erential operator, integral boundary condition, system of root
functions, completeness of system.}

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâîãî ôèíàíñèðîâàíèÿ íàó÷íî-òåõíè÷åñêèõ ïðîãðàìì è ïðî-
åêòîâ Êîìèòåòîì íàóêè ÌÎÍ ÐÊ, ãðàíò 0732/ÃÔ, 2012ã.�2014ã.
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�àí¡îæèí Á.Å., Òî©ìà¡àìáåòîâ Í.Å.,
Èíòåãðàëäû© øåêàðàëû© øàðòòàðûìåí áîë¡àí åêiíøi ðåòòi ©àðàïàéûì

äèôôåðåíöèàëäû© îïåðàòîðûíû­ ò³áiðëåñ ôóíêöèÿëàð æ³éåñiíi­

òîëû©òû¡û òóðàëû

Á´ë æ´ìûñòà ôóíêöèîíàëäû© L2(0, 1) êå­iñòiãiíäå èíòåãðàëäû© øåêàðàëû© øàð-
òòàðûìåí áîë¡àí åêiíøi ðåòòi L ©àðàïàéûì äèôôåðåíöèàëäû© îïåðàòîðû ©àðàñòû-
ðûëäû. Èíòåãðàëäû© øåêàðàëû© øàðòòàðûìåí áîë¡àí ©àðàïàéûì äèôôåðåíöèàë-
äû© îïåðàòîðëàð òóðáóëåíòòiê òåîðèÿñûíäà æºíå ìàðêîâòiê ©´áûëûñòàð òåîðèÿñûí-
äà òóûíäàéäû. Åêi í³êòåëiê øåêàðàëû© øàðòòàð æà¡äàéûíäà¡û ìåíøiêòi ôóíêöè-
ÿëàð ìåí ©îñàë©û ôóíêöèÿëàð æ³éåñiíi­ òîëû©òû¡û Ìàðê Àðîíîâè÷ Íàéìàðê ïåí
áàñ©à ¡àëûìäàðäû­ æ´ìûñòàðûíäà çåðòòåëãåí. Èíòåãðàëäû© øåêàðàëû© øàðòòàð
æà¡äàéûíäà¡û ìåíøiêòi ôóíêöèÿëàð ìåí ©îñàë©û ôóíêöèÿëàð æ³éåñiíi­ òîëû©òû-
¡ûÞðèé Èëüè÷ Ëþáè÷, Àíäðåé Àíäðååâè÷Øêàëèêîâ æºíå îëàðäû­ î©óøûëàðûíû­
æ´ìûñòàðûíäà ©àðàñòûðûë¡àí. Á´ë ìà©àëàäà L2(0, 1) ôóíêöèîíàëäû© êå­iñòiãiíäå
ìåíøiêòi ôóíêöèÿëàð ìåí ©îñàë©û ôóíêöèÿëàð æ³éåñiíi­ òîëû©òû¡û çåðòòåëåäi.
Áåðiëãåí øåêàðàëû© ôóíêöèÿëàð òåðìèíiíäå L îïåðàòîðûíû­ ò³áiðëåñ ôóíêöèÿëàð
æ³éåñiíi­ òîëû©òû¡ûíà æåòêiëiêòiê øàðòû òàáûëäû.
Ò³éií ñ°çäåð: {©àðàïàéûì äèôôåðåíöèàëäû© îïåðàòîð, èíòåãðàëäû© øåêàðàëû©
øàðò, ò³áiðëåñ ôóíêöèÿëàð æ³éåñi, æ³éåíi­ òîëû©òû¡û.}

Ââåäåíèå

Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ èíòåãðàëüíûìè êðàåâûìè óñëîâèÿ-
ìè âîçíèêàþò â òåîðèè òóðáóëåíòíîñòè (ñì. ðàáîòó À. Çîììåðôåëüäà [1]) è â òåîðèè
ìàðêîâñêèõ ïðîöåññîâ (ñì. ðàáîòû Ó. Ôåëëåðà [2, 3]). Â ñëó÷àå äâóõòî÷å÷íûõ êðàåâûõ
óñëîâèé ïîëíîòà ñèñòåìû êîðíåâûõ ôóíêöèé áûëè èçó÷åíû â ðàáîòàõ [4, 5, 6, 7, 8, 9] è
äðóãèõ. Ïîëíîòà ñèñòåìû êîðíåâûõ ôóíêöèé â ñëó÷àå èíòåãðàëüíûõ êðàåâûõ óñëîâèé
èññëåäîâàíà â ðàáîòàõ [10, 11] äëÿ îáùèõ èíòåãðàëüíûõ êðàåâûõ óñëîâèé äëÿ îïåðàòîðà
äèôôåðåíöèðîâàíèÿ, â ðàáîòå [12] äëÿ ñïåöèàëüíûõ èíòåãðàëüíûõ êðàåâûõ óñëîâèé äëÿ
îïåðàòîðîâ âûñøèõ ïîðÿäêîâ, äëÿ êðàåâûõ óñëîâèé â âèäå ôóíêöèîíàëîâ äèôôåðåíöè-
àëüíîãî îïåðàòîðà âòîðîãî ïîðÿäêà â ðàáîòå [13] è â ðàáîòå [14] äëÿ ñïåöèàëüíûõ èíòå-
ãðàëüíûõ âîçìóùåíèé ðåãóëÿðíûõ ïî Áèðêãîôó êðàåâûõ óñëîâèé. Çà ïîñëåäíèå ãîäû
ñâîéñòâà áàçèñíîñòè è ïîëíîòû ñèñòåìû êîðíåâûõ âåêòîðîâ îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ îïåðàòîðîâ è èõ ñèñòåì áûëè òàêæå èññëåäîâàíû â ðàáîòàõ [15, 16, 17, 18] è
â ðàáîòàõ äðóãèõ ó÷åíûõ.

