
18 Á.Å. Êàíãóæèí , Ã.Ì. Íàëüæóïáàåâà

ÓÄÊ 517.927.6

1Á.Å. Êàíãóæèí , 2Ã.Ì. Íàëüæóïáàåâà

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè, Ðåñïóáëèêà Êàçàõñòàí, ã. Àëìàòû

E-mail: 1 kanbalta@mail.ru, 2 nalzhuppa@list.ru

Àíàëîã ôîðìóëû Ãðèíà è ñàìîñîïðÿæåííûå îïåðàòîðû â ïðîêîëîòûõ

îáëàñòÿõ 1

Îáúåêòîì èññëåäîâàíèÿ äàííîé ñòàòüè ÿâëÿåòñÿ ïîëèãàðìîíè÷åñêèé îïåðàòîð. Ïîëèãàðìî-
íè÷åñêèé îïåðàòîð ýòî åñòü îáîáùåíèå áèãàðìîíè÷åñêîãî îïåðàòîðà. Â äâóõìåðíîì ñëó÷àå
áèãàðìîíè÷åñêèé îïåðàòîð, â ñâîþ î÷åðåäü, ÿâëÿåòñÿ ìàòåìàòè÷åñêîé ìîäåëüþ òîíêèõ óïðó-
ãèõ ïëîñêèõ ïëàñòèí. Â ýòîé ðàáîòå äëÿ îïåðàòîðà, ïîðîæäåííîãî ïîëèãàðìîíè÷åñêèì óðàâ-
íåíèåì è ãðàíè÷íûìè óñëîâèÿìè Äèðèõëå, â ïðîêîëîòîé îáëàñòè Ω0 := Ω \ {M0}, ãäå Ω �
îäíîñâÿçíàÿ îáëàñòü ñ äîñòàòî÷íî ãëàäêîé ãðàíèöåé ∂Ω â R

2, à M0 = x0 = (x0

1
, x0

2
) � âíóò-

ðåííÿÿ ôèêñèðîâàííàÿ òî÷êà îáëàñòè Ω, ïîëó÷åí àíàëîã ôîðìóëû Ãðèíà è îïèñàí êëàññ
ñàìîñîïðÿæåííûõ çàäà÷. Äëÿ ýòîãî ââåäåíî ñïåöèàëüíîå ôóíêöèîíàëüíîå ïðîñòðàíñòâî Dm.

Ôóíêöèîíàëüíîå ïðîñòðàíñòâî Dm îïðåäåëåíî ñî ñïåöèàëüíûì ôóíêöèîíàëîì α(·), êîòîðûé
âïåðâûå áûë ââåäåí â 2011 ãîäó â ðàáîòå Êàíãóæèíà Áàëòàáåêà Åñìàòîâè÷à è Àíèÿðîâà
Àëüìèðà Àñêàðîâè÷à äëÿ îïåðàòîðà Ëàïëàñà. Åùå îäíèì ïðèëîæåíèåì ÿâëÿþòñÿ ïîëèãàð-
ìîíè÷åñêèå îïåðàòîðû ñ ñèíãóëÿðíûìè ïîòåíöèàëàìè. Ñâîéñòâà è ïðèëîæåíèÿ îïåðàòîðà
Ëàïëàñà ñ ñèíãóëÿðíûìè ïîòåíöèàëàìè èññëåäîâàíû âî ìíîãèõ ðàáîòàõ. È ýòà ñòàòüÿ ÿâëÿ-
åòñÿ ïðîäîëæåíèåì ñåðèé ðàáîò â äàííîì íàïðàâëåíèé.
Êëþ÷åâûå ñëîâà: ïîëèãàðìîíè÷åñêîå óðàâíåíèå, ïðîêîëîòàÿ îáëàñòü, ôîðìóëà Ãðèíà, ñà-
ìîñîïðÿæåííîå ðàñøèðåíèå.

