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Ìåòîä ôèêòèâíûõ îáëàñòåé äëÿ ìîäåëè ïîãðàíè÷íîãî

ñëîÿ àòìîñôåðû

Â äàííîé ðàáîòå ìàòåìàòè÷åñêè îáîñíîâàí ìåòîä ôèêòèâíûõ îáëàñòåé ñ ïðîäîëæåíèåì ïî
ìëàäøèì êîýôôèöèåíòàì äëÿ ìîäåëè ïîãðàíè÷íîãî ñëîÿ àòìîñôåðû. Çàäà÷à ðåøàåòñÿ ìå-
òîäîì ðàñùåïëåíèÿ ïî ôèçè÷åñêèì ïðîöåññàì, äëÿ ó÷åòà îðîãðàôèè ìåñòíîñòè ïðèìåíÿåòñÿ
ìåòîä ôèêòèâíûõ îáëàñòåé. Äîêàçàíà ðàçðåøèìîñòü ìàòåìàòè÷åñêîé ìîäåëè è èçó÷åíû êà-
÷åñòâåííûå ñâîéñòâà ðåøåíèé. Äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ
âñïîìîãàòåëüíîé çàäà÷è ìåòîäà ôèêòèâíûõ îáëàñòåé äëÿ óðàâíåíèÿ ïîãðàíè÷íîãî ñëîÿ àò-
ìîñôåðû. Ïîëó÷åíû îñíîâíûå àïðèîðíûå îöåíêè äëÿ ðåøåíèÿ çàäà÷è. Äîêàçàíà òåîðåìà
ñõîäèìîñòè ðåøåíèÿ âñïîìîãàòåëüíîé çàäà÷è ìåòîäà ôèêòèâíûõ îáëàñòåé ê ðåøåíèþ èñõîä-
íîé.
Êëþ÷åâûå ñëîâà : óðàâíåíèÿ ïîãðàíè÷íîãî ñëîÿ àòìîñôåðû, ìåòîä ôèêòèâíûõ îáëàñòåé,
íåðàâåíñòâî Þíãà, íåðàâåíñòâî Ãåëüäåðà.

A.N. Temirbekov, N.T. Danaev

The �ctitious domain method for boundary-layer model of the atmosphere

In this paper, �ctitious domain method, following the lower-order coe�cients for the model of the
atmospheric boundary layer, is mathematically justi�ed. The problem is solved with the use of the
method of splitting into physical processes. To account for the orographic terrain, the �ctitious
domain method is used. The theorem of existence and uniqueness of solutions of the auxiliary
problem of the �ctitious domain method for the equation of the boundary layer of the atmosphere
is proved. The convergence theorem for the solution of the auxiliary problem of the �ctitious
domain method to the solution of the original one is proved.
Key words: equations of the atmospheric boundary layer, the method of �ctitious domains,
Young's inequality, Holder's inequality.

