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Îá îäíîé íåëèíåéíîé çàäà÷è íåíüþòîíîâñêîé ôèëüòðàöèè â íåîäíîðîäíîé

ñðåäå ñ íåëîêàëüíûì ãðàíè÷íûì óñëîâèåì

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ ãëîáàëüíàÿ ðàçðåøèìîñòü è íåðàçðåøèìîñòü îäíîé íåëèíåé-

íîé çàäà÷è íåíüþòîíîâñêîé ïîëèòðîïè÷åñêîé ôèëüòðàöèè c íåëîêàëüíûì ãðàíè÷íûì óñëî-

âèåì â ñëó÷àå ìåäëåííîé äèôôóçèè, îáîáùàþùèå ðàíåå èçâåñòíûå ðåçóëüòàòû äðóãèõ àâòî-

ðîâ. Íàéäåíû óñëîâèÿ ãëîáàëüíîãî ñóùåñòâîâàíèÿ ïî âðåìåíè ðåøåíèÿ è íåðàçðåøèìîñòè

ðåøåíèÿ çàäà÷è íåëèíåéíîé ôèëüòðàöèè â íåîäíîðîäíîé ñðåäå íà îñíîâå ìåòîäà ýòàëîííûõ

óðàâíåíèé, àâòîìîäåëüíîãî àíàëèçà, ìåòîäà ñðàâíåíèÿ ðåøåíèé. Èçó÷åíî âëèÿíèå íåîäíî-

ðîäíîñòè ñðåäû íà ýâîëþöèþ ïðîöåññà. Ïîëó÷åíà êðèòè÷åñêàÿ ýêñïîíåíòà òèïà Ôóäæèòà è

êðèòè÷åñêàÿ ýêñïîíåíòà ãëîáàëüíîãî ñóùåñòâîâàíèÿ ïî âðåìåíè ðåøåíèÿ, èãðàþùèé âàæíûé

ðîëü ïðè èññëåäîâàíèÿõ êà÷åñòâåííûõ ñâîéñòâ íåëèíåéíûõ ìîäåëåé ðåàêöèè - äèôôóçèè, òåï-

ëîïðîâîäíîñòè, ôèëüòðàöèè è äðóãèõ ôèçè÷åñêèõ, õèìè÷åñêèõ, áèîëîãè÷åñêèõ ïðîöåññîâ. Â

ñëó÷àå ãëîáàëüíîé ðàçðåøèìîñòè ïîëó÷åí ãëàâíûé ÷ëåí àñèìïòîòèêà ðåøåíèé, âêëþ÷àÿ êðè-

òè÷åñêîå çíà÷åíèå ïàðàìåòðà. Äëÿ ÷èñëåííîãî èññëåäîâàíèÿ ðàññìàòðèâàåìîé çàäà÷è ïðåä-

ëîæåí ñïîñîá âûáîðà ïîäõîäÿùåãî íà÷àëüíîãî ïðèáëèæåíèÿ äëÿ èòåðàöèîííîãî ïðîöåññà.

Èñïîëüçóÿ àñèìïòîòè÷åñêèå ôîðìóëû â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ äëÿ èòåðàöèîí-

íîãî ïðîöåññà, ïðîèçâåäåíû ÷èñëåííûå ðàñ÷åòû è àíàëèç ðåçóëüòàòîâ. Ðåçóëüòàòû ÷èñëåííûõ

ýêñïåðèìåíòîâ ïîêàçûâàþò, ÷òî ïîëó÷åííûå ðåçóëüòàòû õîðîøî ñîãëàñóþòñÿ ñ ôèçèêîé ðàñ-

ñìàòðèâàåìîãî ïðîöåññà íåëèíåéíîé ôèëüòðàöèè

Êëþ÷åâûå ñëîâà: ôèëüòðàöèÿ, äèôôóçèÿ, àñèìïòîòèêà, êðèòè÷åñêàÿ ýêñïîíåíòà, íåîã-

ðàíè÷åííûå ðåøåíèÿ, ÷èñëåííûé àíàëèç.