Kanguzhin B.E., Nalzhupbayeva G.M.
An analogue of Green's formulae and self-adjoint operators in punctured domains

The object of study of this article is polyharmonic operator. Polyharmonic operator is a
generalization biharmonic operator. It is some models of thin �at elastic plates with point
interactions. In two dimention, it is the biharmonic equation satis�ed, to a good approximation,
by a small transverse de�ection of a thin �at elastic plate. In this work for an operator
generated by a polyharmonic equation and Dirichlet boundary conditions in the punctured domain
Ω0 := Ω \ {M0}, where Ω - a simply connected domain with su�ciently smooth boundary ∂Ω in
R

2 and M0 = x0 = (x0

1
, x0

2
) - internal �xed point of the region Omega, we obtain an analogue

of Green's formula and described class of self-adjoint problems. For this we introduce a special
function space Dm. Function space Dm is de�ned with a special functional α(·), which was �rst
introduced in 2011 year in Kanguzhin Baltabek Esmatovich and Aniyarov Almir Askarovich for
the Laplace operator. Another application is a polyharmonic operators with singular potentials.
properties and application of the Laplace operator with singular potentials investigated in many
studies. And this article is a continuation of series of works in this direction.
Key words: polyharmonic equation, punctured domain, Green's formulae, self-adjoint extension.

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâîãî ôèíàíñèðîâàíèÿ íàó÷íî-òåõíè÷åñêèõ ïðîãðàìì è ïðî-
åêòîâ Êîìèòåòîì íàóêè ÌÎÍ ÐÊ, ãðàíò 0732/ÃÔ, 2012ã.�2014ã.
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Êàíãóæèí Á.Å., Íºëæ´ïáàåâà Ã.Ì.
Ãðèí ôîðìóëàñûíû àíàëîãû æºíå îéûë¡àí àéìà©òà¡û °çiíå�°çi ò³éiíäåñ îïåðàòîðëàð

Çåðòòåó íûñàíû ïîëèãàðìîíèêàëû© îïåðàòîð áîëûï òàáûëàäû. Ïîëèãàðìîíèêàëû© îïåðà-
òîð áèãàðìîíèêàëû© îïåðàòîðäû æàëïûëàìàñû áîëûï òàáûëàäû. Åêi °ëøåìäi æà¡äàéäà
áèãàðìîíèêàëû© îïåðàòîð æ´©à ïëàñòèíàíû ìàòåìàòèêàëû© ìîäåëi áîëûï òàáûëàäû. Á´ë
æ´ìûñòà îéûë¡àí Ω0 := Ω \ {M0}, ì´íäà Ω � áiðáàéëàíûñòû àéìà©òà R

2-äà´û ∂Ω øåêàðà-
ñûìåí, àë M0 = x0 = (x0

1
, x0

2
) � iøêi áåêiòiëãåí Ω àéìà´ûíäà´û iøêi í³êòå, ïîëèãàðìîíè-

êàëû© òåäåóiìåí æºíå Äèðèõëå øåêàðàëû© øàðòòàðûìåí òóûíäàë¡àí îïåðàòîð ³øií Ãðèí
ôîðìóëàñûíû àíàëîãû æºíå °çiíå °çi ò³éiíäåñ òàáûëäû. Îë ³øií àðíàéû ôóíêöèîíàëäû©
Dm êåiñòiãi åãiçiëäi. Ôóíêöèîíàëäû© Dm êåiñòiãi α(·) ôóíêöèîíàëû àð©ûëû åãiçiëäi, îë
àë¡àø©û ðåò 2011 æûëû Êàíãóæèí Áàëòàáåê Åñìàòîâè÷ ïåí Àíèÿðîâ Àëüìèð Àñêàðîâè÷òû
æ´ìûñòàðûíäà Ëàïëàñ îïåðàòîðû ³øií ñèïàòòàëäû æºíå °çiíå °çi ò³éiíäåñ îïåðàòîðëàðäû
êâàíòòû© ìåõàíèêàäà, ôèçèêàäà, ºði ìàòåìàòèêàäà¡û ìàûçäûëû¡û æî¡àðû áîë¡àíäû©òàí
°çiíå °çi ò³éiíäåñ êååéòóëåðií çåðòòåó °òå ìàûçäû áîëûï òàáûëàäû.
Ò³éií ñ°çäåð: ïîëèãàðìîíèêàëû© òåäåó, îéûë¡àí àéìà©, Ãðèí ôîðìóëàñû, °çiíå�°çi ò³é-
iíäåñ êååéòó.

