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The article is devoted to the actual problem of the mathematical theory of controllability. It
investigated the mathematical model of control, described by ordinary differential equations, taking
into account the restrictions on the control. As is known, the problem of finding controllability of
dynamic systems with phase and control constraints is still relevant. There are many approaches to
solving the determined problem. The classical control theory is being modified today and it finds
new methods for solving problems of controllability, optimal control and stability, the solutions
obtained. In the course of studying the controllability of a dynamic system, the authors applied
interval mathematics, which made it possible to obtain an effective controllability criterion for
dynamic systems with phase and control constraints. This method is applicable for a certain class
of problems in which the data are described by the normal distribution law.

The constructiveness of the proposed criterion is demonstrated in two examples. The first is a
model problem described by 2-nd order equations. The second is an electromechanical tracking
system of an automatic manipulator, described by equations of the 3rd order. Thus, for dynamic
systems, we obtained a sufficient condition for controllability.
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Makana OackKapy/blH MaTeMaTHKAJBIK TEOPUSICHIHBIH ©3€KTi MoceseciHe apHayran. 2Kone
MakaJaga — KapanalbiM - IudOEpeHINAIbIK, — TEHJACYJAePMEH  CHMATTAJIFaH  OACKADPYIbIH,
MaTeMaTHKAJIBIK, MOJIEN, backapyra KATBICTBI MEKTEYIepIl eCKepe OTBHIPBIN 3epTreseai. bemrimi
Oosrramail, (a3ablK IMEKTEyIepMeH KoHe OacKapyra KATBICTHI IeKTeysepi 6ap AUHAMUKAJIBIK,
KyitesiepiiH, 6acKapbUIyblH Taby IpobsieMachl Ka3ipri yakbITTaja MaHbI3AbL. ATajfaH MoCcejeHi
HIENTYIiH TYPJii 2Kojaapsl 6ap. Kiaccukasibik 6ackapy Teopusichl OYIiHIT TaHJIa ©3repTuIyIe KoHe
bGacKapyIblH, OHTANIBI 0ACKAPY/IbIH 2KOHE TYPAKTBUIBIKTHIH, AJBIHFAH MIEMNMIEP/IiH MOCeIeIepin
MIENTYIiH YKaHA 9JicTepl TaObLIyAbl. InHaMuKaJIbIK KyHeHiH 6aCKapPbLIYybIH 3epTTEy OaPBICHIHIA
aBTopsap Ga3aJblK KoHe OacKapyra KOULLIFAH IIeKTeyjepi 6ap JMHAMUKAJBIK Kyieaep yIIiH
TriMIl OACKApBLIATBHIH TaJalKa KOJ KEeTKi3yre MYMKIHIK OepeTiH MHTepBAJIbI MAaTeMaTUKAHDI
KOJIJTaHIbI. Byt 9/1ic KapanaiibiM TapaJiy 3aHbIMEH CUTIATTAJIATHIH apHANDBI ecenTep TOOBIH MIeNTyTre
apHAJIFaH.

YcoiubuIran KpuTepwii €Ki MbIcasa KepceTiaren. Bipimmiici — 2-mi perTik TeHmeyaepMeH
CHUIATTAJITAH MOENIBIIK Mocese. Exinmrici - 3-m1i perTi TeHaeyaepMeH CUMaTTAIAThIH aBTOMATTHI
MAaHUITYJISITOP/IBIH, JIEKTPOMEXaHUKAJIBIK, KaJlarasiay Kyiteci. Ocpuraifina, JUHaAMIKAJIBIK, KYiieaep
VIIiH 6acKaAPY/IbIH KETKITIKTI MAapThl AJTbIHIbI.

Tvyiiin ce3xaep: kpurepuii, OakblIay, WHTEPBAJJIBl MATEMATUKA, IUHAMUKAJBIK Kyiienep,
WHTEPBaJI, HHTEPBAJIIBI BEKTOD, AuddepeHInaiibl TeHIEY.