À.Í. Òåìiðáåêîâ, Í.Ò. Äàíàåâ

Àòìîñôåðà ©àáàòûíû ìîäåëi ³øií æàë¡àí àéìà©òàð ºäiñi

Á´ë æ´ìûñòà àòìîñôåðà ©àáàòûíû ìîäåëi ³øií êiøi êîýôôèöèåíòòåðìåí æàë¡àñòûðûë¡àí
æàë¡àí àéìà©òàð ºäiñiíi ìàòåìàòèêàëû© ìºñåëåëåði íåãiçäåëãåí. Ìåêåííi æåð áåäåðií åñ-
êåðó ³øií æàë¡àí àéìà©òàð ºäiñi ©îëäàíûëûï, åñåï ôèçèêàëû© ïðîöåññòåðãå ûäûðàòó ºäiñi
àð©ûëû øåøiëåäi. Ìàòåìàòèêàëû© ìîäåëüäi øåøiìi áîëàòûíäû¡û æºíå ìîäåëüäi ñàïà-
ëû ©àñèåòòåði çåðòòåëäi. Àòìîñôåðà ©àáàòûíû òåäåóëåði ³øií æàë¡àí àéìà©òàð ê°ìåêøi
åñåáiíi øåøiìiíi áàð áîëóû æºíå æàë¡ûçäû¡û òóðàëû òåîðåìà äºëåëäåíåäi. Åñåïòi øå-
øiìi ³øií, íåãiçãi àïðèîðëû áà¡àëàð àëûíäû. Æàë¡àí àéìà©òàð ºäiñiíi ê°ìåêøi åñåáiíi
øåøiìi àë¡àø©û åñåïêå æèíà©òàëóû òóðàëû òåîðåìà äºëåëäåíäi.
Ò³éií ñ°çäåð: àòìîñôåðà ©àáàòûíû òåäåóëåði, æàë¡àí àéìà©òàð ºäiñi, Þíã òåñiçäiãi,
Ãåëüäåð òåñiçäiãi.
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Ââåäåíèå

Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷ ãèäðîäèíàìèêè â îáëàñòÿõ ñëîæíîé ôîðìû ýôôåê-
òèâíî èñïîëüçîâàòü ìåòîä ôèêòèâíûõ îáëàñòåé [1, 2]. Ïðèìåíåíèþ ìåòîäà ôèêòèâíûõ
îáëàñòåé ïîñâÿùåíû ðàáîòû Áóãðîâà À.Í., Êîíîâàëîâà À.Í., Ùåðáàêà Â.À.[3], Âîéöå-
õîâñêîãî Ñ.À.[4], Ìóõàìáåòæàíîâà À.Ò., Îòåëáàåâà Ì.Î., Ñìàãóëîâà Ø.Ñ.[5], Îðóíõàíî-
âà Ì.Ê., Ñìàãóëîâà Ø.Ñ.[6]. Îáîñíîâàíèå ìåòîäà ôèêòèâíûõ îáëàñòåé äëÿ íåëèíåéíîé
ìîäåëè ãèäðîäèíàìèêè ðàññìîòðåíî â ðàáîòå Ñìàãóëîâà Ø.Ñ., Áóãðîâà À.Í.[7]. Â ðàáî-
òå Êîíîâàëîâà À.Í., Êîðîáèöûíîé Æ.À. [8] ìåòîä ôèêòèâíûõ îáëàñòåé ïðèìåíåí äëÿ
ìîäåëèðîâàíèÿ êðàåâûõ óñëîâèé â çàäà÷àõ ôèëüòðàöèè. Ìåòîä ôèêòèâíûõ îáëàñòåé äëÿ
çàäà÷ ãèäðîäèíàìèêè â ïåðåìåííûõ "ôóíêöèÿ òîêà"è "âèõðü ñêîðîñòè"èçó÷åí â ðàáî-
òå [9]. Â ðàáîòå [10] èññëåäóþòñÿ ÷èñëåííûå ìåòîäû ðåøåíèÿ óðàâíåíèé Íàâüå-Ñòîêñà
â äâóõñâÿçíûõ îáëàñòÿõ. Ðàññìàòðèâàåòñÿ äâà ìåòîäà ðåøåíèÿ çàäà÷è. Ïåðâûé ìåòîä
îñíîâàí íà ïîñòðîåíèè ðàçíîñòíîé çàäà÷è â ïåðåìåííûõ "ôóíêöèÿ òîêà"è "âèõðü ñêî-
ðîñòè"ñ èñïîëüçîâàíèåì óñëîâèÿ îäíîçíà÷íîñòè äàâëåíèÿ. ×èñëåííîå ðåøåíèå ýëëèïòè-
÷åñêîãî óðàâíåíèÿ äëÿ ôóíêöèé òîêà íàõîäèòñÿ êàê ñóììà ðåøåíèé äâóõ ïðîñòûõ çàäà÷
ýëëèïòè÷åñêîãî òèïà. Îäíà çàäà÷à ÿâëÿåòñÿ ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè, à
äðóãàÿ - ñ îäíîðîäíûì óðàâíåíèåì. Àëüòåðíàòèâíûì ïîäõîäîì ê ðåøåíèþ ïîñòàâëåííîé
çàäà÷è ÿâëÿåòñÿ ìåòîä ôèêòèâíûõ îáëàñòåé ñ ïðîäîëæåíèåì ïî ìëàäøèì êîýôôèöèåí-
òàì. Ýòîò ìåòîä íå òðåáóåò óäîâëåòâîðåíèÿ óñëîâèÿ îäíîçíà÷íîñòè äàâëåíèÿ è ÿâëÿåòñÿ
ïðîñòûì â ðåàëèçàöèè.