Z.R. Rakhmonov

On one nonlinear problem of non-Newtonian Filtration in an inhomogeneous medium with
nonlocal boundary conditions

In this paper we study the global solvability and nosolvability of a nonlinear problem of non-

Newtonian �ltration with nonlocal boundary condition in the case of slow di�usion, which

generalized early known results other authors. On the basis of the method of standard equations,

self - similar analysis, the comparison method solutions the conditions of global existence and

nonexistence solutions of the nonlinear �ltering problem in an inhomogeneous medium found and

shows the e�ect inhomogeneity's of the medium in these conditions. Establish the critical global

existence exponent and critical Fujita exponent, which play an important role in the study of

qualitative properties of nonlinear models of reaction - di�usion, thermal conductivity, �ltering,

and other physical, chemical, and biological processes. In the case of the global solvability the

leading term of the asymptotics of solutions obtain. And at critical values of the parameters

the asymptotic behavior of solutions proved. Provided a method of selecting a suitable initial

approximation for the iterative process in numerical studies of the problem.Using the asymptotic

formula as the initial approximation for the iterative process, a numerical calculation carried out

and analyzed the results.Results of numerical experiments show that the obtained results are in

good agreement with the physics of the process of nonlinear �ltering.

Key words: �ltration, di�usion, asymptotic behavior, critical exponent, blow-up, numerical

analysis.
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Ò°iðåêòiê åìåñ øåêàðàëû© øàðòïåí áåðiëãåí áiðòåêñiç îðòàäà¡û íüþòîíäû© åìåñ
ôèëüòðàöèÿíû ñûçû©òû© åìåñ áið åñåái æàéëû

Á´ë æ´ìûñòà áàñ©à àâòîðëàðäû á´ðûííàí áåëãiëi íºòèæåëåðií æàëïûëàéòûí áàÿó äèô-

ôóçèÿ æà¡äàéûíäà ò°iðåêòiê åìåñ øåêàðàëû© øàðòïåí áåðiëãåí ñûçû©òû åìåñ ôèëüòðà-

öèÿ åñåáiíi ¡àëàìäû© øåøiëåòií íåìåñå øåøiëìåéòiíäiãi çåðòòåëãåí. Øåøiìäåðäi ñàëûñòû-

ðó ºäiñi, àâòîìîäåëäiê òàëäàó, ýòàëîíäû© òåäåóëåð ºäiñi íåãiçiíäå áiðòåêñiç îðòàäà ñûçû-

©òû åìåñ ôèëüòðàöèÿ åñåáiíi óà©ûò áîéûíøà øåøiìiíi ¡àëàìäû© áàð áîëóûíû æºíå øå-

øiìíi øåøiëìåéòiíäiãiíi øàðòòàðû òàáûë¡àí. Îðòà áiðòåêñiçäiãiíi ïðîöåññ ýâîëþöèÿñûíà

ºñåði çåðòòåëãåí.Ñûçû©òû åìåñ ðåàêöèÿ ìîäåëäåði-äèôôóçèÿ, æûëó°òêiçãiøòiê, ôèëüòðà-

öèÿ æºíå áàñ©à äà ôèçèêàëû©, õèìèÿëû©, áèîëîãèÿëû© ³ðäiñòåðäi ñàïàëû© ©àñèåòòåðií

çåðòòåóäå ìàûçäû ð°ë àò©àðàòûí Ôóäæèò ò³ðiíäåãi êðåòèêàëû© ýêñïîíåíòà æºíå óà©ûò

áîéûíøà øåøiìiíi ãàëàìäû© áàð áîëóûíû êðåòèêàëû© ýêñïîíåíòàñû àëûí¡àí. �àëàìäû©

øåøiëåòiíäiê æà¡äàéûíäà ïàðàìåòðäi êðåòèêàëû© ìºíiìåí ©îñà øåøiì àñèìïîòèêàñûíû

áàñòû ì³øåñi àëûí¡àí.�àðàñòûðûëûï îòûð¡àí åñåïòi çåðòòåó ³øií èòåðàöèÿëû© ïðîöåñêå