Ïóñòü σ1 è σ2 ïðîèçâîëüíûå ôóíêöèè èç ôóíêöèîíàëüíîãî ïðîñòðàíñòâà L2(0, 1).
Ââåäåì öåëûå îò λ ôóíêöèè

∆(λ) =

∣

∣

∣

∣

1− λ < ϕ1(·, λ), σ1(·) > −λ < ϕ2(·, λ), σ1(·) >
−λ < ϕ1(·, λ), σ2(·) > 1− λ < ϕ2(·, λ), σ2(·) >

∣

∣

∣

∣

, (1)

κ1(x, λ) =

∣

∣

∣

∣

ϕ1(x, λ) ϕ2(x, λ)
−λ < ϕ1(·, λ), σ2(·) > 1− λ < ϕ2(·, λ), σ2(·) >

∣

∣

∣

∣

, (2)

κ2(x, λ) =

∣

∣

∣

∣

1− λ < ϕ1(·, λ), σ1(·) > −λ < ϕ2(·, λ), σ1(·) >
ϕ1(x, λ) ϕ2(x, λ)

∣

∣

∣

∣

, (3)
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ãäå < ·, · > ñêàëÿðíîå ïðîèçâåäåíèå ïðîñòðàíñòâà L2(0, 1), ò.å.

< f, g >≡

∫ 1

0

f(x)g(x)dx,

è ϕi(x, λ), i = 1, 2 ñïåöèàëüíûå ôóíäàìåíòàëüíûå ðåøåíèÿ, ò.å. ðåøåíèÿ ñëåäóþùåé
çàäà÷è

l(ϕi(x, λ)) = λϕi(x, λ),

ϕ
(ν−1)
i (0, λ) = δiν , ν = 1, 2.

Îáîçíà÷èì ÷åðåç Λ = {λ1, λ2, . . . } ïîñëåäîâàòåëüíîñòü íóëåé öåëîé ôóíêöèè ∆(λ),
ïðîíóìåðîâàííûå â ïîðÿäêå âîçðàñòàíèÿ èõ ìîäóëåé è ñ ó÷åòîì èõ êðàòíîñòåé. Êàæäûé
íóëü λs ôóíêöèè ∆(λ) èìååò íåêîòîðóþ êðàòíîñòü ms. Ââåäåì ñèñòåìó ôóíêöèé

Y =

{

1

j!

∂jκν(x, λ)

∂λj

∣

∣

∣

λ=λs

, j = 0,ms − 1, ν = 1, 2, λs ∈ Λ

}

.

Ïîñòàíîâêà çàäà÷è è îñíîâíîé ðåçóëüòàò

Ïðîáëåìà 1 Ïðè êàêèõ óñëîâèÿõ íà ôóíêöèè σ1 è σ2 èç L2(0, 1) ñèñòåìà ôóíêöèé Y

îáðàçóåò ïîëíóþ ñèñòåìó â ôóíêöèîíàëüíîì ïðîñòðàíñòâå L2(0, 1)?

Îòìåòèì, ÷òî ñèñòåìà ôóíêöèé Y ïðåäñòàâëÿåò ñèñòåìó êîðíåâûõ ôóíêöèé îïåðà-
òîðà ñ âûðàæåíèåì l(·), â êîòîðûõ ôóíêöèè σ1 è σ2 èãðàþò ðîëü ãðàíè÷íûõ ôóíêöèé.
Ïîäðîáíîñòè îïèñàíû íèæå. Â ñëó÷àå îïåðàòîðà äèôôåðåíöèðîâàíèÿ â êà÷åñòâå êîð-
íåâîé ñèñòåìû âîçíèêàåò ñèñòåìà ýêñïîíåíò, êîòîðàÿ äåòàëüíî èññëåäîâàíà â ðàáîòàõ
À.Ì. Ñåäëåöêîãî [11].

Îïðåäåëåíèå 1 Îáîçíà÷èì ÷åðåç K êëàññ âåêòîð ôóíêöèé (σ1, σ2) ∈ L2(0, 1)×L2(0, 1)
äëÿ êîòîðûõ ñïðàâåäëèâà îöåíêà ñíèçó

|∆(λ)| ≥ C | λ |
1

2 ln(1 + |λ|)exp(| Re
√
λ |),

ãäå êîíñòàíòà C çàâèñèò òîëüêî îò ðàññòîÿíèÿ dist(| λ |, Λ).

Ñôîðìóëèðóåì îñíîâíîé ðåçóëüòàò ðàáîòû.

Òåîðåìà 1 Ïóñòü (σ1, σ2) ∈ K è ñóùåñòâóåò ïðåäåë

lim
ε→0+0

1

ε2

∫ ε

0

∫ 1

1−ε

[σ1(y)σ2(x)− σ1(x)σ2(y)] dydx ̸= 0.

Òîãäà ñèñòåìà êîðíåâûõ ôóíêöèé îïåðàòîðà L ïîëíà â ôóíêöèîíàëüíîì ïðîñòðàíñòâå
L2(0, 1).

Äîêàçàòåëüñòâî òåîðåìû 1 ñîñòîèò èç äâóõ ýòàïîâ:
1) ñíà÷àëà äîêàçûâàåòñÿ ïîëíîòà ñåìåéñòâà ôóíêöèé {κν(·, µ), ν = 1, 2, ∀µ ∈ C} â
L2(0, 1),
2) çàòåì íàéäåíû äîñòàòî÷íûå óñëîâèÿ òîãî, ÷òî ôóíêöèè {κν(·, µ), ν = 1, 2, ∀µ ∈ C} ñ
ïðîèçâîëüíîé òî÷íîñòüþ ìîæíî ïðèáëèçèòü ëèíåéíîé êîìáèíàöèåé ýëåìåíòîâ Y.

Íà ñàìîì äåëå, âî âòîðîé ÷àñòè äîêàçàòåëüñòâà ïîëó÷åíî áîëåå ñèëüíîå óòâåðæäåíèå,
÷åì ïîëíîòà.

ISSN 1563�0285 KazNU Bulletin, ser. math., mech., inf. 2014, �2(81)



Î ïîëíîòå ñèñòåìû êîðíåâûõ ôóíêöèé . . . 75

Óòâåðæäåíèå 1 Ïðè âûïîëíåíèè óñëîâèè òåîðåìû 1 ñóùåñòâóåò ïîñëåäîâàòåëü-
íîñòü ïîëîæèòåëüíûõ ÷èñåë {RN}

∞

N=1, RN → ∞ òàêàÿ, ÷òî âåðíî â L2(0, 1) ðàçëî-
æåíèå

κi(x, µ) = lim
N→∞

∑

|λS |<RN

2
∑

ν=1

ms−1
∑

j=0

c
(ν)
s,ms−1−j

1

j!

