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The linear systems of partial differential equations of the first order with the identical main parts
is considered. Applying the well-known relation between a normal system of ordinary differential
equations and a linear system of partial differential equations of the first order with the same
main parts, the existence of integral basis of a linear inhomogeneous system of partial differential
equations of the first order adjoining to some solution of the same linear inhomogeneous system
of differential equations with partial derivatives of the first order is proved. A sign at which the
nonlinear system of ordinary differential equations has a neighborhood such that any solution with
initial values from it tends to zero is found. Using the equivalence of a linear system of partial
differential equations of the first order with identical main parts to a linear differential equation
with partial derivatives of the first order, the existence of integral basis of the adjoining to zero
linear homogeneous system of partial differential equations of first order with nonlinear coefficients
is shown.
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Bacrer Gesikrepi 6Gipmeit Oipinmi perti jgepbec TYBIHABLIBL IUM@EPEHITUANIBIK, TEeHIEYIEPIIH
CBI3BIKTHI Kyiiesiepi KapacTeipbliaibl. 2Kait muddepeHuaiIbK, TeHIeYIePIiH KaJIbIIThl XKYyitec
MeH GacTbl OestikTepi bip/eit Gipinmi perTi gepbec TYBIHABLIB AuddePEHINATIBIK, TEHIEYIEPIIH
CBIBBIKTHI JKylesiepi apachblHIarbl aflKblH OailJIaHBICTHI TaliTaaHa OTBIPHII, CBI3BIKTHI OipTeKTi
emMec OipinIri perTi gepbec TYBIHABLIB AuddepeHITnaIIbIK TeHIeYIeP/IiH, *KoHe 0Cchbl OipiHImi peTTi
Jiepbec TYBIHIBLIBI ChI3BIKTHI OipTeKTi eMec aud pepeHnnaIbK, TeHIeyIep KyieciHiy Kaiicibip
IIermiMiie KaJIFacaThlH WHTErpasabl basuc Oap exeni kepcerinren. 2Kait auddpepeHImaIbIK,
TEHJIEYTEPIIH CHI3BIKTHI €MeC >KYHeCiHiH CcOoHaail MaHaibl OOJYLIHBIH CHIIATHI TaOBLIFAH, COJI
MaHaiIarel 0ACTANKBI MOHIAEPI AJBIHFAH Ke3 KEJTeH IMeIIiM HeJre YMTBLIaAbl. Dipinmi perti
nepbec TYBIHABLIBI auddepeHnnaaIbK TeHIeyIepaiH, KaJbIIThl XKyiteci xKoHe OacThl GesikTepi
Gipmeit 6ipintri peTTi Aepbdec TYBIHIBLILI AuddOEPEHITHAIBIK, TEHIECYIEP/IiH ChI3bIKTHI YKy HeTepiiy,
SKBHUBAJIEHTTIIH MaliJA/IaHbIN, HOJI'e KaJFacarTbiH, KOI(MMUIEHTTEPI CHI3BIKTHI emec Oipinmi
perTi aepbec TyBIHIBLIBL CHI3BIKTHI OIpTEeKTi Aud depeHnnaabK, TeHAEYIep KYHeCiHiH nTerpaiibl
0a3MCHIHBIH, Oap €KeHi IoJIe/IeIeHreH
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PaccmarpuBatorcst  smHelinble  cucreMbl  auddepeHnua bHbBIX  YPABHEHWH € 9aCTHBIMU
MIPOU3BOJHBIMU TIEPBOTO TMOPAIKA C OJMHAKOBLIME TJIABHBIMU dYacTaMU. lIpuMenss m3BecTHYIO
CBA3b MEXK/y HOPMAJbHON CHCTEMON OOBIKHOBEHHBIX JuddepeHInaabHbIX yPaBHEHANR U
JuHeiHoM cucremoit muddepeHnnanbHbIX YPaBHEHUNH € YACTHBIMUA MTPOU3BOJHBIMHU IIEPBOTO
MOPSIIKA C OJUHAKOBBIMU TVIABHBIMU YaCTIMU, JIOKA3aHO, UTO CYIIECTBYET MHTErPAJbHBIN Oasuc
JINHEHOM HEeOIHOPOIHON cucTeMbl JuddepeHIalbHbIX yPaBHEHU ¢ YACTHBIMUA ITPOU3BOIHBIMHU
epBOr'0 IIOPA/IKa, IIPUMBIKAIOMUIA K HEKOTOPOMY PEILICHUIO 3TOH 2Ke JIMHEHHON HeoZHOPOIHON
cucreMbl uddepeHITIaIbHBIX YPABHEHUH C YACTHBIME IPOU3BOIHBIME IIEPBOTO mopsiaka. Hailimnen
NIpU3HAK, 110 KOTOPOMY HeJMHeiiHasi cucTreMa OOBIKHOBEHHBIX IuddepeHInalbHbIX yPaBHEHUI
UMeeT TaKyI0 OKPECTHOCTD, YTO JII0D0e pellleHne ¢ HaYaIbHBIMU 3HAYEHUSIMHU U3 9TOH OKPECTHOCTU
CTpeMUTCsi K Hy/0. Vcrop3ysi SKBUBAJIEHTHOCTb JIMHEWHO# cucreMbl uddepeHIma bHbIX
YPaBHEHHUII ¢ YaCTHBIMU IIPOU3BOJAHBIMH IIEPBOI'O IOPSJIKAa C OOUHAKOBBIMH IJIABHBIMHU YaCTAMU
u JuHeiHOrO IuddEepPeHITNATIbHOIO YPABHEHNsT C YACTHBIMU MPOU3BOJHBIMUA IIEPBOTO IMOPSIKA,
JIOKa3aHO, UTO CYIECTBYeT MHTErpaJbHBIN 6a3mc, MPUMBIKAIONIEH K HY/II0 JMHEHHON OIHOPOIHOIT
cucreMbl IuM@EPEHITNATBHBIX YPABHEHUI € YaCTHBIMU IIPOM3BOJHBIME IIEPBOIO IIOPSIKA C