Ââåäåíèå

Ñâîéñòâà è ïðèëîæåíèÿ îïåðàòîðà Ëàïëàñà ñ ñèíãóëÿðíûìè ïîòåíöèàëàìè áûëè èñ-
ñëåäîâàíû âî ìíîãèõ ðàáîòàõ (ê ïðèìåðó, â îäíîìåðíîì ñëó÷àå [1]-[2] è âî ìíîãîìåðíûõ
ñëó÷àÿõ [3]). Â ñòàòüå [4] èçó÷åíû êîððåêòíî ðàçðåøèìûå êðàåâûå çàäà÷è äëÿ îïåðàòîðà
Ëàïëàñà â ïðîêîëîòîé îáëàñòè. Â äàííîé ðàáîòå îïèøåì êëàññ êîððåêòíî ðàçðåøèìûõ
çàäà÷ äëÿ ïîëèãàðìîíè÷åñêîãî îïåðàòîðà â ïðîêîëîòîé îáëàñòè è âûäåëèì èç íèõ ñàìî-
ñîïðÿæåííûå çàäà÷è. Äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì ñåðèè ðàáîò [4]-[6]. Ââåäåì
â ðàññìîòðåíèå äëÿ íàòóðàëüíîãî ÷èñëà m > 1 äèôôåðåíöèàëüíîå âûðàæåíèå

(−∆)mu :=

(

−
∂2u

∂x2
1

−
∂2u

∂x2
2

)m

â îáëàñòè Ω0 := Ω\{M0}, ãäå Ω � îäíîñâÿçíàÿ îáëàñòü ñ äîñòàòî÷íî ãëàäêîé ãðàíèöåé ∂Ω
â R

2, à M0 = x0 = (x0
1, x

0
2) � âíóòðåííÿÿ ôèêñèðîâàííàÿ òî÷êà îáëàñòè Ω. Ïåðåéäåì îò

âûðàæåíèÿ (−∆)mu ê îïåðàòîðó â ïðîñòðàíñòâå L2(Ω). Êëàññ ôóíêöèé, ïðåäñòàâèìûõ
â âèäå

u(x) = u0(x) + αuG(x, x0),

îáîçíà÷èì ÷åðåç Dm. Ãäå αu � íåêàÿ ïîñòîÿííàÿ, u0(x) ∈ Dm :

u ∈ W 2m
2 (Ω), u|∂Ω =

∂u

∂n

∣

∣

∣

∂Ω
= 0, ...,

(

∂

∂n

)m−1

u
∣

∣

∂Ω
= 0.

Çäåñü è äàëåå, G(x, x0) � ôóíêöèÿ Ãðèíà çàäà÷è Äèðèõëå äëÿ ïîëèãàðìîíè÷åñêîãî óðàâ-
íåíèÿ. Äëÿ êðàòêîñòè çàïèñè, ÷åðåç G áóäåì îáîçíà÷àòü ôóíêöèþ G(x, x0). Îáîçíà÷èì

Π0
δ = {(x1, x2) : −δ ≤ x1 − x0

1 ≤ δ, −δ ≤ x2 − x0
2 ≤ δ}.

Äëÿ h ∈ Dm ââåäåì ñëåäóþùèé ôóíêöèîíàë

α(h) =
1

2
lim
δ→+0

∫ x0

1
+δ

x0

1
−δ

[

∂(−∆)m−1h(ξ, x0
2 + δ)

∂x2

−
∂(−∆)m−1h(ξ, x0

2 − δ)

∂x2

]

dξ+
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+

∫ x0

2
+δ

x0

2
−δ

[

∂(−∆)m−1h(x0
1 + δ, η)

∂x1

−
∂(−∆)m−1h(x0

1 − δ, η)

∂x1

]

dη. (1)

Çàìåòèì, ÷òî α(h) = 0 äëÿ h ∈ C2m−1(Ω). Äëÿ íà÷àëà, äîêàæåì íåîáõîäèìóþ äëÿ
äàëüíåéøèõ èññëåäîâàíèé ëåììó.

Ëåììà 1 Äëÿ ôóíêöèè G(x, x0) âûïîëíÿåòñÿ ñîîòíîøåíèå

α(G(x, x0)) = 1.