∂jκν(x, λ)

∂λj
|λ=λs

, i = 1, 2,

ãäå c
(ν)
s,ms−1−j � àíàëîã êîýôôèöèåíòîâ Ôóðüå ôóíêöèé κi(x, µ), i = 1, 2 ïî ñèñòåìå Y.

Êëàññ êîððåêòíî ðàçðåøèìûõ çàäà÷ è ðåçîëüâåíòà

Â ðàáîòàõ [19, 20] äîêàçàíî ñëåäóþùåå óòâåðæäåíèå

Òåîðåìà 2 (Ì. Îòåëáàåâ) à) Ïðè ëþáîì âûáîðå ôóíêöèé σν , ν = 1, 2 èç ïðîñòðàíñòâà
L2(0, 1) íåëîêàëüíîé êðàåâîé çàäà÷å

l(y(x)) = f(x), 0 < x < 1, (4)

y(ν−1)(0)−

∫ 1

0

l(y(x))σν(x)dx = 0, ν = 1, 2 (5)

â ïðîñòðàíñòâå L2(0, 1) ñîîòâåòñòâóåò îïåðàòîð L, êîòîðûé èìååò âïîëíå íåïðåðûâ-
íûé îáðàòíûé îïåðàòîð L−1.

â) Ïóñòü íåîäíîðîäíîå óðàâíåíèå (4) ñ íåêîòîðûìè äîïîëíèòåëüíûìè óñëîâèÿìè
ïðè ëþáîé ïðàâîé ÷àñòè f ∈ L2(0, 1) èìååò åäèíñòâåííîå ðåøåíèå y â ïðîñòðàíñòâå
W 2

2 [0, 1], äëÿ êîòîðîãî âûïîëíÿåòñÿ àïðèîðíàÿ îöåíêà

∥ y ∥L2(0,1)≤ c ∥ f ∥L2(0,1) .

Òîãäà íàéäåòñÿ åäèíñòâåííûé íàáîð ôóíêöèé {σν , ν = 1, 2} èç ïðîñòðàíñòâà L2(0, 1),
÷òî äîïîëíèòåëüíûå óñëîâèÿ ýêâèâàëåíòíû óñëîâèÿì (5).

Îïåðàòîð ñîîòâåòñòâóþùèé çàäà÷å (4), (5) áóäåì îáîçíà÷àòü ÷åðåç L. Èç òåîðåìû
ñëåäóåò ÷òî âíóòðåííå êðàåâûå óñëîâèÿ (5) ïðè âñåâîçìîæíûõ σ1 è σ2 èç L2(0, 1) îïè-
ñûâàþò âñå êîððåêòíî ðàçðåøèìûå çàäà÷è ñîîòâåòñòâóþùèå âûðàæåíèþ l(·).

Îïðåäåëåíèå 2 Ôóíêöèþ ∆(λ) áóäåì íàçûâàòü õàðàêòåðèñòè÷åñêèì îïðåäåëèòåëåì
êðàåâîé çàäà÷è (4)-(5).

Îïðåäåëåíèå 3 Ôóíêöèè κ1(x, λ) è κ2(x, λ) áóäåì íàçûâàòü ãëàâíûìè ðåøåíèÿìè
óðàâíåíèÿ l(y(x)) = λy(x).

Â äàëüíåéøåì ïîíàäîáÿòñÿ íåêîòîðûå âàæíûå ñâîéñòâà ãëàâíûõ ðåøåíèé.

Ëåììà 1 Äëÿ ëþáûõ êîìïëåêñíûõ ÷èñåë λ ñïðàâåäëèâû ñëåäóþùèå ñîîòíîøåíèÿ:

κ(i−1)
ν (0, λ)− λ

∫ 1

0

κν(x, λ)σi(x)dx = δiν∆(λ).

Â ñëåäóþùåé òåîðåìå äàíî èíòåãðàëüíîå ïðåäñòàâëåíèå ðåçîëüâåíòû îïåðàòîðà L.
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Òåîðåìà 3 Ðåçîëüâåíòà îïåðàòîðà L îïðåäåëÿåòñÿ ñîîòíîøåíèåì

(L− λI)−1f(x) = (L0 − λI)−1f(x) +
2
∑

i=1

κi(x, λ)

∆(λ)
< f(·),Mi(·, λ) >, (6)

ãäå Mi(t, λ) = L∗

0(L
∗

0 − λI)−1σi(t), i = 1, 2, à L∗

0 � ñîïðÿæåííûé îïåðàòîð ê îïåðàòîðó
L0. Çàìåòèì, ÷òî L0 - îïåðàòîð ñîîòâåòñòâóþùèé çàäà÷å (4), (5) ïðè σ1 ≡ σ2 ≡ 0.

Äîêàçàòåëüñòâî îñóùåñòâëÿåòñÿ íåïîñðåäñòâåííîé ïðîâåðêîé.
Îòìåòèì, ÷òî â ðàáîòàõ [21, 22] áûëè ïðåäñòàâëåíû ðåçîëüâåíòû êîððåêòíî çàäàííûõ

çàäà÷ äëÿ îïåðàòîðà Ëàïëàñà è áèãàðìîíè÷åñêîãî îïåðàòîðà. À â ðàáîòå [23] äëÿ îïå-
ðàòîðà n�ðàç äèôôåðåíöèðîâàíèÿ ñ îäíîìåðíûì íåëîêàëüíûì âîçìóùåíèåì êðàåâûõ
óñëîâèé áûëî èçó÷åíî ñâîéñòâî ïîëíîòû êîðíåâûõ ôóíêöèé.

Ñëåäñòâèå 1 Èç ñîîòíîøåíèÿ (6) íåñëîæíî ïîëó÷èòü ñëåäóþùèé âèä ðåçîëüâåíòû
îïåðàòîðà L

(L−λI)−1f(x) = (L0−λI)−1f(x)+
2
∑

i=1

< f(·), L∗

0(L
∗

0 − λI)−1σi(·) >

1− λ < ϕi(·), L∗

0(L
∗

0 − λI)−1σi(·) >
L0(L0−λI)−1ϕi(x).

Ñâîéñòâà íåêîòîðûõ ñåìåéñòâ ôóíêöèé

Â äàëüíåéøåì ñóùåñòâåííóþ ðîëü èãðàåò ñëåäóþùàÿ ëåììà.