HEJIMHEHHBIMEI KO3 DUIMEeHTaAMH.
KiroueBbie cjioBa: ypaBHEHNE, YaCTHBIE TPOU3BOIHBIE ITEPBOTO MOPSIKA.

1 Introduction

The article deals with linear systems of partial differential equations of the first order with the
identical main parts.Applying the well-known relation between a normal system of ordinary
differential equations and a linear system of partial differential equations of the first order
with the same main parts, the existence of integral basis of a linear inhomogeneous system
of partial differential equations of the first order adjacent to some solution of the same
linear inhomogeneous system of differential equations with partial derivatives of the first
order is proved. A sign at which the nonlinear system of ordinary differential equations has
a neighborhood such that any solution with initial values from it tends to zero is found.
Using the equivalence of a linear system of partial differential equations of the first order
with identical main parts to a linear differential equation with partial derivatives of the first
order, the existence of integral basis of the adjacent to zero linear homogeneous system of
partial differential equations of first order with nonlinear coefficients is shown. In (see [3]),
the equivalence of a linear system of partial differential equations with identical main parts
to a certain system of ordinary differential equations is shown. In the article, the approach
differs from said above and the well-known simple relations between solutions of a linear
homogeneous and linear inhomogeneous system of partial differential equations of the first
order is used.

2 Literature review

The general theory is presented in the books [1-10]. The domain of existence of solutions was
investigated by Kamke and data is contained in the reference books [11-12|. The domain of
existence of solutions was investigated in the work [13-15 |. Non-analytic equations are con-
sidered in the papers[16-18|. In work of Kruzhkov, generalized solutions was considered [19].
Kovalevskaya’s theorem was published in [20]. The problems of Lyapunovs second method
were shown in [21, 22|. An example of nonexistence of a solution was constructed in [23-27].
The first-order partial differential equations were considered in [28]. Questions related to the
nonlinear system of ordinary differential equations are in [29, 30].
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3 Materials and research methods

Let us consider a linear inhomogeneous system of partial differential equations of the first
order

5+ lelk( JURGE 4+ g}lpnk(m)yk% = bi()u

auQ 4 Zplk( )ykglytf + . D pu(x )ykauz = by(z)us (1)

8un + Z plk( )Z/ng? +.o..t ank< )yké)un = bn ( )un;