Ïîñòàíîâêà çàäà÷è.

Â îáëàñòè Q0
T = Ω0 × (0, T ), S0

T = S0 × (0, T ) ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó
äëÿ óðàâíåíèé ïîãðàíè÷íîãî ñëîÿ àòìîñôåðû:







∂ν⃗

∂t
+ ϑkν⃗xk

+ gradπ = µ∆ν⃗ + lk⃗ × ν⃗ + f(x, t),

diνν⃗ = 0
(1)

ν⃗|t=0 = a(x), ν⃗|S0
T
= 0, (2)

Ω0 = {(x1, x2, x3), 0 ≤ x1 ≤ X, 0 ≤ x2 ≤ Y, δ(x1, x2) ≤ x3 ≤ Z}. (3)

Â ðàáîòå Ëàäûæåíñêîé Î.À. [11] ïðèâîäèòñÿ ïîäðîáíûé îáçîð ðåçóëüòàòîâ, ïîëó-
÷åííûõ äëÿ îáîñíîâàíèÿ íà÷àëüíî-êðàåâîé çàäà÷è âèäà (1), (2). Äîêàçàíà îäíîçíà÷íàÿ
ðàçðåøèìîñòü "â öåëîì"êðàåâîé çàäà÷è âèäà (1), (2) â ñëó÷àå äâóõ ïðîñòðàíñòâåííûõ
ïåðåìåííûõ. Äëÿ îáùåãî òðåõìåðíîãî ñëó÷àÿ çàäà÷à (1), (2) îäíîçíà÷íî ðàçðåøèìà â
áëèçè ãëàäêèõ íà÷àëüíûõ äàííûõ, ò.å. äëÿ ìàëûõ èíòåðâàëîâ (0, T ) èçìåíåíèÿ âðåìå-
íè t.Ðåøåíèÿ çàäà÷è (1), (2) çàâèñÿò íåïðåðûâíî îò âõîäíûõ äàííûõ, è èõ ãëàäêîñòü
f, a, S óâåëè÷èâàåòñÿ ïî ìåðå óâåëè÷åíèÿ ãëàäêîñòè è ïîðÿäêà ñîãëàñîâàíèÿ âõîäíûõ
äàííûõ çàäà÷è. Ýòè ðåçóëüòàòû áûëè ïîëó÷åíû áëàãîäàðÿ ïåðåõîäó îò êëàññè÷åñêîé
ïîñòàíîâêè çàäà÷è (1), (2) ê îáîáùåííîé, ïîçâîëÿþùåé èñêëþ÷èòü èç çàäà÷è äàâëåíèå
áåç ïîâûøåíèÿ äèôôåðåíöèàëüíîãî ïîðÿäêà ñèñòåìû.