Ëåììà 2 Äëÿ ëþáûõ êîìïëåêñíûõ λ è µ ñïðàâåäëèâî ìàòðè÷íîå òîæäåñòâî

[

< κ1(·, λ),M1(·, µ) > < κ1(·, λ),M2(·, µ) >
< κ2(·, λ),M1(·, µ) > < κ2(·, λ),M2(·, µ) >

]

=
∆(µ)−∆(λ)

λ− µ

[

1 0
0 1

]

+

+∆(µ)

[

κ′

1(0, λ) κ1(0, λ)
κ′

2(0, λ) κ2(0, λ)

]

[

κ′

1(0, µ) κ1(0, µ)
κ′

2(0, µ) κ2(0, µ)

]

−1

−

[

κ′

1(0, λ) κ1(0, λ)
κ′

2(0, λ) κ2(0, λ)

]

−1

λ− µ
.

Äîêàçàòåëüñòâî. Ðàññìîòðèì âûðàæåíèå

λ < κ1(·, λ),M1(·, µ) >= λ < κ1(·, λ), σ1(·) > +

+µ < l(κ1(·, λ)), (L
∗

0 − µI)−1σ1(·) > .

Çäåñü ó÷òåíî, ÷òî Mν(t, µ) = σµ(t) + µ(L∗

0 − µI)−1σν(t), ν = 1, 2 è l(κ(·, λ)) = λκ(·, λ).
Èñïîëüçóÿ ëåììó 1 è èçâåñòíóþ ôîðìóëó Ëàãðàíæà [4], à òàêæå òî, ÷òî

(L∗

0 − µI)−1σν(t)|t=1 = 0,
∂

∂t
(L∗

0 − µI)−1σν(t)|t=1 = 0,

ïåðåïèøåì ðàññìàòðèâàåìîå âûðàæåíèå â âèäå

λ < κ1(·, λ),M1(·, µ) >= −∆(λ) + κ1(0, λ) + µ < κ1(·, λ), L
∗

0(L
∗

0 − µI)−1σ1(·) > +
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µ
[

κ′

1(0, λ)(L
∗

0 − µI)−1σ1(x)
∣

∣

∣

x=0
− κ1(0, λ)

∂

∂x
(L∗

0 − µI)−1σ1(x)

∣

∣

∣

∣

x=0

]

.

Ïîñêîëüêó M1(·, µ) = L∗

0(L
∗

0 − µI)−1σ1(·), òî ïîñëåäíåå ñîîòíîøåíèå çàïèøåì â âèäå

(λ− µ) < κ1(·, λ),M1(·, µ) >= κ1(0, λ)−∆(λ)+

+µ

[

κ′

1(0, λ)(L
∗

0 − µI)−1σ1(x)
∣

∣

∣

x=0
− κ1(0, λ)

∂

∂x
(L∗

0 − µI)−1σ1(x)

∣

∣

∣

∣

x=0

]

. (7)

Ïóñòü λ = µ. Òîãäà èç ñîîòíîøåíèÿ (7) ïîëó÷àåì ðàâåíñòâî

µ
[

κ′

1(0, µ)(L
∗

0 − µI)−1σ1(x)
∣

∣

∣

x=0
− κ1(0, µ)

∂

∂x
(L∗

0 − µI)−1σ1(x)

∣

∣

∣

∣

x=0

]

= ∆(µ)−κ1(0, µ). (8)

Òî÷íî òàêæå êàê ïîëó÷åíû ñîîòíîøåíèÿ (7) è (8), èñõîäÿ èç âûðàæåíèÿ λ < κ1(·, λ);M2(·, µ) >,
ïðèõîäèì ê ñîîòíîøåíèÿì

(λ− µ) < κ1(·, λ);M2(·, µ) >= κ′

1(0, λ) + µ[κ′

1(0, λ)(L
∗

0 − µI)−1σ2(x)
∣

∣

∣

x=0
−

− κ1(0, λ)
∂

∂x
(L∗

0 − µI)−1σ2(x)

∣

∣

∣

∣

x=0

]

, (9)

µ
[

κ′

1(0, µ)(L
∗

0 − µI)−1σ2(x)
∣

∣

∣

x=0
− κ1(0, µ)

∂

∂x
(L∗

0 − µI)−1σ2(x)

∣

∣

∣

∣

x=0

]

= −κ′

1(0, µ). (10)

Àíàëîãè÷íî ïðèõîäèì ê ñîîòíîøåíèÿì

(λ− µ) < κ2(·, λ),M1(·, µ) >= κ2(0, λ)+

+ µ
[

κ′

2(0, λ)(L
∗

0 − µI)−1σ1(x)
∣

∣

∣

x=0
− κ2(0, λ)

∂

∂x
(L∗

0 − µI)−1σ1(x)

∣

∣

∣

∣

x=0

]

, (11)

µ
[

κ′

2(0, µ)(L
∗

0 − µI)−1σ1(x)
∣

∣

∣

x=0
− κ2(0, λ)

∂

∂x
(L∗

0 − µI)−1σ1(x)

∣

∣

∣

∣

x=0

]

= −κ2(0, µ). (12)

(λ− µ) < κ2(·, λ),M2(0, µ) >= κ′

2(0, λ)−∆(λ)+

µ
[

κ′

2(0, λ)(L
∗

0 − µI)−1σ2(x)
∣

∣

∣

x=0
− κ2(0, λ)

∂

∂x
(L∗

0 − µI)−1σ2(x)

∣

∣

∣

∣

x=0

]

, (13)

µ
[

κ′

2(0, µ)(L
∗

0 − µI)−1σ2(x)
∣

∣

∣

x=0
− κ2(0, λ)

∂

∂x
(L∗

0 − µI)−1σ2(x)

∣

∣

∣

∣

x=0

]

= ∆(µ)−κ′

2(0, µ). (14)

Ðàññìîòðèì ñèñòåìó ñîîòíîøåíèé (8), (12) è íàéäåì èç íåå çíà÷åíèÿ

µ(L∗

0 − µI)−1σ1(x)
∣

∣

∣

x=0
,− µ

∂

∂x
(L∗

0 − µI)−1σ1(x)

∣

∣

∣

∣

x=0

.

