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DISCRETE ITERATED HARDY-TYPE INEQUALITIES WITH THREE
WEIGHTS

Discrete, continuous Hardy-type inequalities are of great importance and have numerous
applications in harmonic analysis, in the theory of integral, differential and difference operators,
in the theory of embeddings of function spaces and in other branches of mathematics. In recent
years, weighted estimates for multidimensional Hardy-type operators have been intensively studied,
which have an important application in the study of boundedness properties of operators from a
Lebesgue weighted space to a local Morrey-type space, as well as in the study of bilinear operators
in Lebesgue weighted spaces. The discrete case of Hardy type inequalities with three weights is an
open problem. An inequality involving an iteration of the discrete Hardy operator is traditionally
considered difficult to estimate because it contains three independent weight sequences and three
parameters at their different ratios. In this paper we prove some new discrete iterated Hardy-type

inequality involving three weights for the case 0 < p < min{q, 6}.
Key words: inequalities, Hardy-type operator, weight, sequences, discrete Lebesgue spaces.
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JL.H. T'ymunes arwianars Eypasus yarreik yausepcureri, Hyp-Cynran k., Kazakcran
Y11 caaMakThl JUCKPETTI mTepalusajanral XapAu TUIITI TeHCI3aiKTep

Huckperri, y3imiccis Xapan TUNTI TeHCI3TIKTepi rapMOHUKAJIBIK aHAJIN3/E, HHTEIPAJIIBIK, Aud-
depeHnaIIBIK XKoHe albIPBIMIBIK, OIIEPATOPJIap TEOPHUSICHIH A, (PYHKIIMOHAJIIBIK, KeHICTIKTepIeri
€Hri3y TeOPUSICHIHIA YKoHE 0AaCKa1a MaTeMaTUKAHBIH OOIIMIEpiHIe KONTEereH KOIIAHBICTAPhI 0ap.
CoHFBI KBUIIAPHI KOII eJIIeMIl XapIu TUITI OlepaTop/IapablK, CAJIMaKThl Oaraiayaapbl KapKbIH-
JIBI TYPJIe 3ePTTeye, ssruu oaap Jleber canmakTo! Kenicririnen Moppu tunti okasibai KeHicTirine
MeHeTIMIIIIK KACUeTTEePiH 3epTTey/ e, COHBIMEH KaTap Jleber caaMakThl KeHICTiriHaeri ONChI3bIKTHI
oTIepaTOPJIAP/Ibl 3EPTTEY/IE KOJJIAHBLIAIbI. YT CAJMAKTBI Xap/i TUITI TEHCI3/IriHiH JUCKPETTI
KAFJAMbl alllblK Macese DOJIBIT TabbLIaAbl. OJETTe, MUCKPETTI Xap/Inu OlepaTOPbIHBIH, UTePAIlUsi-
CBIMEH 0OJTATBIH TEHCI3mMiKTep/ai Garamay KUbIH Jel CAHAJIAIbI, OMTKEHI OHBIH KYPAMBIHIA VI TOY-
eJici3 camMakThl Ti30eK »KoHe op TYpJIi KaThIHACTAFbI YIIT mapamerp 6ap. by makamrama 6i3 keitdbip
JKaHA YIII CAJIMAKTHI JIUCKPETTI uTepanusianrad Xapau Tunti rercisaikri 0 < p < min{q, 6} xar-
Jaibl YITiH gaJ1e/1efiMiz.