\ =1 k=1
where ui(x,y1,. .., Yn)y- -, Un(T, Y1, ..., Yn) are unknown functions,pi(x), i =1,...,n; k=
1,...,n; and bs(z), s = 1,...,n; have continuous first-order partial derivatives on the set
To L x <400, —o0<y; <400, i=1,...,n;
Theorem 1. If for some pu > 0 and for some positive continuous function p(x f o(s)ds 1

400, on ¥ > xy next conditions are true:

1) inequalities are fulfilled: pyr(x) — prt1p+1(x) > pe(x), p > 0, k = 1,...,n — 1; opu
T > XTo;

2) the following limits exist: lim @l — 0 £k i=1,2,...,n, k=1,2,...,n;

T—+400 <p(:):)

3) III_P )fpkk s)ds =0, k=1,2,...,n; 1 1 <0; q(z f(p )ds. then a linear inho-
T

mogeneous system of first-order partial differential equations ( ) has an integral basis, which

is adjacent to the solution of a linear inhomogeneous system. Proof. System (1) corresponds

to a linear homogeneous system of partial differential equations of the first order

G+ Z]hk( TGt 4 A Y pak(T)yr gt =0

< 6u2 —+ Z plk( )ykg_;ﬁ 4+ ...+ Z pnk(x)ykgﬁ =0 (2)
k=1

G+ Z Pk(@)yn G + . Y @)y G = 0;

\ k=1

Obviously, the linear homogeneous system (2) is equivalent to a linear partial differential
equation of the first order

n

ou = ou
oot P1k(9€)yk8—y1 +..t ank(x)yk@ =0 (3)
k=1 "

k=1

The characteristic system of equation (3) is the following linear system

dz
- Zplk Yk, i = 1,. (4)
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due to the condition, the linear system (4) has n linearly independent solutions

Yiks Y2ky - -+ s Unk, k= ].,...,’)’L;

which satisfy equalities

: Yik | — ; . : LL_ pek(T) | _ (.
a) lim | o) =0,k b) lim o — 05| = 0;

This implies that for any € > 0 there exists a T' € I such that forany z > T, k=1,...,n;
there are inequalities

I pocdtreq@) T pur(dt+eq(a)
|Yr (o) €™ < lge()[| < nlyer(zo)|e

Uk = colon[yir, Yok, - - - Ynk), K=1,...,n

it implies
1 / (Bt — £ < ——In||ge(x)]| < — / (t)dt + &
— | P — &> VMY T)|| >~ —F= | P ;
gz) ] g(x) " g(z) ]
xo xo

Passing to the limit as © — 400, by virtue of condition 3) we have

1
lim —In||ge(2)|| = Bk, k=1,2,...,n;

T—>+00 q(x)
and besides
B> Py > ... > 0.
Therefore, g, k = 1,2,...,n; forms the normal basis of the linear system (4) and Sy, k =
1,2,...,n; they are generalized exponents of the linear system (4) with respect to ¢(z);

moreover, they are exact generalized exponents of the linear system (4). Due to the condition
p1 < 0, we find that the generalized exponents of the linear system (4) are negative. Con-
sequently, any solution of the linear system (4) tends to zero as x — +o00. Take the general
solution of the linear system (4) of the Cauchy form

y1 = o1(x, 20, v, ... y0)
......... (5)

Yn = Son(xvxm y(l)a s 7y2)
where the initial valuesy}, ...,y° are arbitrary real numbers. There is equality

lim oz, 20,9),...,9°) =0, k=1,...,n (6)

T—>+00

solving (5) with respect to ¢?, ..., 42, we obtain an integral basis

?/11(55'7370,3/17 s 7yn)

wn(x7 Zo, Y1, - - - 7y71)
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of linear equation (3). Consequently

wl(xax()ayla"'?yn) 0
0
Y 0
0 wn(xvx():yla"')y’R)

the integral basis of the linear homogeneous system (2), which by virtue of (6) is adjacent to
zero in the parameter xg, as ro — +00. It is easily verified that

fx bi(r)dr 0
udeo .
0 N 0 (7)
J ba(r)dr
0 ul e*o

is a special solution of the linear inhomogeneous system (1). Then

0 fbl(T)dT 0
wl(x7$07y1a"'7yn)+ulezo
0 0
. [ bu(r)dr
0 wn(xv'Tanl?""yn)—i_unexo

forms the integral basis of the linear inhomogeneous system (1), which is adjacent to the
solution (7) of the linear inhomogeneous system.