ViccienoBanue ynpaBiisieMOCTH OUHAMWYECKUX CHUCTEM MPU HAJIWUYUAU OTPAHUYIEHUS HA
yIpaBJ/IeHUsI C IPUMEHEHNEM NHTEPBAJIbHON MaTeMaTUKU
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CraThsi TOCBSIEHa aKTyaJbHON mpobjieMe MaTeMaTHIeCcKON Teopuu yrpasjiasgemocTtu. B
Hell WCCjIeOBaHA MaTEeMATHYECKas MOJeb YIIPABJIEHUs, ONHUCHIBAEMas OOBIKHOBEHHBIMU
nuddepeHInaIbHBIMI YPABHEHUSIMH, YIATHIBAIONIAS OTPAHIYEHNS Ha yIIpaBienne. Kak n3BecTHo,
npobyieMa HAXOXKJEHUsT YIPABIIEMOCTH JUHAMUIECKUX CHCTEM C (Pa30BBIMU OT'PAHHMICHUSIMU
¥ OIPAHWYEHUsIMA Ha YIPaBJEHUE IO CHX IIOP OCTAeTCs akTyajbHO#. CylmecTByeT MHOYKECTBO
MOJAXOJ0B K PEIIEHUI0 Ha3BaHHOW 3ajadu. Kiraccudeckass TeOopusl YIPABJICHUS CErOTHS
MOIMMDUIIAPYETC W HAXOAUT HOBBIE METObI PEIeHMs 3a7ad YIPABISIEMOCTH, ONTHMAJIHHOTO
VIpaBJIEHUS W YCTONYMBOCTH, IOJYyYEHHBIX pelreHnii. B Xome wucciemoBaHus yrIpaBIseMOCTH
JUHAMHUYECKOIl CHCTEeMBbl aBTOPBHI IIPUMEHMJIN WHTEPBaJIbHYIO MaTeMaTHKy, KOTOpas IIO3BOJIIJIA
MOJIyIUTh 3MDQPEKTUBHBIN KpUTEPUl yIIPABJIIEMOCTH JIMHAMUYECKUN cucTeM C (a30BBIMU
OT'PAHUYCHUSIMH U OTPAHMYCHUSIMH Ha, yIpaBjieHusd. JlTaHHbII METOI MPUMEHUM I OIIPEICICHHOTO
KJjacca 3aJia9, B KOTOPBIX JIAHHBIE OIMCHIBAIOTCA HOPMAJbHBIM 3aKOHOM PacIpe/eIeHUs.

KoHcTpyKTUBHOCTD TIPEJIOKEHHOTO0 KPUTEPUS JIEMOHCTPUPYETCs Ha JBYX npumepax. Ilepsorit —
MOJIeJIbHAS 33/1a9a, OIMCHhIBAeMasl YPABHEHUSIMU 2-T0 HOpsi/iKa. BTopoil — 3jieKTpoMexaHndecKas
cJIeIAIAsl CUCTEMA aBTOMATUYECKOIO MAaHUITYJISTOPA, OIUChIBAEMAasl YPaBHEHUSIMU 3-T'O IOPSIKA.

Takum 06pasoM Jjist JUHAMUYIECKAX CHCTEM IIOJIYyYH/IN JTOCTATOYHOE YCJIOBHUE yIIPABJISEMOCTH.
KiroueBble cJioBa: KpuTepwii, yIPaBISA€MOCTb, yIpAaBJEHNE, WHTEPBAJbHAS MAaTEMAaTHUKA,

[QUHAMAYECKNE CUCTEMbI, HHTEPBAJI, HHTEPBAJIBHBIN BEKTOD, aAuddepeHInaibHoe yPaBHEHNE.

1 Introduction

The need to obtain effective criteria for ensuring the transfer of a dynamic system from a
certain initial state to the desired final state for a certain period of time is an urgent task.
For example, the inability to transfer electric power system after the electric circuit (or other
emergency) the operating mode for a particular time interval leads to large economic losses.
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The above technical problem in mathematical control theory is called the problem of con-
trollability [1].

The main approaches used in the mathematical theory of controllability imply the accuracy
of the presentation of the initial data. However, in real dynamic systems physical parameters
are measured with some error related to wear and operating conditions (temperature, etc.).
To take into account these features, you can use the new direction of computational mathe-
matics - interval analysis, the main idea of which is to replace arithmetic operations and real
functions on real numbers with interval operations and functions that convert the intervals
containing these numbers [2|. The use of the “classical” interval analysis in solving the prob-
lem of controllability of dynamic systems makes it possible to obtain a criterion of guaranteed
stability. However, these solutions are obtained “super-sufficient”, which in practice is a strict
limitation. In work [3] “practical” interval mathematics was introduced, which allows one to
expand the field of application (with appropriate restrictions on the systems under study).
Interval analysis is currently actively developing in many countries. Initially, interval methods
appeared as a means of automatic control of rounding errors on a computer and later turned
into one of the sections of modern applied mathematics. Interval methods have long gone be-
yond a purely theoretical study and are widely used in practice with the help of appropriate
software. As a result, there were interval arithmetic, interval algebra, interval topology, inter-
val methods for solving problems of computational mathematics, optimal control, stability,
etc. [2].