Tyiiin ce3aep: TeHci3AiK, Xap/u TUIITI OllepaTop, cajaMak, Tizbekrep, auckperti Jleber KeHicTiri.
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JluckpeTHble, HEIPEPhIBHbIE HEPABEHCTBA TUIA Xap/IU UMEIOT OOJIBIITOe 3HAYEHNE U MHOTOYHCJIEH-
HBIE TIPUJIOXKEHUS] B TADMOHUYIECKOM aHAJN3E, B TEOPUSIX MHTEIPAJIBHBIX, MUMQEPEHITNAIBHBIX 1
Pa3HOCTHBIX OIEPATOPOB, B TEOPHUH BJIOXKEHUU (DYyHKIIMOHAJIBHBIX IIPOCTPAHCTB U B JAPYTUX Da3-
Jenax MareMaruku. B mocsemnume rojbl MHTEHCHBHO HCCJIEAYIOTCS BECOBBIE OIEHKH JJIs MHOI'O-
MEPHBIX OIIEPATOPOB TUTIA Xap/ii, KOTOPbIE UMEIOT BaXKHOE ITPUJIOKEHNE B UCCTICTOBAHIUU CBOWCTB
OTPAHUYEHHOCTHU OIIEPATOPOB M3 BECOBOIO IpOCTpaHcTBa Jlebera B JIOKAJIbHOE IPOCTPAHCTBO THUIIA,
Moppu, a Tak)ke B HCCJIEIOBAHUNA OWJIMHEHHBIX OIEPATOPOB B BECOBBIX ITPOCTPAHCTBax Jlebera.
JuckpeTHBIN cydail HEPABEHCTB TUIA XapIU ¢ TPeMs BECAMH SIBJISIETCH OTKPBITON MPOOJIEMOii.
HepagencTBo, BKIIOYaIoiee UTEPAIUIO JUCKPETHOTO OMEPATOPA XapAau, TPAJAUIIMOHHO CINTAETCs
TPYAHBIM JJIsl OIIEHKH, IIOCKOJIbKY OHO COJEP?KHUT TPU HE3aBUCUMBIX BECOBBIX I10C/IEJ0BATEIbHO-
CTell ¥ TPU MapaMeTpa, IMPU UX PA3JIUIHBIX COOTHONIEHUAX. B 9TOi cTaThe MBI JIOKA3bIBAEM HEKO-
TOpOE HOBOE JIUCKPETHOE UTEPAIIMOHHOE HEPABEHCTBO THUMA XAapJU C TPEMS BECAMH JIJIS CJIydast
0 < p < min{g, 6}.

KitroueBbie ciioBa: HEPABEHCTBO, OLIEPATOD TUIA XaP/IU, BEC, IOCIEI0BATEIHLHOCTH, JUCKPETHOE
mpocTpancTso Jlebera.

1 Introduction

Let 0 < p,q,0 < 0o and ¢ = {@x}72; be a non-negative sequence, u = {u; }3°;, w = {w; }2,;
be positive sequences of real numbers, which will be referred to as weight sequences. We
denote by 1,,, the space of sequences f = {f;}32, of real numbers such that

j=1
00 1
1l = (Do lusfil)” < +00, 1<p< o,
j=1
In this paper we characterize the following discrete Hardy-type inequalities:

(iwi(i\wiﬁ q>2>é§0(§:|u]~f]~|p>;, Vf € lpu, (1)
n=1 k=n i=k

for the following cases:

a) 1 <p <min{q,0} < oo,
b) p € (0,1] and p < min{q,0} < oo,

where C' is a positive constant independent of f.
Note that our result in case b) is especially interesting, since a continuous analogue of
inequality (1) doesn’t exist in this case.

2 Literature review

Since last century, one-dimensional discrete, continuous weighted Hardy inequalities have
been investigated intensively in various functional spaces. The results of these works can
be seen in the books of such authors, as for example B. Opic, A. Kufner, L. Maligranda,
L.-E. Persson and N. Samko ([1]-[3]). In recent years, the general cases of the discrete,
continuous weighted Hardy inequalities are investigated. For example the papers [4]-[15] have
been devoted to the continuous analogue of discrete Hardy-type inequalities (1). An interest
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in this type of inequalities are caused by their applicability to spaces of the Morrey type
([16], [17]). Moreover, the characterizations of these inequalities can be applied to research
weighted inequalities for Hardy’s bilinear inequalities ([18]-[20]). However, the discrete Hardy-
type inequality (1) is study very little. For example, see the papers [21| and [22], where in
particular, in [22] a criterion for the fulfilment of inequality (1) was obtained for the case
O<g<b<p<oo,p>1.