Äëÿ ýòîãî ñèñòåìó ñîîòíîøåíèé (8), (12) çàïèøåì â âåêòîðíî�ìàòðè÷íîé ôîðìå.

[

κ′

1(0, µ) κ1(0, µ)
κ′

2(0, µ) κ2(0, µ)

]

[

µ(L∗

0 − µI)−1σ1(x)|x=0

−µ ∂
∂x
(L∗

0 − µI)−1σ1(x)|x=0

]

=

[

∆(µ)− κ1(0, µ)
−κ2(0, µ)

]

.
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Åñëè ∆(µ) ̸= 0, òî ïîñëåäíåå âûðàæåíèå ïðèìåò âèä
[

µ(L∗

0 − µI)−1σ1(x)|x=0

−µ ∂
∂x
(L∗

0 − µI)−1σ1(x)|x=0

]

=

[

κ′

1(0, µ) κ1(0, µ)
κ′

2(0, µ) κ2(0, µ)

]

−1 [
∆(µ)− κ1(0, µ)

−κ2(0, µ)

]

.

Àíàëîãè÷íî èç ñèñòåìû ñîîòíîøåíèé (10) è (14) íàõîäèì
[

µ(L∗

0 − µI)−1σ2(x)|x=0

−µ ∂
∂x
(L∗

0 − µI)−1σ2(x)|x=0

]

=

[

κ′

1(0, µ) κ1(0, µ)
κ′

2(0, µ) κ2(0, µ)

]

−1 [
−κ′

1(0, µ)
∆(µ)− κ′

2(0, µ)

]

.

Òåïåðü ïîäñòàâëÿÿ íàéäåííûå çíà÷åíèÿ

µ(L∗

0 − µI)−1σ1(x)
∣

∣

∣

x=0
,− µ

∂

∂x
(L∗

0 − µI)−1σ1(x)

∣

∣

∣

∣

x=0

,

µ(L∗

0 − µI)−1σ2(x)
∣

∣

∣

x=0
, − µ

∂

∂x
(L∗

0 − µI)−1σ2(x)

∣

∣

∣

∣

x=0

â ñèñòåìó ñîîòíîøåíèé (7), (9), (11), (13), ïîëó÷èì ìàòðè÷íîå ðàâåíñòâî

(λ−µ)

[

< κ1(·, λ),M1(·, µ) > < κ1(·, λ),M2(·, µ) >
< κ2(·, λ),M1(·, µ) > < κ2(·, λ),M2(·, µ) >

]

=

[

κ1(0, λ)−∆(λ) κ′

1(0, λ)
κ2(0, λ) κ′

2(0, λ)−∆(λ)

]

+

[

κ′

1(0, λ) κ1(0, λ)
κ′

2(0, λ) κ2(0, λ)

] [

κ′

1(0, µ) κ1(0, µ)
κ′

2(0, µ) κ2(0, µ)

]

−1 [
∆(µ)− κ1(0, µ) −κ′

1(0, µ)
−κ2(0, µ) ∆(µ)− κ′

2(0, µ)

]

.

Ïðàâóþ ÷àñòü ïîñëåäíåãî ìàòðè÷íîãî ðàâåíñòâà ïðåîáðàçóåì ê âèäó

(λ− µ)

[

< κ1(·, λ),M1(·, µ) > < κ1(·, λ),M2(·, µ) >
< κ2(·, λ),M1(·, µ) > < κ2(·, λ),M2(·, µ) >

]

=

[

κ1(0, λ) κ′

1(0, λ)
κ2(0, λ) κ′

2(0, λ)

]

−

−∆(λ)

[

1 0
0 1

]

+

[

κ′

1(0, λ) κ1(0, λ)
κ′

2(0, λ) κ2(0, λ)

] [

κ′

1(0, µ) κ1(0, µ)
κ′

2(0, µ) κ2(0, µ)

]

−1

∆(µ)−

−

[

κ′

1(0, λ) κ1(0, λ)
κ′

2(0, λ) κ2(0, λ)

] [

κ′

1(0, µ) κ1(0, µ)
κ′

2(0, µ) κ2(0, µ)

]

−1 [
κ1(0, µ) κ′

1(0, µ)
κ2(0, µ) κ′

2(0, µ)

]

.

Èñïîëüçóÿ ñëåäóþùåå ìàòðè÷íûå òîæäåñòâà
[

κ′

1(0, λ) κ1(0, λ)
κ′

2(0, λ) κ2(0, λ)

]

=

[

κ1(0, λ) κ′

1(0, λ)
κ2(0, λ) κ′

2(0, λ)

] [

0 1
1 0

]

,

[

κ′

1(0, µ) κ1(0, µ)
κ′

2(0, µ) κ2(0, µ)

]

−1

=

[

0 1
1 0

]

−1 [
κ1(0, µ) κ′

1(0, µ)
κ2(0, µ) κ′

2(0, µ)

]

−1

ïîñëåäíåå ðàâåíñòâî çàïèøåì â âèäå

(λ− µ)

[

< κ1(·, λ),M1(·, µ) > < κ1(·, λ),M2(·, µ) >
< κ2(·, λ),M1(·, µ) > < κ2(·, λ),M2(·, µ) >

]

= (∆(µ)−∆(λ))

[

1 0
0 1

]

+
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[

κ′

1(0, µ) κ1(0, µ)
κ′

2(0, µ) κ2(0, µ)

]

(

[

κ′

1(0, µ) κ1(0, µ)
κ′

2(0, µ) κ2(0, µ)

]

−1

−

[

κ′

1(0, λ) κ1(0, λ)
κ′

2(0, λ) κ2(0, λ)

]

−1
)

∆(µ).

Èòàê, ïîëó÷èëè òðåáóåìîå ìàòðè÷íîå òîæäåñòâî.
Ëåììà 2 ïîëíîñòüþ äîêàçàíà.