ëàéû©òû áàñòàï©û æóû©òàóäû òàäàó òºñiëi ´ñûíûë¡àí. Èòåðàöèÿëû© ïðîöåñêå ëàéû©òû

áàñòàï©û æóû©òàó ðåòiíäå àñèìïòîòèêàëû© ôîðìóëàëàðäû ïàéäàëàíà îòûðûï ñàíäû© åñåï-

òåóëåð æ³ðãiçiëãåí, àëûí¡àí íºòèæåëåðãå ñàëûñòûðóëàð æàñàë¡àí.Ñàíäû© òºæiðèáå íºòè-

æåñi ©àðàñòûðûëûï æàò©àí ñûçû©òû© åìåñ ôèëüòðàöèÿ ïðîöåñiíi ôèçèêàñûìåí åñåïòåó

íºòèæåëåði æà©ñû ³éëåñåòiíäiãií ê°ðñåòåäi.

Ò³éií ñ°çäåð: ôèëüòðàöèÿ, äèôôóçèÿ, àñèìïòîòèêà, êðåòèêàëû© ýêñïîíåíò, øåêñiç øåøiì-
äåð, ñàíäû© òàëäàó.

Ââåäåíèå

Â äàííîé ðàáîòå èññëåäóåòñÿ êà÷åñòâåííûå ñâîéñòâà ðåøåíèé ñëåäóþùåãî êâà-çèëè
íåéíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ
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(0, t) = uq (0, t) , t > 0, (2)

è íà÷àëüíûì óñëîâèåì

u (x, 0) = u0 (x) ≥ 0, x ∈ R+, (3)

ãäå ρ (x) = (1 + x)n, n > 0,m > 1, q ≥ 0, p > 1+1/m - çàäàííûå ÷èñëîâûå ïàðàìåòðû, u =
u(t, x) ≥ 0 - èñêîìîå ðåøåíèå. Óðàâíåíèå (1) îïèñûâàåò ìíîãèå ôèçè÷åñêèå ïðîöåññû.
Íàïðèìåð, ïðè m > 1, 1 < p ̸= 2 óðàâíåíèå (1) ðàññìàòðèâàåòñÿ êàê íåíüþòîíîâñêîé
ïîëèòðîïè÷åñêîé ôèëüòðàöèè, à ïðè m > 1, p = 2 íüþòîíîâñêîé äèôôóçèè [3] è ò.ä ïðè
íàëè÷èå ïåðåìåííîé ïëîòíîñòè ρ (x). Óðàâíåíèå (1) ïðèíÿòî íàçûâàòü ïàðàáîëè÷åñêèì
óðàâíåíèåì ñ íåîäíîðîäíîé ïëîò-íîñòüþ [17]. Ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðîâ
çàäà÷à (1)-(3) èçó÷àëàñü ìíîãèìè àâòîðàìè [1, 4, 6-10] (ïîäðîáíî ñì. â áèáëèîãðàôèþ
[4, 6-8, 10]). Â ðàáîòå Ãàëàêòèíîâà è Ëåâèíà [12] èçó÷åíà çàäà÷à (1)-(3) ïðè m = 1,
n = 0. Àâòîðû ïîêàçàëè, ÷òî êðèòè÷åñêèìè ïîêàçàòåëÿìè äëÿ çàäà÷è (1)-(3) ïðè m = 1,
n = 0 ÿâëÿþòñÿ q0 = 2 (p− 1) /p è qc = 2 (p− 1). Íåäàâíî, Z. X. Jiang è S. N. Zheng â [8]
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èññëåäîâàëè ñëåäóþùóþ íåëîêàëüíóþ çàäà÷ó:

ut =
(

|ux|
β (um)x

)

x
, x > 0, 0 < t < T,

− |ux|
β (um)x(0, t) = up(0, t), 0 < t < T,

u(x, 0) = u0(x), x > 0,

ãäå m ≥ 1, p > 0, β > 0, è óñòàíîâèëè êðèòè÷åñêóþ ýêñïîíåíòó ãëîáàëüíîãî ñóùåñòâîâà-
íèÿ ðåøåíèÿ

p0 =
2β +m+ 1

β + 2

è êðèòè÷åñêóþ ýêñïîíåíòó òèïà Ôóæèòà

pc = 2β +m+ 1.