Theorem 1 is proved.

A linear homogeneous system of first-order partial differential equations is considered.

n
G + <Z pue()ye + g1(x, 1, - - ,yn)) St
k=1

k=1 Oyn
5 (5 ot o)) Gt
k=1
n ., 8
+ (kz pnk(x)yk+gn(x,y1,...,yn)) 3_%21 -0 (8)
=1

%L; + (Z plk(l‘)yk+91(l',y1,...,yn)) %Z’l‘ + ...+

+ (Z pnk(l')yk + gn<x,y1, - ayn>> guT: =0;
\ k=1

where w1 (2,1, -, Yn), - -, Un (T, Y1, . .., Ys) are unknown functions. pi(x), i =1,...,n; k =
1,...,n; are continuous in I = [xg, +00), functions g;(x, y1,... yn), ¢ = 1,...,n; are contin-
uous on x in the interval I, and have continuous partial derivatives ys, s = 1,...,n; in the
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domain |[|y|| = (Zyi) < h, y=-colon[yr,...,yn), ¢i(x,0,...,0) =0, i=1,... n;
s=1

Theorem 2. If for some pu > 0 and for some positive continuous function ¢(x f p(s)ds

400, on x > xy next conditions are true:

1) inequalities are fulfilled: pyr(x) — prt1p+1(x) > pe(x), p > 0, k = 1,...,n —1; opu
T > To;

2) the following limits exist: lim |p”“(w =0, i #k, 1,2,...,n, k=1,2,....n

r——+00 90(

3) lim fpkk Yds = B, k=1,2,...,n; and 1 < 0; q(x f(p

x——+o0 4

DOo<p<|B|, m>1u0<e<(m—1u [erri-mlaE-a@lgs < oo are fulfilled;

zo
5) for vector function g(x,y) = colon[gi(x, Y1, Yn), -+, 9n(T, Y1,...,yn)] the inequality
is true

lg(z,y)|| < K|y[|™, K >0, m>1;

where

2

lg(a,y)|| = (Z g2z, 1, ... ,yn)> :

then a linear homogeneous system (8) has an integral basis, which is adjacent to zero.
Proof. Linear homogeneous system (8) is equivalent to a linear first-order partial differential
equation

0 - 0
Zplk yk+91xyl,---,yn))a—qu---+(ank(ﬂf)yk+gn(x,y1,---,yn)) © =0 (9)

n k=1 ayn

The characteristic system of equation (9) is the following nonlinear system of differential
equations.

d, .
y Zplk yk—i_gl‘/‘ryl)"‘Jyn)?Z:17"'7n' (10)

The corresponding linear homogeneous system of differential equations is

n

dl ,
y szk )y, i =1,...,n. (11)

In the proof of Theorem 1 it was established that linear system (11) has exact generalized
exponents [, k = 1,2, ...,n; with respect to g(z). There are equality

xT

n n 1
b = lim —/pkk s)ds = lim —/ Prk(s
; PErEa q(z) (5) vtoo G(T Z
o
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Consequently, linear system (11) is a generalized regular linear system with respect to ¢(x).
Let

dy

— =P 12

5, = P@)y (12)
is a vector matrix view of the linear system (11) and

dy

— =P 13

- = P@)y +g(z,y) (13)
of nonlinear system (11). Further next lemma will be used: Lemma 1. If the conditions of
Theorem 2 are satisfied, then there exists a neighborhood of the point y and any solution of
the nonlinear system of differential equations (13) with initial values from this neighborhood
tends to zero as ¥ — 400.

Proof. Lets take o > 0 from 4th condition, i.e. 0 < a < (37, where [, is senior generalized
exponent with respect to g(z) of the system (12) and in the system (13) irreplace

where u(z) is new unknown function. Furthermore

du
-~ _RB 15
= Blo)u+ v(z,u) (15)
where B(z) = P(z) + aZE, v(zr,u) = eli@=a@lg(z yeola@=a@l) Vector function
v(x,u) is continuous on x € I and has continupus partials on u in the domain

|u|| < heMld@—ao)]

Replacing in (14), due to choosing «, preserves the negativity of the senior generalized expo-
nent and generalized correctness, therefore the linear system of differential equations

du

-~ _RB 16
= Blayu (16)
is generalized regular and has negative generalized exponents with respect to ¢(x). The nonlin-

ear system of differential equations (15) with the initial condition u(xy) = y(z¢) is equivalent
to an integral equation

w(z) = H(x)u(x) + /K(m, s)v(s,u)ds (17)

where K (z,s) = H(x)H '(s) is a Cauchy matrix, H(r) is a normalized fundamental matrix
of the linear system (16).