Çàäà÷à (1), (2) ðåøàåòñÿ ìåòîäîì ðàñùåïëåíèÿ ïî ôèçè÷åñêèì ïðîöåññàì, äëÿ ó÷å-
òà îðîãðàôèè ìåñòíîñòè ïðèìåíÿåòñÿ ìåòîä ôèêòèâíûõ îáëàñòåé ñ ïðîäîëæåíèåì ïî
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ìëàäøèì êîýôôèöèåíòàì. Äîïîëíèì îáëàñòü Ω0 äî ïðÿìîóãîëüíîãî ïàðàëëåëåïèïåäà
Ω = Ω0

∪

Ω1 è ðàññìîòðèì â QT = Ω× (0, T ) ñëåäóþùóþ âñïîìîãàòåëüíóþ çàäà÷ó:

∂νε

∂t
+ ϑε

kν⃗
ε
xk

+ gradπε = µ∆ν⃗ε + l · k⃗ · ν⃗ε −
ξ(x)

ε
ν⃗ε + f ε(x, t),

diνν⃗ε = 0,
(4)

ãäå

ξ(x⃗) =

{

1, x⃗ ∈ Ω1,

0, x⃗ ∈ Ω0,
f ε(x, t) =

{

f(x⃗, t), (x⃗, t) ∈ Q0
T ,

0, (x, t) ∈ QT/Q
0
T .

(5)

×åðåç Ω1 îáîçíà÷åíî äîïîëíåíèå îñíîâíîé îáëàñòè Ω0 äî ïðÿìîóãîëüíîãî ïàðàëëåëåïè-
ïåäà Ω. Ãðàíèöà îáëàñòè Ω0 ïðè x3 = δ(x1, x2) òåïåðü ñòàëà ãðàíèöåé ðàçäåëà ìåæäó
ïîäîáëàñòÿìè Ω0,Ω1, è íà íåé äîëæíû âûïîëíÿòñÿ óñëîâèÿ

⌊ν⃗ε⌋X3=δ(x1,x2) = 0, ⌊(µ∇ν⃗ε − δπε)n⃗⌋x3=δ(x1,x2) = 0, (6)

ãäå n⃗ - íîðìàëüíûé âåêòîð ê ãðàíèöå x3 = δ(x1, x2).

Íà ãðàíèöå îáëàñòè Ω ñòàâÿòñÿ ñëåäóþùèå íà÷àëüíî-ãðàíè÷íûå óñëîâèÿ:

ν⃗ε|t=0 = aε(x), ν⃗ε|ST
= 0, (7)

ãäå

aε(x) =

{

a(x), x ∈ Ω0,

0, x ∈ Ω1.

Äëÿ èññëåäîâàíèÿ çàäà÷è (4)-(7) èñïîëüçóåì ïðîñòðàíñòâà Lm(Ω), Lm(QT ), Lq,r(QT ), ãäå
QT = Ω× (0, T ), è ââåäåì ñêàëÿðíîå ïðîèçâåäåíèå, ñîîòâåòñòâóþùèå íîðìû:

(u, ϑ) =
∫

Ω

uxk
ϑxk

dx =
∫

Ω

uxϑxdx,

∥u∥m,Ω =

(

∫

Ω

|u|mdx

)1/m

,

∥u∥m,QT
=

[

T
∫

0

(

∫

Ω

|u|mdx

)

dt

]1/m

,

∥u∥q,r,QT
=

[

T
∫

0

(

∫

Ω

|u|qdx

)r/q

dt

]1/r

.

Îáîçíà÷èì ÷åðåç M(QT ) ñëåäóþùåå ìíîæåñòâî ôóíêöèé:

M(QT ) = {ν⃗ ∈ C∞(QT ), diνν⃗ = 0, ν⃗|ST
= 0},

ãäå C∞(QT ) - ìíîæåñòâî áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé â îáëàñòè QT . Çàìû-
êàíèÿ ìíîæåñòâà M(QT ) â íîðìàõ L2(QT ),W

1
2 (QT ),W

2
2 (QT ) îáîçíà÷èì, ñîîòâåòñòâåííî,
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Ðèñóíîê 1 � Îáëàñòü ðåøåíèÿ çàäà÷è