Ïîñêîëüêó ñïåêòð îïåðàòîðà L äèñêðåòåí, òî íàéäåòñÿ íåîãðàíè÷åííî ðàñòóùàÿ ïî-
ñëåäîâàòåëüíîñòü {RN} ðàäèóñîâ òàêèõ, ÷òî íà ñîîòâåòñòâóþùèõ îêðóæíîñòÿõ |λ| = RN

íåò òî÷åê ñïåêòðà îïåðàòîðà. Ïóñòü AN = {λ ∈ C : |λ| = RN}. Â äàëüíåéøåì ñ÷èòà-
åì, ÷òî RN âûáðàíû òàê ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî dist(AN ,Λ) > δ > 0 äëÿ âñåõ
N. Ðàññìîòðèì ïîäïîñëåäîâàòåëüíîñòü ÷àñòè÷íûõ ñóìì ñîîòâåòñòâóþùèå âûáðàííûì
îêðóæíîñòÿì

(SNf)(x) =
∑

|λs|<RN

Psf(x) = −
1

2πi

∮

|λ|=RN

(L− λI)−1f(x)dλ

äëÿ ïðîèçâîëüíîé ôóíêöèè f èç ïðîñòðàíñòâà L2(0, 1), à Ps � ïðîåêòîð [24].
Òàê êàê λs ñîáñòâåííîå çíà÷åíèå îïåðàòîðà L àëãåáðàè÷åñêîé êðàòíîñòè ms, òîãäà

∆(λs) = ∆′(λs) = · · · = ∆(ms−1)(λs) = 0,∆(ms)(λs) ̸= 0.

Äëÿ äîñòàòî÷íî ìàëîãî δ > 0 îïðåäåëèì ïðîåêòîð

Psf(x) ≡ −
1

2πi

∮

|λ−λs|=δ

(L− λI)−1f(x)dλ =

= −

2
∑

ν=1

1

(ms − 1)!
lim
λ→λs

∂ms−1

∂λms−1

(

κν(x, λ)
(λ− λs)

ms

∆(λ)
< f,Mν(t, λ) >

)

=

= −

ms−1
∑

j=0

2
∑

ν=1

1

j!

∂jκν(x, λ)

∂λj

∣

∣

∣

∣

∣

λ=λs

1

(ms − 1− j)!
lim
λ→λs

∂ms−1−j

∂λms−1−j

(

(λ− λs)
ms < f,Mν(t, λ) >

∆(λ)

)

.

Òàêèì îáðàçîì, ïðîåêòîð Ps ïðåäñòàâëÿåò êîíå÷íîìåðíûé èíòåãðàëüíûé îïåðàòîð

Psf =
2
∑

ν=1

ms−1
∑

j=0

< f, h
(ν)
s,ms−1−j > y

(ν)
s, j ,

ãäå

y
(ν)
s, j(x) =

1

j!
lim
λ→λs

∂j

∂λj
κν(x, λ),

h
(ν)
s,ms−1−j(x) =

1

(ms − s− j)!
lim
λ→λs

∂ms−1−j

∂λ
ms−1−j

(

(λ− λs)
ms

∆(λ)
·Mν(x, λ)

)

.
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Çàìåòèì, ÷òî ïðè ν = 1, 2 öåïî÷êà ôóíêöèé {y
(ν)
s,j , j = 0, . . . , ms − 1} óäîâëåòâîðÿåò

óñëîâèÿì (5), à òàêæå äèôôåðåíöèàëüíûì ñîîòíîøåíèÿì

l(y
(ν)
s, j(x)) = λsy

(ν)
s, j(x) + y

(ν)
s, j−1(x), j ≥ 1,

l(y
(ν)
s, 0(x)) = λsy

(ν)
s, 0(x).

Åñëè y
(ν)
s, 0 ̸= 0 â ñìûñëå L2, òî óêàçàííàÿ öåïî÷êà ïðåäñòàâëÿåò ñèñòåìó êîðíåâûõ

ôóíêöèé îïåðàòîðà L. Îñíîâíàÿ öåëü ðàáîòû èññëåäîâàòü ïîëíîòó ñèñòåìû ôóíêöèé

Y ≡ {y
(ν)
s, j , ν = 1, 2, j = 0, ms − 1, λs ∈ Λ}

â ôóíêöèîíàëüíîì ïðîñòðàíñòâå L2(0, 1). Ñèñòåìó ôóíêöèé Y áóäåì íàçûâàòü ñèñòåìîé
êîðíåâûõ ôóíêöèé, ïîðîæäåííîé îïåðàòîðîì L.

Îáîçíà÷èì ÷åðåç QNf = f − SNf è íàçîâåì åå îñòàòî÷íûì ÷ëåíîì ôóíêöèè f. Êî-
ãäà f(x) = κν(x, λ), ν = 1, 2 óäàåòñÿ ïîëó÷èòü èíòåãðàëüíîå ïðåäñòàâëåíèå îñòàòî÷íîãî
÷ëåíà. Òî åñòü, ñïðàâåäëèâà

Ëåììà 3 Ïðè ëþáîì êîìïëåêñíîì µ òàêîì, ÷òî |µ| < RN ñïðàâåäëèâà èíòåãðàëüíàÿ
ôîðìóëà îñòàòî÷íîãî ÷ëåíà

QNκν(x, µ) =
1

2πi

∮

|λ|=RN

∆(µ)

∆(λ)(λ− µ)
κν(x, µ)dλ

ïðè ν = 1, 2.

Äîêàçàòåëüñòâî. Çàïèøåì

SNκ1(x, µ) = −
1

2πi

2
∑

ν=1

∮

|λ|=RN

κν(x, λ)

∆(λ)
< κν(·, µ);Mν(·, λ) > dλ =

= −
1

2πi

∮

|λ|=RN

[

< κ1(·, µ);M1(·, λ) > < κ1(·, µ);M2(·, λ) >
]

[

κ1(x,λ)
∆(λ)

κ2(x,λ)
∆(λ)

]

dλ. (15)

Àíàëîãè÷íî

SNκ2(x, µ) = −
1

2πi

∮

|λ|=RN

[

< κ2(·, µ);M1(·, λ) > < κ2(·, µ);M2(·, λ) >
]

[

κ1(x,λ)
∆(λ)

κ2(x,λ)
∆(λ)

]

dλ. (16)

Â äàëüíåéøåì ôîðìóëû (15), (16) çàïèøåì â ìàòðè÷íîé ôîðìå

[

SNκ1(x, µ)
SNκ2(x, µ)

]

= −
1

2πi

∮

|λ|=RN

[

< κ1(·, µ);M1(·, λ) > < κ1(·, µ);M2(·, λ) >

< κ2(·, µ);M1(·, λ) > < κ2(·, µ);M2(·, λ) >

]

[

κ1(x,λ)
∆(λ)

κ2(x,λ)
∆(λ)

]

dλ.