Due to the negativeness of the generalized exponents of the linear system (16), there is an
estimate

|H()|| < Cy, €1, Cy > 1 (18)
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and for e € (0, (m—1)«) (from condition 4), due to the negativity of the generalized exponents
and regarding the generalized correctness of the linear system (16), the next estimate is true:

K (z,5)| < Coetlt®=a@l g > g > 00 Cy > 1. (19)
For v(x,u) in the nonlinear system (15) the estimate holds:
vz, w)l| < Ketmlamatol|jy ()| (20)

Estimating now by the norm in the interval o < x < xy + [ of the existence of solutions of
the integral equation (17), by virtue of (18), (19), (20), we will have

lu(@)]] < Cillulzo)]] /CzKe‘““_’”)[“S)_Q(“”|IU(93)||mdS- (21)

zo

From inequality (21), using the Bihari Lemma (|29], p. 112), we find

Ju(@)] < Gzl - @
[1— (m — D)OT Hu(mo) | 1Co K [ CoK ex(t=mlas)=a(zo)lds]™
xo
only if
(m— 1)OP ulg) " Ca ks / Oy I ea=mla-atanl g5 < 1 (23)

o

Since, due to condition 4), the inequality holds:

/ ca=mla®) -] g5 < o

zo

then inequality (23) can always be considered fulfilled by choosing a neighborhood of the
initial values u(xg) = y(x). From formula (22) it follows that if ||u(x) is sufficiently small,
then for any z € [xg, o + [) the point u(x) is the interior point of the domain

h
Z:{m0§x<oo, ||u||§§<h}

and, therefore, the solution u(x) is infinitely continued to the right, i.e. we can set | = co.
Thus, in the infinite interval o < x < oo, the inequality

Jull < Dlju(o)]| < (24)

where D is some constant depending on the initial moment xy. Returning to the variable y,
by virtue of formula (14), when zy < x < oo and ||y(z¢)|| < § < h, we will have

ly(2) ]| < Dlly(ao) ||etat) a0 (25)
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where the constant ¢ is small enough. It follows that any solution of the nonlinear system of
differential equations (13) with initial values from ||y(zo)|| < d neighborhoods tends to zero
as £ — +00 .

Lemma 1 is proved. Now, by Lemma 1, we take the general solution of the characteristic
system (10) of the Cauchy form.

1 =yi(x, o,y ... y0)
......... (26)

Yn = yn(xaxmy(l)? s 7y2)

where y;(v0) = v2,i = 1,...,n; /(¥0)2+ ...+ (¥9)2 < & Solving (26) with respect to
y9 ... 4%, we obtain an integral basis

Ul(fE,xO,yl, 7yn)
un(xa Lo, Y1, - - - 7y7l)
of the equation (9). Consequently
w1 (T, 0, Y1,y -+ Yn) 0
0
N e 0
0 un(x>$07y17"'7yn)

integral basis of the linear homogeneous system (8), which is adjacent to zero in the parameter
Zg, as xo — +00. Theorem 2 is proved.

4 Results and discussion

The paper considers linear systems of first-order partial differential equations. Existing of
integral basis of a linear system of partial differential equations of the first order adjoining
to some solution was proved. In the proof established a sighn, which became interesting,
because a nonlinear system of ordinary differential equations has a solution tending to zero.
The existence of an integral basis of an adjacent to zero linear homogeneous system of first-
order partial differential equations with nonlinear coefficients is proved.

5 Conclusion

Exists of the integral basis of a linear system of partial differential equations of the first
order adjoining to some solution was proved. A sign at which a nonlinear system of ordinary
differential equations has a solution tending to zero was established. It is proved that there
exists an integral basis of an adjacent to zero linear homogeneous system of first-order partial
differential equations with nonlinear coefficients.
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