÷åðåç V0(QT ), V1(QT ), V2(QT ). Óìíîæàÿ óðàâíåíèå (4) ñêàëÿðíî íà ν⃗ε â QT , ïîëó÷èì
óðàâíåíèå áàëàíñà ýíåðãèè:

t
∫

0

(

∫

Ω

νε
dνε

dt
dx

)

dt++
t
∫

0

(

∫

Ω

ν⃗εgradπεdx

)

dt− µ
t
∫

0

(

∫

Ω

∆ν⃗εν⃗εdx

)

dt+

+l
t
∫

0

(

∫

Ω

k⃗ν⃗εν⃗εdx

)

dt+
t
∫

0

(

∫

Ω

ξ(x)

ε
(ν⃗ε)2dx

)

dt−
t
∫

0

(

∫

Ω

fν⃗εdx

)

dt = 0.

(8)

Ñ ïîìîùüþ ãðàíè÷íûõ óñëîâèé è èíòåãðèðîâàíèÿ ïî ÷àñòÿì èìååì:

1

2

t
∫

0

d

dt

∫

Ω

(νε)2dxdt−
t
∫

0

(

∫

Ω

πεdiνν⃗εdx

)

dt+

+µ
t
∫

0

∥νε
x∥

2dt+
t
∫

0

(

∫

Ω

(√

ξ(x)

ε
ν⃗ε

)

dx

)

dt−
t
∫

0

(

∫

Ω

fν⃗εdx

)

dt = 0.

(9)
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Îíî ïîëó÷àåòñÿ ñ ó÷åòîì ðàâåíñòâà

k⃗ · ν⃗ε · ν⃗ε =

∣

∣

∣

∣

∣

∣

0 0 k⃗

νε
1 νε

2 νε
3

νε
1 νε

2 νε
3

∣

∣

∣

∣

∣

∣

= 0. (10)

Äàëåå, ó÷èòûâàÿ, ÷òî diνν⃗ε = 0, ïîëó÷èì:

1

2
(∥ν⃗ε∥2t=T − ∥ν⃗ε∥2t=0) + µ

T
∫

0

∥ν⃗ε
x∥

2dt+
T
∫

0





∫

Ω

(√

ξ(x)

ε
ν⃗ε

)2

dx



 dt−
T
∫

0

(

∫

Ω

f εν⃗εdx

)

dt = 0.

(11)

Èñïîëüçóÿ íåðàâåíñòâî Ãåëüäåðà è íà÷àëüíîå óñëîâèå, èìååì:

∥ν⃗ε(x, T )∥2 + 2µ∥ν⃗ε
x∥

2
2,QT

+
2ξ(x)
√
ε
∥ν⃗ε∥22,QT

≤ ∥aε(x)∥2 + 2∥f ε∥2,QT
∥ν⃗ε∥2,QT

. (12)

Äëÿ ïîëó÷åíèÿ äàëüíåéøåé îöåíêè íåîáõîäèìî äîïîëíèòåëüíîå íåðàâåíñòâî îöåíêè ðå-
øåíèÿ. Óìíîæàÿ (4) ñêàëÿðíî íà ν⃗ε â L2(Ω), ïîëó÷èì:

1

2

d

dt
∥νε∥2 + µ∥νε

x∥
2 = (f ε, νε). (13)

Èç (13) â ñèëó ïîëîæèòåëüíîñòè µ∥νε
x∥

2 èìååì:

∥νε∥
d∥νε∥

dt
≤ ∥f ε∥∥νε∥. (14)

Ýòî íåðàâåíñòâî âûïîëíÿåòñÿ, åñëè ∥V ε(x, t)∥ = 0 èëè

d

dt
∥νε(x, t)∥ ≤ ∥f ε(x, t)∥. (15)

Òàê êàê ∥ν(x, t)∥ - íåïðåðûâíàÿ ôóíêöèÿ àðãóìåíòà t, èíòåãðèðóÿ (15) ïî t, èìååì:

∥νε(x, t)∥ ≤ ∥νε(x, 0)∥+

t
∫

0

∥f(x, t)∥dt (16)