Äîêàçàòåëüñòâî. Òàê êàê G(x, x0) � ôóíêöèÿ Ãðèíà, òî åå ìîæíî ïðåäñòàâèòü â âèäå

G(x, x0) = εm,2(x, x
0) + fm(x, x

0),

ãäå fm(x, x
0) äîñòàòî÷íî ãëàäêàÿ ôóíêöèÿ è

(−∆x)
mfm(x, x

0) = 0, x ∈ Ω

è α(fm(x, x
0)) = 0, à εm,2(x, y) � ôóíäàìåíòàëüíîå ðåøåíèå ïîëèãàðìîíè÷åñêîãî îïåðà-

òîðà (−∆)m. Èç ñâîéñòâà ôóíäàìåíòàëüíîãî ðåøåíèÿ, èìååì

(−∆x)
m−1εm,2(x, y) = ε1,2(x, y),

ãäå

ε1,2(x, y) =
1

2π
ln((x1 − y1)

2 + (x2 − y2)
2)

� ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ëàïëàñà. Ó÷èòûâàÿ çàìå÷åííûå âûøå ñâîéñòâà
ôóíêöèè Ãðèíà, ôóíäàìåíòàëüíîãî ðåøåíèÿ è òîãî, ÷òî

∂ ln((x1 − y1)
2 + (x2 − y2)

2)

∂x1

=
2(x1 − y1)

(x1 − y1)2 + (x2 − y2)2
,

∂ ln((x2 − y2)
2 + (x2 − y2)

2)

∂x2

=
2(x1 − y1)

(x1 − y1)2 + (x2 − y2)2

íåñëîæíûìè âû÷èñëåíèÿìè ïðèäåì ê

α(G(x, x0)) =
1

4π
lim
δ→+0

∫ x0

2
+δ

x0

2
−δ

(

4δ

δ2 + (x0
2 − y)2

)

dy+

+
1

4π
lim
δ→+0

∫ x0

1
+δ

x0

1
−δ

(

4δ

δ2 + (x0
1 − x)2

)

dx = 1.

Òàêèì îáðàçîì ëåììà äîêàçàíà. Èç îïðåäåëåíèÿ è â ñèëó ëåììû 1 äëÿ ïðîèçâîëüíûõ
u, v ∈ Dm ñïðàâåäëèâû ðàçëîæåíèÿ âèäà

u(x, y) = u0(x, y) + α(u)G(x, x0)

è
v(x, y) = v0(x, y) + α(v)G(x, x0),
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ãäå u0, v0 ∈ Dm.
Îáîçíà÷èì ÷åðåç

ξ−(u) := u0(x
0),

ξ+(u) := 2α(u).

Ñ äèôôåðåíöèàëüíûì âûðàæåíèåì (−∆)mu ñâÿæåì îïåðàòîð LM , îïðåäåëåííûé ðàâåí-
ñòâîì

LMu = (−∆)mu, x ∈ Ω0

íà u ∈ Dm. Îïåðàòîð Lm îïðåäåëèì êàê ñóæåíèå LM íà îáëàñòü

D(Lm) = {u|u ∈ Dm, ξ−(u) = 0, ξ+(u) = 0}.

×åðåç R(Lm) îáîçíà÷èì îáëàñòü çíà÷åíèé îïåðàòîðà Lm. Çàìåòèì, ÷òî îïåðàòîð LM çà-
ìêíóò. Â äàííîé ñòàòüå ðåøèëè ðàáîòàòü ñðàçó ñ çàìêíóòûìè îïåðàòîðàìè, òàê êàê äî-
ñòàòî÷íî ìíîãî ðàáîò ïîñâÿùåííûõ ê çàìûêàíèþ îïåðàòîðîâ. Íà ñàìîì äåëå, îïåðàòîð
Lm ÿâëÿåòñÿ ñóæåíèåì îïåðàòîðà m�ëàïëàñà ñ ãðàíè÷íûìè óñëîâèÿìè Äèðèõëå â îáëà-
ñòè Ω, òî åñòü ÿâëÿåòñÿ ñóæåíèåì ñàìîñîïðÿæåííîãî îïåðàòîðà (ñ êîíå÷íûì èíäåêñîì
äåôåêòà). Êàê íèæå áóäåò ïîêàçàíî, îïåðàòîð LM ÿâëÿåòñÿ ñîïðÿæåííûì îïåðàòîðîì ê
îïåðàòîðó Lm. Òàêèì îáðàçîì LM � çàìêíóòûé îïåðàòîð.

Àíàëîã ôîðìóëû Ãðèíà è êëàññ ñàìîñîïðÿæåííûõ çàäà÷

Öåëü äàííîãî ïàðàãðàôà âûïèñàòü àíàëîã ôîðìóëû Ãðèíà è êëàññ ñàìîñîïðÿæåííûõ
ðàñøèðåíèé îïåðàòîðà Lm.