3 Material and research methods

The research methods are as follows: in this paper a method of partition of the sequence of
elements of the Hardy operator on the part in each point is developed, which allows us to
effectively estimate the sum on the parts. Note that such "blocking technic" was developed in
[4]. During the estimate, various classical inequalities are used, such as Minkowski inequality,
Holder inequality and the following elementary inequalities:

Ifa;>0,i=1,2,....k, then

(iai>a§z]€:a?, 0<a<l, (2)

m=1 m=1

and
(iai>azz]€:a?, a>1. (3)

In the proofs of our main results we will need the following well-known version of the
discrete Minkowski inequality:

Lemma. Let {a;,}, 1 =1,2,...,n < 400, j = 1,2,...,m, be a positive matrix. Then the
inequalities

) e () )

=1 gj=1 J=1 =1
and
n i o\ L n n 1
(X)X (Elaur)” )
i=1  j=1 j=1  i=j

hold, where o > 1.
Convention: The symbol M < K means that M < cK, where ¢ > 0 is a constant
depending only on unessential parameters. If M < K < M, then we write M ~ K.

4 Results and discussion

4.1 Main result

Our main result reads as follows.
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Theorem. (i) If 1 < p < min{q,0} < oo, then the inequality (1) holds, if and only if

Ay < o0, where )
A 3:SUP<Z:1%€(Z ) > (2;15_7’)/.

rzl b= =n
Moreover, C' = Ay, where C' is the best constant in (1).
(11) If p € (0,1] and p < min{q, 0} < oo, then the inequality (1) holds, if and only if Ay < oo,

where
Ag :sup<2w (Z%) ) sup uy, .

r>1 r<k

Moreover, C' =~ Ay, where C is the best constant in (1).
Proof. Necessity: Suppose that the inequality (1) holds with best constant C' > 0.

(i) Let us show that A; < oo. Let 1 < 7 < N < oo and take a test sequence f = {f,}>

suchthatfs—()for1<5<rand5>Nandfs—up forr <s <N < 0.
Then

Hﬂhp,u:(irﬁwp);:(iw ap)’ (Zu /) (6)

s=r

By substituting f in the left hand side of inequality (1), we can deduce that

1= (St(Cla 1)) = (Sl 7]) ) 2
z(ng@\@éuﬂqy)

From (1), (6) and (7), it follows that
T T 6.1 N 1
C > 0 a)7) " 7)Y for all 1< 7 < N.
(;w (;gok) ) (Zu )", forall 1<y

Since r > 1 is arbitrary, passing to the limit as N — oco, we have that

A—su (St (X)) (Tur) < )
n=1 k=n =7

r>1

22
q

U=
AV
/
&
SIS
/~
(7
S
TS
N———
QD
N——
U=
/N
E\
N——
—
\]
N~—

(1) Let us show that Ay < co. Now for 1 < r < k < oo we assume that g = {gs}32,, where
gs = 0 for s # k and g, = u;, ' for s = k, where uy, # 0. Then
[l = g - e = 1. (9)

Substituting ¢ in the left hand side of inequality (1), we find that

- (XAl 2l

T

>é2 (Zw (Z(’Os) ) uet, Yk >,

QI
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=

I(g) > (iwﬁ(iw?)fl) supug’, Vr> 1.
1 s=n

— r<k
— <
[herefore

I(9) zsup<zr:wz<igpg>g)ésupu;1 = A,. (10)
1 s=n

r>1 r<k
= n— <

From (1), (9) and (10), we have that

T 1

Agzsup(sz(zr:cpg>z)esupu,;1 <C. (11)

r>1 r<k

Sufficiency: Now, we prove that the inequality (1) holds. Let 0 < f € [,,,, be such that

ifi < oo0. (12)

Let -
ki :=inf{k € Z: Zfl < 2R,
i=1

then -
ok1-1 < Zfi < okt
=1

We consider the sequence {ji}, where j;. are defined by

Je=min{j > 1: ) fi < 2R

i=j
We note that
[o¢]
jr=min{j>1:> fi<2M}=1
=

For all £ > 1 it yields that

iﬁ < 2T < i fi (13)

i=ji i=ji—1
Therefore the set of natural numbers N can be written

N = kgl[]ka.]k-i-l —1].

Moreover,

jm+1_1 jm+1_1

ok1—m+1 i £ = Z fi+ i fi < Z fi+2k1_(m+1)+17 m > 2.