èëè

∥νε(x, t)∥ ≤ ∥aε(x)∥+

t
∫

0

∥f ε(x, t)∥dt. (17)

Èç (12) è (17) èìååì:

∥ν⃗ε(x, T )∥2 + 2µ∥ν⃗ε
x∥

2
2,QT

+
2ξ(x)
√
ε
∥ν⃗ε∥22,QT

≤

≤ ∥aε(x)∥2 + 2

(

∥aε(x)∥+
T
∫

0

∥f ε∥dt

)

∥f ε∥2,QT
.

(18)
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Îïðåäåëåíèå. Îáîáùåííûì ðåøåíèåì çàäà÷è (4)-(7) íàçûâàåòñÿ ôóíêöèÿ

νε(x, t) ∈ V2(QT ) ∩ Lq,r(QT ),

óäîâëåòâîðÿþùàÿ èíòåãðàëüíîìó òîæäåñòâó
∫

QT

[−νε · ϕt + µνε
x · ϕx − ϑε

k · ν
ε · ϕxk

] dxdt+

+
1

ε

∫

Qt

ξ(x) · νεϕdxdt+
∫

Ω

νεϕ|t=tdx−
∫

Ω

aϕ|t=0dx =
∫

Qt

fϕdxdt,
(19)

ïðè ∀ϕ ∈ W̊
1,1
2 (QT ).

Òåîðåìà 1. Ïóñòü νε(x, t) ∈ V2(QT ) ∩ Lq,r(QT ), f(x, t) ∈ V2(QT ) ∩ Lq,r(QT ). Òîãäà
ñóùåñòâóåò åäèíñòâåííîå îáîáùåííîå ðåøåíèå çàäà÷è (4)-(7), è äëÿ ðåøåíèÿ èìååò ìåñòî
îöåíêà (18).

Äîêàçàòåëüñòâî. Îïóñòèâ ïàðàìåòð ε, ïðåäïîëàãàÿ, ÷òî èìåþòñÿ äâà ðåøåíèÿ ν ′ è
ν ′′, äëÿ èõ ðàçíîñòè u = ν ′ − ν ′′ èç òîæäåñòâà (19) ïîëó÷èì:

∫

QT

[−uϕt + µuxϕx − (ϑ′

ku+ ukν
′′)ϕxk

] dxdt+

+
1

ε

∫

Qt

ξ(x)uϕdxdt+
∫

Ω

uϕ|t=tdx = 0.
(20)

Ðàññóæäàÿ àíàëîãè÷íî, êàê â ðàáîòå [11], u⃗ ìîæíî ðàññìàòðèâàòü êàê îáîáùåííîå ðå-
øåíèå èç L2(QT ) çàäà÷è

ut − µ∆u = −gradq −
ξ(x)

ε
u−

∂f⃗k

∂xk

,

diνu = 0, u|ST
= 0, u|t=0 = 0

(21)

ãäå f⃗k ≡ ϑ′

ku⃗+ uk · ν⃗
′′, k = 1, 2, 3 ðàññìàòðèâàþòñÿ êàê ñâîáîäíûå ÷ëåíû.

Â ðàáîòå [11] äîêàçàíà òåîðåìà åäèíñòâåííîñòè äëÿ u⃗(x, t) ∈ V2(QT ) ∩ Lq,r(QT ) ñ q è
r, óäîâëåòâîðÿþùèì óñëîâèÿì:

1

r
+

n

2q
≤

1

2
, r ∈ [2,∞), q ∈ (n,∞] (22)

èëè

q > n, r = ∞. (23)

Ïîñëå ñêàëÿðíîãî óìíîæåíèÿ (21) èìååì

1

2
∥u(x, t)∥2+µ

t
∫

0

∥ux∥
2dt+

1

ε

t
∫

0

∫

Ω

ξ(x)u2(x)dxdt =

∫

Qt

fkuxk
dxdt =

∫

Qt

ukν⃗
′′uxk

dxdt, (24)