Èñïîëüçóÿ ëåììó 2 ïîñëåäíåå ðàâåíñòâî çàïèøåì â âèäå

[

SNκ1(x, µ)
SNκ2(x, µ)

]

= −
1

2πi

∮

|λ|=RN

[

∆(µ)−∆(λ)
λ−µ

0

0 ∆(µ)−∆(λ)
λ−µ

][

κ1(x,λ)
∆(λ)

κ2(x,λ)
∆(λ)

]

dλ−
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−
1

2πi

∮

|λ|=RN

[

κ′

1(0, µ) κ1(0, µ)
κ′

2(0, µ) κ2(0, µ)

]











[

κ′

1(0, λ) κ1(0, λ)
κ′

2(0, λ) κ2(0, λ)

]

−1

−

[

κ′

1(0, µ) κ1(0, µ)
κ′

2(0, µ) κ2(0, µ)

]

−1

λ− µ











∆(λ)dλ.

Ïîñëåäíèé èíòåãðàë â ïðàâîé ÷àñòè ïîëó÷åííîãî òîæäåñòâà ïî òåîðåìå Êîøè ðàâåí
íóëþ, ïîñêîëüêó ïîäûíòåãðàëüíàÿ ôóíêöèÿ ìîæåò èìåòü òîëüêî óñòðàíèìûå èçîëèðî-
âàííûå îñîáûå òî÷êè. Òàêèì îáðàçîì, èìååì âåêòîðíîå òîæäåñòâî

SN

[

κ1(x, µ)
κ2(x, µ)

]

=
1

2πi

∮

|λ|=RN

[

κ1(x,λ)
λ−µ

κ2(x,λ)
λ−µ

]

dλ−
1

2πi

∮

|λ|=RN

∆(µ)

∆(λ)

[

κ1(x,µ)
λ−µ

κ2(x,µ)
λ−µ

]

dλ. (17)

Ó÷èòûâàÿ ñëåäóþùèå ðàâåíñòâà

1

2πi

∮

|λ|=RN

κ1(x, λ)

λ− µ
dλ =







κ1(x, µ), |µ| < RN ;
1
2
κ1(x, µ), |µ| = RN ;

0, |µ| > RN ;
(18)

1

2πi

∮

|λ|=RN

κ2(x, λ)

λ− µ
dλ =







κ2(x, µ), |µ| < RN ;
1
2
κ2(x, µ), |µ| = RN ;

0, |µ| > RN ;
(19)

èç ñîîòíîøåíèÿ (17) ïîëó÷èì èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ îñòàòî÷íîãî ÷ëåíàQNκν(x, µ), ν =
1, 2.

Ëåììà 3 ïîëíîñòüþ äîêàçàíà.

Òåïåðü èññëåäóåì ïîëíîòó ñåìåéñòâà ôóíêöèé {κ1(x, µ), κ2(x, µ), ∀µ ∈ C} â ôóíêöè-
îíàëüíîì ïðîñòðàíñòâå L2(0, 1).

Òåîðåìà 4 Äëÿ ëþáîãî íàáîðà ãðàíè÷íûõ ôóíêöèé {σν , ν = 1, 2} èç ïðîñòðàíñòâà
L2(0, 1) ñåìåéñòâî ôóíêöèé {κν(x, µ), ν = 1, 2, ∀µ ∈ C} ïîëíà â L2(0, 1).

Äîêàçàòåëüñòâî. Ïóñòü h ∈ L2(0, 1) è îðòîãîíàëüíà ñèñòåìå ôóíêöèé {κν(·, µ), ν =
1, 2, ∀µ ∈ C}. Òîãäà ∀µ ∈ C ñïðàâåäëèâî

∫ 1

0

κ1(x, λ)h(x)dx =

∣

∣

∣

∣

∣

∫ 1

0
ϕ1(x, λ)h(x)dx

∫ 1

0
ϕ2(x, λ)h(x)dx

−λ
∫ 1

0
ϕ1(τ, λ)σ2(τ)dτ 1− λ

∫ 1

0
ϕ2(τ, λ)σ2(τ)dτ

∣

∣

∣

∣

∣

= 0. (20)

Îáîçíà÷èâ ÷åðåç Ci(λ) =
∫ 1

0
ϕi(x, λ)h(x)dx, i = 1, 2 çàïèøåì ïîëó÷åííîå ðàâåíñòâî â

ñëåäóþùåì âèäå

α11(λ)C1(λ) + α12(λ)C2(λ) = 0, (21)

ãäå α1i(λ), i = 1, 2 ñîîòâåòñòâóþùèå àëãåáðàè÷åñêèå äîïîëíåíèÿ ê Ci(λ), i = 1, 2 èç (20).
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Àíàëîãè÷íûìè ðàññóæäåíèÿìè äëÿ κ2(x, λ) ïîëó÷èì

α21(λ)C1(λ) + α22(λ)C2(λ) = 0, (22)

Òàê êàê îïðåäåëèòåëü

Θ(λ) =

∣

∣

∣

∣

α11(λ) α12(λ)
α21(λ) α22(λ)

∣

∣

∣

∣

ïîëó÷åííûé èç ñèñòåìû (21)�(22) ÿâëÿåòñÿ öåëîé ôóíêöèåé, òî èç Θ(0) = 1 íàéäåòñÿ
γ > 0 ÷òî äëÿ âñåõ | λ |< γ: Θ(λ) ̸= 0. Òîãäà â ýòîé æå îêðåñòíîñòè Ci(λ) ≡ 0, i = 1, 2. Òî
èç òîãî ÷òî â êàæäîé íåíóëåâîé îêðåñòíîñòè êîëè÷åñòâî òî÷åê êîíòèíóóì, è èç ïîëíîòû
ñåìåéñòâà ôóíêöèé {ϕ(x, λ), i = 1, 2} [23] ñëåäóåò h(x) = 0 ïî÷òè âñþäó â L2(0, 1).

Òåîðåìà 4 ïîëíîñòüþ äîêàçàíà.