Òåîðåìà 1 (Àíàëîã ôîðìóëû Ãðèíà) Ïóñòü u, v ∈ Dm. Òîãäà

< LMu, v >=< u,LMv > +ξ−(u)ξ+(v)− ξ−(v)ξ+(u).

Äîêàçàòåëüñòâî. Òàê êàê (−∆)mx G = 0 â îáëàñòè Ω0, òî äëÿ ïðîèçâîëüíûõ u, v ∈ Dm

∫

Ω0

∫

(−∆)mu(x, y)v(x, y)− u(x, y)(−∆)mv(x, y)dxdy =

=
m−1
∑

i=0

[

lim
δ→+0

∫

∂Π0

δ

(

∂(−∆)iu

∂n
(−∆)m−1−iv − (−∆)iu

∂(−∆)m−1−iv

∂n

)

ds
]

=

=
m−1
∑

i=0

[

lim
δ→+0

∫

∂Π0

δ

(

∂(−∆)iu0

∂n
(−∆)m−1−iv0 − (−∆)iu0

∂(−∆)m−1−iv0
∂n

)

ds
]

+

+α(u)

(

m−1
∑

i=0

[

lim
δ→+0

∫

∂Π0

δ

(

∂(−∆)iu0

∂n
(−∆)m−1−iG− (−∆)iu0

∂(−∆)m−1−iG

∂n

)

ds
]

)

+

+α(v)

(

m−1
∑

i=0

[

lim
δ→+0

∫

∂Π0

δ

(

∂(−∆)iG

∂n
(−∆)m−1−iv0 − (−∆)iG

∂(−∆)m−1−iv0
∂n

)

ds
]

)

.

Âåñòíèê ÊàçÍÓ. Ñåðèÿ ìàòåìàòèêà, ìåõàíèêà, èíôîðìàòèêà �3(82) 2014



22 Á.Å. Êàíãóæèí , Ã.Ì. Íàëüæóïáàåâà

Î÷åâèäíî, ÷òî

lim
δ→+0

∫

∂Π0

δ

(

∂(−∆)iu0

∂n
(−∆)m−1−iv0 − (−∆)iu0

∂(−∆)m−1−iv0
∂n

)

ds = 0, i = 0, 1, ...,m− 1,

lim
δ→+0

∫

∂Π0

δ

(

∂(−∆)iu0

∂n
(−∆)m−1−iG− (−∆)iu0

∂(−∆)m−1−iG

∂n

)

ds = 0, i = 1, ...,m− 1,

lim
δ→+0

∫

∂Π0

δ

(

∂(−∆)iG

∂n
(−∆)m−1−iv0 − (−∆)iG

∂(−∆)m−1−iv0
∂n

)

ds = 0, i = 0, ...,m− 2,

ïîñêîëüêó u0, v0 ∈ W 2m
2 (Ω). Òîãäà èìååì

∫

Ω0

∫

(−∆)mu(x, y)v(x, y)− u(x, y)(−∆)mv(x, y)dxdy =

= α(u) lim
δ→+0

∫

∂Π0

δ

(

∂(−∆)m−1G

∂n
v − (−∆)m−1G

∂v

∂n

)

ds−

−α(v) lim
δ→+0

∫

∂Π0

δ

(

∂(−∆)m−1G

∂n
u− (−∆)m−1G

∂u

∂n

)

ds.

Â äàëüíåéøåì, íàì ïîíàäîáèòñÿ ñëåäóþùàÿ ëåììà.

Ëåììà 2 Äëÿ ïðîèçâîëüíîãî v ∈ W 2
2 (Ω)

lim
δ→+0

∫

∂Π0

δ

(

∂(−∆)m−1G

∂n
v − (−∆)m−1G

∂v

∂n

)

ds = 2v(x0).

Äîêàçàòåëüñòâî. Ïðèìåíÿÿ íå ñëîæíûå ïðåîáðàçîâàíèÿ è ïîëüçóÿñü òåì, ÷òî v ∈
W 2

2 (Ω) âû÷èñëèì

lim
δ→+0

∫

∂Π0

δ

(

∂(−∆)m−1G

∂n
v − (−∆)m−1G

∂v

∂n

)

ds =

= lim
δ→+0

∫ x0

2
+δ

x0

2
−δ

v(x0
1 + δ, y)− v(x0

1, x
0
2)

δ
δ
∂(−∆)m−1G(x0

1 + δ, y, x0
1, x

0
2)