ïðàâàÿ ÷àñòü êîòîðîãî
∫

Qt

f⃗ku⃗xk
dxdt =

∫

Qt

ukν⃗
′′u⃗xk

dxdt (25)
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â êëàññå ôóíêöèé, óäîâëåòâîðÿþùèì óñëîâèÿì (22) è (23), îöåíèâàåòñÿ èñïîëüçóÿ íåðà-
âåíñòâî Ãåëüäåðà ñïåöèàëüíûì îáðàçîì [11].

∣

∣

∣

∣

∣

∫

Qt

uk · ν⃗
′′u⃗xk

dxdt

∣

∣

∣

∣

∣

≤

(

∫

Qt

u⃗2
xdxdt

)1/2

·

(

∫

Qt

ν⃗ ′′2 · u⃗2dxdt

)1/2

≤

≤ ∥u⃗x∥2,Qt
·

[

t
∫

0

(

∫

Ω

|ν⃗ ′′|2·
q

2dx

)2/q

·

(

∫

Ω

|u|2
q

q−2dx

)
q−2

q

dt

]1/2

≤

≤ ∥u⃗x∥2,Qt

[

t
∫

0

(

∫

Ω

|ν⃗ ′′|qdx

) 2

q
·
r
2

dt

]
1

r

·

[

t
∫

0

(

∫

Ω

|u|
2q

q−2dx

)
q−2

2q
·

2r
r−2

]
r−2

r

=

= ∥u⃗x∥2,Qt
· ∥ν⃗ ′′∥q,r,Qt

· ∥u⃗∥ 2q

q−2
, 2r
r−2

,Qt
.

(26)

Äàëåå, èñïîëüçóÿ íåðàâåíñòâî

∥u⃗x∥2,Qt
· ∥u⃗∥q⃗,r⃗,Qt

≤ 0, 5β ·

(

sup
t

∥u⃗(x, t)∥2,Ω + ∥u⃗x∥2,Qt

)2

=
β

2
u 2

Qt
,

ãäå q⃗ =
2q

q − 2
, r⃗ =

2r

r − 2
, u⃗ = sup

t
∥u⃗(x, t)∥+ ∥u⃗x∥2,Qt

, èç (26) ïîëó÷èì:

u⃗ Qt
≤ (1 + (2µ)−1/2 + (ε/2)1/2)β1/2∥ν⃗ ′′∥

1/2
q,r,Qt

u⃗ Qt
, (27)

èç êîòîðîãî ñëåäóåò, ÷òî u⃗ ≡ 0 äëÿ t, óäîâëåòâîðÿþùèõ òðåáîâàíèþ

(1 + (2µ)−1/2 + (ε/2)1/2)β1/2∥ν⃗ ′′∥
1/2
q,r,Qt

< 1.

Òåîðåìà äîêàçàíà.
Òåîðåìà 2. Ïóñòü âûïîëíåíû âñå óñëîâèÿ òåîðåìû 1. Òîãäà ðåøåíèå çàäà÷è (4)-(7)

ñõîäèòñÿ ê ðåøåíèþ çàäà÷è (1), (2) ïðè ε → 0.
Äîêàçàòåëüñòâî. Äëÿ ðåøåíèÿ çàäà÷è (4)-(7) ïîëó÷åíà îöåíêà (18). Ñëåäîâàòåëüíî,

èç ïîñëåäîâàòåëüíîñòè {νε} ìîæíî âûäåëèòü ïîäïîñëåäîâàòåëüíîñòü, äëÿ êîòîðîé ïðè
ε → 0 ïîëó÷èì, ÷òî νε → ν ñëàáî â V̊2(QT ) ∩ Lq,r(QT ). Â èíòåãðàëüíîì òîæäåñòâå (19)