In scientific research, technology and mass production, it is often necessary to measure any
values (length, mass, current strength, etc.). When repeating measurements of the same ob-
ject, performed with the same measuring device with the same care due to the influence of
various factors, the same data is never obtained. Such factors include random vibrations of
individual parts of the device, physiological changes in the sensory organs of the contrac-
tor, various unaccounted changes in the environment (temperature, optical, electrical and
magnetic properties, etc.). Although it is not possible to predict the result of each individual
measurement in the presence of random dispersion, it corresponds to the “normal distribution
curve”. In this case, the bulk of the results obtained will be grouped around some central
or average value of a, which is answered by an unknown “true value” of the object being
measured. Deviations in one direction or another will occur even less often, the greater the
absolute value of such deviations, and are characterized by the value of ¢ - the standard
deviation. On the section from a — o to a+ o the share on average is equal to 0,6287 (68,27%)
of the total mass of repeated measurements. Within the limits (a — 20, a + 20 ) an average
of 0,9545 (95,45%) of all measurements is placed, and in the area (a — 30, a + 30 ) - already
0,9973 (99,73%), so, only 0,0027 (0,27%) of the total number of measurements goes beyond
the “three lung” limits, i.e. insignificant share of them.

“Classical” interval arithmetic assumes that all values of the interval are equally probable.
Therefore, all the results obtained with its help encompass all possible values and are “super-
sufficient”.

We introduce the formal concept of the interval a in the following form:

a=1lla—c¢eqa+e]] = (a,e,)
where a - the middle of the interval (or the mathematical expectation), ¢, - interval width

(or variance). Denote the set of all such intervals as Iy, (R).
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Let a, b, ¢ are intervals from I, (R). We introduce the following interval arithmetic operations
(assuming that the intervals are independent normally distributed quantities):

1. Addition of two intervals a,b € I ep,(R) : ¢ = a + b,

¢=a+b, €. = /€2 + &2,

2. Subtraction of two intervals a,b € Iep(R) : ¢ =a — b,

=a—0b, €. =1\/€2+ €3

3. Multiplication of two intervals a,b € Iep(R) : ¢ = a % b,

F—2a-b — /7222 4 p222
c=a-b, €. = ¢/ a*cy + b%e2.

]

reverse interval a,b € L, (R) 1 ¢ = 1;
1 _ Ca
c e w
4. division of two intervals a,b € Ip(R) : ¢ =+
a =522 2
__a _Jale; | €2
T eV T

For the numerical computation of interval expressions developed software that allows you
to operate as classical interval arithmetic [2]|, and interval arithmetic, introduced in the
paper [3,4] (taking into account the uneven distribution of values within the interval).

2 Literature review

Management problems in various areas of scientific research have been relevant for a long
time, today we are exploring various objects for which it is necessary to find the required
management.

The classical theory of control of multidimensional systems [5,6], which was actively devel-
oped in the 20th century, is being modified and strengthened in new, expanded problems.
One of the current trends is the construction of models of controlled systems with a priori
taking into account the uncertainties arising in the input data and parameters.

In this article, we consider one of the classical problems of control, the problem of control-
lability of dynamic systems [7], based on the ideas of interval analysis actively developing
from the second half of the 20th century [8,9].

The complexity of real objects often does not allow us to give an exact model description of
the object. Thus, the uncertainty was originally incorporated into the model under study. In
such systems, controls are used to satisfy a certain, often extreme, criterion that specifies the
characteristics (properties) of the system that are desirable for the user. The construction
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of managements adjusted for accounting for uncertainties is a current, actively developing
area of research [10-13|. Recently popular interval analysis methods, which suppose known
changes to the boundaries of segments (intervals) of parameter changes, are actively used in
control problems. In [14], interval methods in control theory were divided into the following
groups:

Methods based on the use of the apparatus of sensitivity functions, the frequency rep-
resentation of the object [12,15,16].

Methods with infinite gains [17]

Adaptive methods [18].

Methods of modal control [19-23].

Optimal control [24,25].

One of the disadvantages of using interval analysis: the operation of interval multiplication
greatly expands the interval [9], which overestimates the degree of uncertainty of the initial
data in the calculation process when solving a problem. The second significant disadvantage
is that in many cases, building control requires the condition of complete controllability for
all independent realizations of the system’s interval parameters.

To address these shortcomings, various approaches are used [26-32]. The control constructed
for the deterministic system is applied to the interval system. Based on the analysis of the
beam [13] of the trajectories of a closed system, estimates are made for the size of the in-
tervals, which preserve the required properties of the constructed control as a whole for the
interval system.