1=Jm—1 1=Jm—1 1=Jm+1 1=Jm—1
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Hence,
jm+1_1
< N fi, m>2,
i=jm—1
]m+2 1
oki—m — oli=(mt)+l — o gki—(m+1) - 9 Z fi, m > 2.
1=jm+1—1
We have that
Jo+1—1
A I LR A
i=jo—1
Then we obtain that
jm+2_1
Qi N m> L (14)
i:jm+1_]-

Therefore, in view of (13),

00 00 00 oo Jrk+1—1 00 00 g
() =3 (z a3 ) vy (z a3 ) 5
n=1 s=n =5 k=1 n=jj s=n =5
0o Jk+1—1 Jm41—1 00 q %
B NI SIS w?(Zﬁ) 5
k=1 n=j m=k s=max(n,jm) 1=jm
oo Jry1—1 Jm1—1 g
<> > wn Z > ()
k=1 n=jj m=k s=max(n,jm)
Hence, by applying (14) we have that
oo Jrk+1—1 Jm+1—1 Jm42—1 ! %
03NN ST I NI R (15)
k=1 n=j m=k s=max(n,jm) 1=Jm+1—1

We must now consider the cases § < ¢ and 6 > ¢ separately.

4.2 The case 6 < g

(1) Let 1 < p < 0 < ¢q. By applying (2) in (15), we find that

6
oo Jr+1—1 Jm41—1 q Jmy2—1

QZZZ > & >

k=1 n=ji s:max(n,jm) 1=Jm+1—1
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Now, by changing the orders of sums, we get that

0
0 Jm42—1 m Jk+1—1 Jm41—1 4
0
<4 > 2:2: >, et <
m=1 \i=jm+1—1 k=1 n=j s=max(n,jm)
. 0 9 Q
9 Jm42—1 Jo—1 Jm+1—1 m Jk+1—1 Jm+1—1
<Y L X S [ en| et D e 2w | <
m=1 \i=jm+1—1 n=ji s=n k=2 n=jj S=Jm
. 0 [
00 Jm42—1 J2—1 Jm+1—1 <1 Jm+1 1 Jm4+1—1 q
0 6
531 D DR I DI Z% DI I =
m=1 \‘i=jm4+1—1 n=j1 n= Jz 5=jm
) 0 s (4 [
0 Jmt2—1 j2—1 Jm+1—1 q jm+1 1 Jm4+1—1 q
0 § E E 6 § § q
S 4 fZ Wp, (ps Ps S
m=1 \i=jm+1—1 n=ji n= ]2 s=n
. 0 . A
[e'e} Jm+2—1 ]m+1_1 Jm+1—1 q
92 : 2 : E : 0 § q
S 4 fz wn 905 )
m=1 1=Jm+1—1 n=ji s=n
so that
. 0 . 4
0o Jm42—1 Jm+1—1 Jm+1—1
0
m=1 \i=jmy1—1 n=ji
Therefore, by using Holder’s inequality and (3) in (16), we obtain that
. L . 8 . pva
[ee) Jm+2—1 P jmy1—1 Jm+1—1 q Jm42—1 p
0 p 0 q —p’
I'(f) < E E | fi - wi E W, E Vo E u; <
m=1 \i=jm+1—1 n=ji s=n 1=jm+4+1—1

6 0
00 Jm+2—1 P Jm41—1 Jm41—1 q 00 P
E E 2 0 § q 2 —p’
uz|p sup wn 905 ui
m — i

m=1i=jm+1—1 - n=ji

SA

YRS
D=

-

0
p7u> ‘

(S (s (52 ()

r>1

(i_oj u) — (4l

Hence,

I(f) < Al fllpw, if 1<p<O<q
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(17) Let 0 < p < 1. We start with the inequality (16):

. pl o
00 Jm+2—1 Pj Jm+1—1
0 —1
m=1 1=Jm+1—1 n=1 s=n

By applying (2) with 0 < p < 1, we obtain that

0
oo Jm+2—1 P 0 jm+1—1 Jm41—1 g
I°(f) < E E | fi - wil? max u; E w) E el <
jm+1*1§i§jm+2*1

m=1 1=Jm+1—1 n=j1 s=n

4
oo Jm42—1 P 0 jmy1—1 Jm+1—1 q
—1 %
SE E | fi - wil” o Sup Wn § el -

m=1 1=Jm+1—1 s=n

By using (3), we get

0 1 0
00 Jmt2—1 P Jm+1—1 Jm+1—1 a\ °
SSTANETSS wz(z wZ) | <
m=14i=jm41—1 mz1 n=j s=n Jm+1—1<k
0 o\ b o

oo p T q 0

< (Z\fi-uii”> sup Zw (sz) supu! | = (Axllflla) -
i1 r>1 s—n r<k

so that
I(f) < Ao|| fllpur if P<0<gq, (18)

where p € (0, 1].