Àïïðîêñèìàöèÿ ãëàâíûõ ðåøåíèé ñèñòåìîé êîðíåâûõ ôóíêöèé

Â äàííîì ïóíêòå èññëåäóåì àïïðîêñèìàòèâíûå ñâîéñòâà ãëàâíûõ ðåøåíèé ñèñòåìîé
êîðíåâûõ ôóíêöèé Y îïåðàòîðà L.

Èç ðàáîòû [4] èçâåñòíû ñëåäóþùèå àñèìïòîòèêè

ϕ1(x, λ) = cos(
√
λx)[1], ϕ2(x, λ) =

sin(
√
λx)

√
λ

[1], (23)

ãäå [1] = 1 +O( 1
√

λ
).

Ðàññìîòðèì õàðàêòåðèñòè÷åñêóþ ôóíêöèþ

∆(λ) =

∣

∣

∣

∣

1− λ < ϕ1(·, λ), σ1(·) > −λ < ϕ2(·, λ), σ1(·) >
−λ < ϕ1(·, λ), σ2(·) > 1− λ < ϕ2(·, λ), σ2(·) >

∣

∣

∣

∣

=

= 1−λ(< ϕ1(·, λ), σ1(·) > + < ϕ2(·, λ), σ2(·) >)+λ2

∣

∣

∣

∣

< ϕ1(·, λ), σ1(·) > < ϕ2(·, λ), σ1(·) >
< ϕ1(·, λ), σ2(·) > < ϕ2(·, λ), σ2(·) >

∣

∣

∣

∣

,

òî ó÷èòûâàÿ ÷òî

∣

∣

∣

∣

< ϕ1(·, λ), σ1(·) > < ϕ2(·, λ), σ1(·) >
< ϕ1(·, λ), σ2(·) > < ϕ2(·, λ), σ2(·) >

∣

∣

∣

∣

=

∫ 1

0

∫ 1

0

∣

∣

∣

∣

ϕ1(x, λ) ϕ2(y, λ)
ϕ1(x, λ) ϕ2(y, λ)

∣

∣

∣

∣

σ1(x)σ2(y)dxdy =

=

∫ 1

0

∫ 1

0

[ϕ1(x, λ)ϕ2(y, λ)− ϕ1(y, λ)ϕ2(x, λ)] σ1(x)σ2(y)dxdy =

=

∫ 1

0

∫ 1

0

sin
√
λ(x− y)
√
λ

[1]σ1(x)σ2(y)dxdy

ïîëó÷èì ñïðàâåäëèâîñòü ñëåäóþùåé ëåììû.

Ëåììà 4 Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 1. Òîãäà íàéäóòñÿ òàêèå êîíñòàíòû
C1, C2, C3 è C4, êîòîðûå çàâèñÿò òîëüêî îò ðàññòîÿíèÿ dist(| λ |, Λ), ÷òî

C1 | λ |
1

2 ln(1 + |λ|)exp(| Re
√
λ |) ≤| ∆(λ) |≤ C2 | λ |

3

2 exp(| Re
√
λ |)
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è íåçàâèñèìî îò âûïîëíåíèÿ óñëîâèé òåîðåìû 1 ñïðàâåäëèâû îöåíêè ñâåðõó

| α11(λ) |≤ C3 | λ |
1

2 exp(| Re
√
λ |)

è

| α22(λ) |≤ C4 | λ | exp(| Re
√
λ |).

Ëåììà 5 Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 1. Òîãäà äëÿ ëþáîãî êîìïëåêñíîãî
÷èñëà µ è i = 1, 2 ñïðàâåäëèâî ïðåäåëüíîå ñîîòíîøåíèå

lim
RN→∞

∥κi(·, µ)−
∑

|λs|<RN

2
∑

ν=1

ms−1
∑

j=0

< κi(·, µ), h
(ν)
s,ms−1−j(·) > y

(ν)
s, j(·)∥ = 0,

ãäå íîðìà ∥ · ∥ ïîíèìàåòñÿ â ñìûñëå íîðìû L2(0, 1).

Äîêàçàòåëüñòâî. Äîêàæåì ñïðàâåäëèâîñòü ëåììû ïðè i = 1, à ñëó÷àé êîãäà i = 2
äîêàçûâàåòñÿ àíàëîãè÷íûì îáðàçîì. Ðàññìîòðèì íîðìó ïîãðåøíîñòè â L2(0, 1)

∥QNκ1(x, µ)∥ = sup
∥g∥=1

| < QNκ1(·, µ), g(·) > |

= sup
∥g∥=1

∣

∣

∣

∣

1

2πi

∮

|λ|=RN

∆(µ)

∆(λ)(λ− µ)
< κ1(·, λ), g(·) > dλ

∣

∣

∣

∣

≤

≤
| ∆(µ) |

2π
sup
∥g∥=1

∣

∣

∣

∣

∮

|λ|=RN

< κ1(·, λ), g(·) >

∆(λ)(λ− µ)
dλ

∣

∣

∣

∣

=

=
| ∆(µ) |

2π
sup
∥g∥=1

∣

∣

∣

∣

∮

|λ|=RN

α11(λ)−∆(λ, g, σ2)

∆(λ, σ1, σ2)(1−
µ
λ
)

dλ

λ2

∣

∣

∣

∣

≤

≤
| ∆(µ) |

2π
sup
∥g∥=1

∣

∣

∣

∣

∮

|λ|=RN

α11(λ)

∆(λ, σ1, σ2)(1−
µ
λ
)

dλ

λ2

∣

∣

∣

∣

+

+
| ∆(µ) |

2π
sup
∥g∥=1

∣

∣

∣

∣

∮

|λ|=RN

∆(λ, g, σ2)

∆(λ, σ1, σ2)(1−
µ
λ
)

dλ

λ2

∣

∣

∣

∣

,

ãäå g ∈ L2(0, 1), öåëàÿ ôóíêöèÿ ∆(λ, σ1, σ2) := ∆(λ) îïðåäåëÿåòñÿ ñîãëàñíî ôîðìóëå (1).
Ó÷èòûâàÿ ïîëó÷åííîå íåðàâåíñòâî è èç ëåììû 4 ñëåäóåò ïðåäåëüíîå ñîîòíîøåíèå

lim
RN→∞

∥QN(·, µ)∥ = 0.

Ëåììà 5 äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 1 ÿâëÿåòñÿ ñëåäñòâèåì ëåììû 5.
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