Pros of the variational approach. First, conventional deterministic methods of solution are
used that do not involve the apparatus of interval arithmetic, which leads to simpler algo-
rithms from a computational point of view. Secondly, the requirements of controllability are
usually put forward only with respect to the chosen deterministic system, which is a much
milder condition compared with the requirement of controllability for all systems from the
allowable intervals.

The disadvantage of this approach is the overestimation of estimates when constructing the
external approximation of the beam of trajectories of the interval system, and, as a result,
the narrowing of guarantees for the fulfillment of the criterion. Such an approach is suitable
only for fairly small initial uncertainty intervals. Our approach to the use of interval analysis
allows us to obtain an effective controllability criterion for dynamic systems with a control
constraint.

3 Materials and Methods

3.1 Formulation of the problem

The control system described by the following linear ordinary differential equations

& = Az + Bu, (1)
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where A —n x n - constant matrix, B —n - dimensional constant vector, x —n - dimensional
vector of system state, u - scalar control.
The following restriction is imposed on management

ll S U(t) S l2, te [O,T] . (2)

The task is to determine whether there is a control that satisfies the restriction (2) and
transfers the system (1) from the initial state

z(0) = o (3)
to the final specified state
2(T) = a1 (4)

for a fixed time T

The study of the problem in the presence of restrictions on the management of the forms (2) is
of some interest, since there are still no effective criteria [1]. In addition, the results can be used
in solving practical problems of optimal control of systems described by ordinary differential
equations with fixed ends and restrictions on the control actions. In particular, equations of
the form can describe robotic or electric power systems, where the coefficients of the matrix
and vector are determined through parameters (such as weight, metric characteristics, inertia,
etc.), which are usually calculated with some error.

3.2 Application of interval analysis to obtain the criterion of controllability

In recent years, such a direction of computational mathematics as interval has been devel-
oped, that operate not with numbers, and intervals (which allow to take into account the
error of the initial data) [2].

Next, we apply the results of interval mathematics to the problem of controllability. If
O(t,7) = 0(t) - 671(7), where 0(t) = e?* - the fundamental matrix of solutions of the system
described by a homogeneous vector differential equation

T = Ax. (5)
Introducing the notation:

114—12 12_11
U=+ 5 5

Then the system (1) can be represented as

L+ 1y

©=Ax+ B + Bu, (6)

Where
—L S U(t) S L,Vt € [to,tl] . (7)
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The solution of equation (6) can be represented as

2(1) = DL, to)a(ty) + L2

/ (1. 7)Bdr + / (1 7) Bo(r)dr. (8)

to to

L+l (T

®O(t,7)Bdr, f(r)=D(T,7)B.

0
Then the problem of controllability is reduced to the existence of the solution of the integral
equation

Introducing the notation y; = x1 + ®(7,0)zg —

U1 —/0 fi(r)v(r)dr, 9)

satisfying the condition (7).
To solve this problem, we apply the results of interval analysis [2].
Replace the integral in the right part (9) with the next

h:Zfiviwheren:%, h>0, —-L<vw<L, i=1,n.
i=1
Denote by f; = (fi,0) — the interval centered in f; and radius of 0, ¥; = (0, L) - the interval
from —L to L [2].
If i = 1. Calculating f;v; = (0,]|f1, L|) - the interval with the center at point 0 and radius
of |f; * L|, here all arithmetic operations are performed according to the rules defined for

interval calculations |[2].
Obviously multitude

{hfivi|Vv1 € (=L,L)}
same as interval
R(0,|f1L]) ¥h > 0.

By the method of mathematical induction it can be shown that the set of

{hZfiVi | Vvi € (—L,L),i = L_n}
i=1
same as interval
i=1
It can be seen that the set
T
[ soneir vy e e o)
0

Becrauk KasHY. Cepusi maremarnka, Mexanuka, nagopmaruka, N.2(102), 2019



76 Jomartova Sh.A. et al.

T
same as interval y, = f(T)vdr, where all arithmetic operations are performed using

interval calculations [2].

Thus, the following theorem is proved.

Theorem. In order for the system (6)-(7) to be controllable, it is necessary and sufficient that
the vector belongs to the interval vector ys.