∂x1

dy+

+ lim
δ→+0

∫ x0

2
+δ

x0

2
−δ

v(x0
1, x

0
2)− v(x0

1 − δ, y)

δ
δ
∂(−∆)m−1G(x0

1 − δ, y, x0
1, x

0
2)

∂x1

dy+

+ lim
δ→+0

∫ x0

2
+δ

x0

2
−δ

v(x0
1, x

0
2)

(

∂(−∆)m−1G(x0
1 + δ, y, x0

1, x
0
2)

∂x1

−
∂(−∆)m−1G(x0

1 − δ, y, x0, x
0
2)

∂x1

)

dy+

+ lim
δ→+0

∫ x0

1
+δ

x0

1
−δ

v(x, x0
2 + δ)− v(x0

1, x
0
2)

δ
δ
∂(−∆)m−1G(x, x0

2 + δ, x0
1, x

0
2)

∂x2

dx+
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+ lim
δ→+0

∫ x0

1
+δ

x0

1
−δ

v(x0
1, x

0
2)− v(x, x0

2 − δ)

δ
δ
∂(−∆)m−1G(x, x0

2 − δ, x0
1, x

0
2)

∂x2

dx+

+ lim
δ→+0

∫ x0

1
+δ

x0

1
−δ

v(x0
1, x

0
2)

(

∂(−∆)m−1G(x, x0
2 + δ, x0

1, x
0
2)

∂x2

−
∂(−∆)m−1G(x, x0

2 − δ, x0
1, x

0
2)

∂x2

)

dx−

− lim
δ→+0

∫ x0

2
+δ

x0

2
−δ

∂v(x0

1
+δ,y)

∂x1

−
∂v(x0

1
,x0

2
)

∂x1

δ
δ(−∆)m−1G(x0

1 + δ, y, x0
1, x

0
2)dy−

− lim
δ→+0

∫ x0

2
+δ

x0

2
−δ

∂v(x0

1
,x0

2
)

∂x1

−
∂v(x0

1
−δ,y)

∂x1

δ
δ(−∆)m−1G(x0

1 − δ, y, x0
1, x

0
2)dy−

− lim
δ→+0

∫ x0

2
+δ

x0

2
−δ

∂v(x0
1, x

0
2)

∂x1

(

(−∆)m−1G(x0
1 + δ, y, x0

1, x
0
2)− (−∆)m−1G(x0

1 − δ, y, x0
1, x

0
2)
)

dy−

− lim
δ→+0

∫ x0

1
+δ

x0

1
−δ

∂v(x,x0

2
+δ)

∂x2

−
∂v(x0

1
,x0

2
)

∂x2

δ
δ(−∆)m−1G(x, x0

2 + δ, x0
1, x

0
2)dx−

− lim
δ→+0

∫ x0

1
+δ

x0

1
−δ

∂v(x0

1
,x0

2
)

∂x2

−
∂v(x,x0

2
−δ)

∂x2

δ
δ(−∆)m−1G(x, x0

2 − δ, x0
1, x

0
2)dx−

− lim
δ→+0

∫ x0

1
+δ

x0

1
−δ

∂v(x0
1, x

0
2)

∂x2

(

(−∆)m−1G(x, x0
2 + δ, x0

1, x
0
2)− (−∆)m−1G(x, x0

2 − δ, x0
1, x

0
2)
)

dx =

= 2α(G(x, x0))v(x0
1, x

0
2).

Îòñþäà è â ñèëó ëåììû 1 ïîëó÷èì òðåáóåìîå.
Èç ëåìì 1 è 2 ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû 1.

Ëåììà 3 Èìååò ìåñòî ðàçëîæåíèå

R(Lm)⊕KerLM = L2(Ω).

Äîêàçàòåëüñòâî. Ïóñòü f ∈ R(Lm). Òîãäà äëÿ ïðîèçâîëüíîãî v ∈ KerLM â ñèëó àíà-
ëîãà ôîðìóëû Ëàãðàíæà èìååì

< f, v >=< Lmu, v >=< u,LMv >= 0.

Ïóñòü òåïåðü íàéäåòñÿ òàêîå f ∈ L2(Ω), ÷òî äëÿ ëþáîãî v ∈ KerLM

< f, v >= 0.
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Íå ñëîæíî óáåäèòñÿ â òîì, ÷òî G(x, x0) ∈ KerLM . Òîãäà äëÿ ôóíêöèè

u0(x) =

∫

Ω

∫

G(x, ξ)f(ξ1, ξ2)dξ1dξ2

âûïîëíåíû ñëåäóþùèå âêëþ÷åíèÿ è ðàâåíñòâà:

u0 ∈ Dm,

(−∆)mu0(x) = f(x), x ∈ Ω0,

u0(x
0) =< f,G >= 0,

α(u0) = 0.