4.3 The case 6 > q

(1) Let 1 < p < g < 0. We start with the inequality (15). First we raise both sides in (15) to
the power § <1, ie.,

| | o\ 279
oo Jr+1—1 Jm1—1 Jm42—1 a
q
Yy uly Y o« Yo
k=1 n=jj m=k s=max(n,jm) i=jm41—1
Next we apply (4) in the inner sum with o = (QI and obtain that
q
9o @
o 2] % a ’
q

o) Jk+1—1 Jm+1—1 Jm—+2—1

1‘?<f<4q Z DR B ook ,

m=k n=j s=max(n,jm) 1=jm4+1—1
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Using (5), we get that

. , o 0779
00 m Je+1—1 Jm4+1—1 4 Jm42—1
0
() <40y 1Dy D Wb > ! > f; <
m=1 | k=1 n=ji s=max(n,jm ) i=jm+1—1
q oy
S Jm42—1 m Jr+1—1 Jm+1—1 q
q E § § E 0 § q
S 4 fl Wy, Ps S
m=1 \i=jm+1—1 k=1 n=j s=max(n,jm)
. . o §
00 Jm42—1 Jm41—1 Jm41—1
S 4q § E fZ E w E 905 9
m=1 1=Jm+1—1 n=ji
so that
9
00 Jm42—1 e Jm+1—1 Jm4+1—1 al’
q
I(f) < ) > i > E ot : (19)
m=1 \i=jm+1—1 n=ji
Hence, by using Holder’s inequality,
z & 614
o j'm+271 P jm+271 p j'm+1 1 ]'m+1 1
q p -
I <y > 1fi il >y ) E v
m=1 1=Jm+1—1 1=Jm+1—1 n=j1

Therefore, by applying (3) with a = %, we obtain that

hSES]

o jm+2_1

Jm+1—1 Jm+1—1 % 00 P
rn< (375 ewr ) s 24@5@ AR
m=1i=jmy1—1 mz1 n=j s=n i=

-
[}

[ Il 1
L4 0 =

o0 % r q 0 L P q
< (Zlﬁuilp> Sup Zw (Z w?) (Z uip> = (A1||f p,u) ,
=1 r s=n i=r
so that
I(f) < A1l fllpu, when 1 <p<gqg<@. (20)

(11) Let 0 < p < 1. We start with the inequality (19):

q
, P
Jm+2—1 p

00 Jm+1—1 Jm+1—1
<SS (7S fowear d<2%>

m=1 1=Jm+1—1 n=1
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By applying (2) with 0 < p < 1, we obtain that

1
q o\ ¥ q

oo Jm+2—1 P Jm+1—1 Jm+1—1 q
RUES 1 (b SIRETY I IRV 5 e B o)

m=1 \i=jms1—1 Jm+1—1<k n—1
By using (3), we get that
oo jm+2_1

I(f) < Z Z | fi - wal?

m=1 i=jm+1—l - n:jl

hSHNSY
)]
[wr
o]
S
3
b
|
—
&
RICS
-~
oL
3
I\t
|
—
S
nQ
~
)]
[wr
o]
e
el
AN

=

[4

0 T r q
q
g(z|fi~uirp> sup | " (Z@Z) supu! | = (AellFlp)
=1 n=1 s=n =

hSHTS]

r>1
so that

I(f) < Al fllpws if p<q<, (21)

where p € (0, 1].

The estimates (17), (20) and (18), (21) were obtained under the condition (12). Let
M={fe€l,,:3N =N(f) >0and f; = 0,7 > N}. Since f from M satisfy the condition
(12) and the set M is everywhere dense in [, ,, then the estimates (17), (20) and (18), (21)
are satisfied for all f € [, ,,. Therefore from the inequalities (8), (17) and (20), we get C' ~ A,
and from the inequalities (8) and (18), (21), we get C' &= A, where C' is the best constant in
(1). The proof of Theorem is complete.

5 Conclusion

In conclusion, we have established necessary and sufficient conditions on functions v and w
are ensuring boundedness of a discrete Hardy-type operator from a weighted sequence space
Iy to a weighted sequence space for a wide range of the numerical parameters p, u and 0.
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