For numerical modeling in Pascal language the software is developed, which implements
calculations of the proposed criterion and uses the library of interval calculation [4].
Lemma (Gronwall-Belman) [5]. If a scalar continuous function z(¢) and g(t) > 0 satisty the
inequality

z(t) < at) +/O g(s)x(s)ds, t>0,

where «(t) — some non-decreasing function. Then

2(t) < a(t)ezp ( /0 t g(s)d5> |

Applying the Gronwall-Belman Lemma to the problem (1) and (4) we obtain the following
inequality

t1

lofel < el + [ 1B ur)dress ( [ 14 df) . (10)

n
Choose as the norm of the vector ||z| = Z|:cz| and the norm of the matrix [|A| =

i=1
n

max (Z \aij|> :

1<j<n
i=1

3.3 Verification of the obtained controllability criterion with examples

Example 1. The second order system is considered as an example

x'1:3x1+2:c2+u
:ﬁzle—xg—u,

(11)
when partial conditions

To — (1, 1) to = O, tl = 1. (12)
The conditions for management and endpoint will vary.

a)if — 1.5 <wu(t) <1.0, telo,1]. (13)

39.97,17.99)
(9.33,7.50) )

Calculate the value of the interval vector y, = ((
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Substituting the values of the example parameters in (10) we get ||z (t)|| < 4e* =~ 218, 3.
Consequently, when z; = (109, 110)* according to the Gronwall-Belman Lemma, the system
(11)-(13) is not controllable, i.e. there is no control satisfying the restriction —1.5 < u(t) <
1/0 and translating system for time 1 of point xy = (1,1)* into the point z; = (109, 110)*.
Applying the proposed criterion, we obtain that the vector z; = (109, 110)* does not belong
to the interval vector ys, since 109 > 39.97 + 17.99 and 110 > 9.33 + 7.5, that means there is
no controllability for both variables.

b) at the point z; we take the solution of the Cauchy problem (11)-(12) at time ¢; at man-
agement u = 0, which satisfies the restriction (13): z; = (41.13,9.43).

Applying the proposed criterion, we obtain that the vector belongs to the interval vector s,
since 39.97 — 17.99 < 41.13 < 39.97 + 17.99 and 9.33 — 7.50 < 9.43 < 9.33 + 7.50, i.e. the
system is controllable.

Example 2. A system of equations of the third order of the form (1) describing the state
of the circuits of an Electromechanical tracking system of an automatic manipulator is
considered [5], where © = x(t) = (ia(t),2(t),0(t))* — the state vector of the system,
u=u(t) = (Qo(t),0(t))* — control input vector-system signal, with restrictions

I <u; <17, i=1,2; te [t t], (14)
_ (T%{ 4 kockg:Rm) _ (f_ﬂ X klkzﬁkm) _klkZ:kn _klkg:kp klkg:kn
A= kM _1 0 , B = 0 0
J T
0 1 1 0 0

Numerical values of matrix coefficients A and B depend on parameters and structure of the

tracking system.
If

o= (1,1,1) (15)

T=1,
Ty =2 Ly=3, koe=1, kyy =15, Ry =11, ke =2.1,
ki =01, kyp=2, kn=4, kp =6, J =5, Ty = 4.

Then the system of equations (1) is represented as
1y = —1.05%,; — 0.802 — 3.00 — 3.0Q + 2.00,,

Q = 0.4, — 0.25Q,
6=0Q+6.

Setting a constraint on the control vector u = (Qy(t), 0o(t))* in form
04<Q <06, telo,1]. 16)
025 <6, <125, telo,1].
(4.94 12.29)
Calculate the value of the interval vector y, = | (0.14 1.62)

(4.33 5.87)
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Substituting the values of the example parameters in (10), we obtain
|z(1)]] < (34 3% 1.85)e* ~ 466.6

Then at x(1) = (160,160, 150)* the system is not manageable, i.e. there is no manage-
ment of the translating system in time 7" = 1 from the point (1,1,1)* to the point
z(1) = (160, 160, 150)*.

4 Results

Applying the proposed criterion, we get that the vector z(1) = (160,160, 150)* does not
belong to the interval vector y,, as 160 > 4.94+12.29,160 > 0.14+41.62 and 150 > 4.33+5.87,
that means there is no controllability for the three variables.

As the point z(1) we’ll take the solution of the Cauchy problem (1) at a time 7" at management
u = 0, which satisfies the restriction (16), then z(1) = (—4.87,0.12,4.1)*.

Applying the proposed criterion, we obtain that the vector belongs to the interval vector s,
as 4.94 — 12.29 < —4.87 < 4.94 +12.29,0.14 — 1.62 < 0.12 < 0.14 4+ 1.62 and 4.33 — 5.87 <
4.1 < 4.33 + 5.87, that means that the system is manageable.

5 Conclusion

For a linear control system with limited control on the basis of interval mathematics, a
controllability criterion is obtained. A feature of the obtained criterion is its algorithmic con-
structiveness.

Results of numerical calculations show the effectiveness of the proposed controllability crite-
rion and the possibility of their application in practical applications.
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