Òî åñòü u0 ∈ D(Lm). Òàêèì îáðàçîì, ëåììà 3 äîêàçàíà.

Ëåììà 4 D(Lm) ïëîòíî â L2(Ω).

Äîêàçàòåëüñòâî. Ïóñòü ôóíêöèÿ g ∈ L2(Ω) îðòîãîíàëüíà ëèíåàëó D(Lm). Íàéäåì
ôóíêöèþ v�ïðîèçâîëüíîå ðåøåíèå óðàâíåíèÿ LMv = g. Òîãäà äëÿ ëþáîãî u ∈ D(Lm)
èìååì

0 =< u, g >=< u,LMv >=< Lmu, v > .

Â ñèëó ëåììû 3 âûïîëíåíî v ∈ KerLM . Ïîýòîìó g = LMv = 0. Ëåììà 4 äîêàçàíà.

Òåîðåìà 2 Îïåðàòîð Lθ ââåäåííûé ñëåäóþùèì îáðàçîì

(−∆)mu = f, x ∈ Ω0

äëÿ u ∈ Dm ñ óñëîâèåì

θ1ξ
−(u) = θ2ξ

+(u) (2)

ÿâëÿåòñÿ ñàìîñîïðÿæåííûì ðàñøèðåíèåì îïåðàòîðà Lm â ïðîñòðàíñòâå Dm, ãäå θ =
(θ1, θ2), θ1, θ2� íåêîòîðûå âåùåñòâåííûå ÷èñëà è θ21 + θ22 ̸= 0.

Äîêàçàòåëüñòâî. Òàê êàê äëÿ ëþáûõ u, v ∈ D(Lm)

< Lmu, v >=< u,Lmv >,

òî ïî îïðåäåëåíèþ [7] Lm � ýðìèòîâûé îïåðàòîð. À â ñèëó ëåììû 4 Lm � ñèììåòðè-
÷åñêèé îïåðàòîð. Òàêèì îáðàçîì, äëÿ òîãî ÷òîáû îïåðàòîð Lθ áûë ñàìîñîïðÿæåííûì,
äîñòàòî÷íî, ÷òîáû

D(Lθ) = D(L∗

θ). (3)

Ýòî ñëåäóåò èç íåïîñðåäñòâåííûõ âû÷èñëåíèé ñ ïðèìåíåíèåì òåîðåìû 1. Èç óñëîâèè
òåîðåìû ñëåäóåò, ÷òî õîòÿ áû îäíî èç ÷èñåë θ1, θ2 íå ðàâíî íóëþ. Ïóñòü θ1 ̸= 0. Òîãäà
óñëîâèå (3) çàïèøåì â ñëåäóþùåì âèäå

ξ−(u) = µξ+(u), (4)
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ãäå µ = θ2/θ1. Òîãäà äëÿ ïðîèçâîëüíûõ u ∈ D(Lθ) è v ∈ Dm ñ ó÷åòîì ôîðìóëû (5) èìååì

< (−∆)mu, v >=< u, (−∆)mv > +ξ−(u)ξ+(v)− ξ−(v)ξ+(u) =

=< u, (−∆)mv > +µξ+(u)ξ+(v)− ξ−(v)ξ+(u) =

=< u, (−∆)mv > +[µξ+(v)− ξ−(v)]ξ+(u).

Òàê êàê äîñòàòî÷íî ìíîãî ôóíêöèé u ∈ D(Lθ) äëÿ êîòîðûõ ξ+(u) ̸= 0, òî èç ïîëó÷åí-
íîãî ñëåäóåò ñïðàâåäëèâîñòü ðàâåíñòâà (4). Ñëó÷àé θ2 ̸= 0 ðàññìàòðèâàåòñÿ àíàëîãè÷íî.
Òàêèì îáðàçîì, òåîðåìà 2 äîêàçàíà ïîëíîñòüþ. Àíàëîãîì òåîðåìû 2 äëÿ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ îïåðàòîðîâ ìîæíî ïîçíàêîìèòüñÿ â ðàáîòå [6].
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