ïîëîæèì ϕt ∈ W̊
1,1
2 (Ω0), ϕ = 0 â Ω1. Äàëåå, ó÷èòûâàÿ, ÷òî ξ(x) = 0 â Ω0, ïîëó÷èì

èíòåãðàëüíîå òîæäåñòâî, êîòîðîå äàåò îáîáùåííîå ðåøåíèå çàäà÷è (1), (2).
Èç (18) ïîëó÷àåòñÿ îöåíêà:

∥ν⃗ε∥22,QT /Q0
T
≤

√
ε

2



∥aε(x)∥2 + 2



∥aε(x)∥+

T
∫

0

∥f ε∥dt



 · ∥f ε∥2,QT



 (28)

èç êîòîðîé ïðè ε → 0 ñëåäóåò ∥ν⃗ε∥2,QT /Q0
T
→ 0.

Äàëåå, îöåíèì ñêîðîñòü ñõîäèìîñòè ðåøåíèÿ çàäà÷è (4)-(7) ê ðåøåíèþ çàäà÷è (1)-(3)
ïî ñòåïåíÿì ε. Èç óðàâíåíèÿ (1) îòíèìàåì óðàâíåíèå (4) è, îáîçíà÷èâ ω = ϑ − ϑε, p =
π − πε, ϑ, ïðîäîëæàåì íóëåì â Ω1. Ïîëó÷èì:

∂ω⃗

∂t
+ (ϑk · ν⃗xk

− ϑε
k · ν⃗

ε
xk
) + gradp = µ∆ω⃗ − l · k⃗ · ω⃗ +

ξ(x)

ε
· ν⃗ε + g(x, t), (29)
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diνω⃗ = 0. (30)

Ïðåîáðàçóåì íåëèíåéíûå ñëàãàåìûå ñëåäóþùèì îáðàçîì:

ϑk · V⃗xk
− ϑε

k · V⃗
ε
xk

= ϑk · V⃗xk
− ϑε

k · V⃗xk
+ ϑε

k · V⃗xk
− ϑε

k · V⃗
ε
xk

= ωk · V⃗xk
+ ϑε

k · ω⃗xk

è ïåðåïèøåì óðàâíåíèå (29) â âèäå

∂ω⃗

∂t
+ ϑε

k · ω⃗xk
+ ωk · V⃗xk

+ gradp = µ∆ω⃗ − l · k⃗ · ω⃗ +
ξ(x)

ε
V⃗ ε + g(x, t). (31)

Óìíîæèì (31) íà ω⃗ ∈ V2(QT ) ∩ Lq,r(QT ) è, èíòåãðèðóÿ ïî ÷àñòÿì â QT , ïîëó÷èì:

1

2
dt∥ω⃗∥2 +

∫

Qt

ωkV⃗xk
· ω⃗dxdt+ µ

t
∫

0

∥ω⃗x∥
2dt+

1

ε

t
∫

0

∫

Ω

ξ(x) · V⃗ ε · ω⃗dxdt = 0. (32)

Îöåíèì íåëèíåéíîå ñëàãàåìîå â (32) ïî ìîäóëþ, èñïîëüçóÿ íåðàâåíñòâî Þíãà:

J =

∣

∣

∣

∣

∣

∫

Qt

ωkV⃗xk
· ω⃗dxdt

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

c
t
∫

0

∫

Ω

ω2
k · V⃗xk

dxdt

∣

∣

∣

∣

≤

≤ c
t
∫

0

(

∫

Ω

V 2
x dx

)1/2

·

(

∫

Ω

ω4(x, t)dx

)1/2

dt = c
t
∫

0

∥V⃗x∥Ω · ∥ω∥2L4(Ω)dt

Äàëåå, èñïîëüçóÿ íåðàâåíñòâî òåîðåìû âëîæåíèÿ, ïîëó÷èì:

J ≤ c ·

t
∫

0

(4/3)3/4∥V⃗x∥Ω∥ω⃗∥
1/2
Ω .
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