Â ðàáîòå Wanjuan Du è Zhongping Li [10] ðàññìîòðåíû çàäà÷è (1)-(3) â ìíîãîìåðíûì
ñëó÷àå ïðè m = 1, n = 0. Èìè ïîëó÷åíû êðèòè÷åñêàÿ ýêñïîíåíòà ãëîáàëüíîãî ñóùåñòâî-
âàíèÿ ðåøåíèÿ

q0 = 2(p− 1)/p

è êðèòè÷åñêàÿ ýêñïîíåíòà òèïà Ôóæèòà

qc = (1 + 1/N) (p− 1)

ñ ïîìîùüþ ïîñòðîåíèÿ íèæíèõ è âåðõíèõ ðåøåíèé. Â ðàáîòå [18] ïîëó÷åíà îöåíêà è
àñèìïòîòèêà ðåøåíèé àâòîìîäåëüíûõ óðàâíåíèé äëÿ çàäà÷è
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(0, t) = uq (0, t) , t ∈ (0, +∞),

u (x, 0) = u0 (x) , x ∈ R+,

Íåêîòîðûå ñâîéñòâà ðåøåíèé çàäà÷è (1)-(3) áûëè ïðè ïîñòîÿííîé ïëîòíîñòè èçó÷å-
íû â [6]. Â ñëó÷àå ìåäëåííîé äèôôóçèè áûëî äîêàçàíî, ÷òî ïðè (m+ 1) (p− 1) /p <
q < (m+ 1) (p− 1) ðåøåíèå âçðûâàåòñÿ çà êîíå÷íîå âðåìÿ äëÿ ïðîèçâîëüíîé íà÷àëüíîé
ôóíêöèè u0 ̸= 0. Êðîìå òîãî äîêàçàíû, ÷òî ïðè: 0 ≤ q ≤ (m+ 1) (p− 1) /p âñÿêîå ðå-
øåíèå çàäà÷è (1)-(3) ÿâëÿåòñÿ ãëîáàëüíûì; q > (m+ 1) (p− 1) âñÿêîå ðåøåíèå çàäà÷è
(1)-(3) ÿâëÿåòñÿ ãëîáàëüíûì, åñëè u0 äîñòàòî÷íî ìàëî; Àíàëîãè÷íûå ðåçóëüòàòû â ñëó-
÷àå áûñòðîé äèôôóçèè òàêæå áûëè ïîëó÷åíû â ðàáîòå [7]. Â ðàáîòå Z. Li, Ch. Mu è W.
Du [11] ðàññìîòðåíà ñëåäóþùàÿ çàäà÷à Êîøè

ρ1 (x)
∂u

∂t
= div

(

|∇u|p−2∇u
)

+ ρ2 (x) u
q, (5)
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u
∣

∣

t=0 = u0(x) ≥ 0, x ∈ RN , (6)

ãäå ρ1 (x) = |x|m, ρ2 (x) = |x|n, n ≥ m > 0, ∇(·) = gradx(·), p > 1, q - çàäàííûå âåùå-
ñòâåííûå ïîëîæèòåëüíûå ÷èñëà, â ñëó÷àå áûñòðîé äèôôóçèè 2N+m

N+m+1
< p < 2 ïðè q > 1

è 0 < m ≤ n < qm+N (q − 1). Èìè ïîëó÷åíû êðèòè÷åñêàÿ ýêñïîíåíòà òèïà Ôóæèòà:

qc = p− 1 +
p+ n

N +m

è äîêàçàíû, ÷òî ïðè 1 < q < qc âñÿêîå íåòðèâèàëüíîå ðåøåíèå çàäà÷è (5), (6) ÿâëÿåòñÿ
íåîãðàíè÷åííûì, à åñëè q > qc, òîãäà çàäà÷è Êîøè (5), (6) èìååò ãëîáàëüíîå ðåøåíèå
ïðè äîñòàòî÷íî ìàëûõ íà÷àëüíûõ äàííûõ. Îñíîâíîé öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ
íàõîæäåíèå óñëîâèé ñóùåñòâîâàíèÿ è íå ñóùåñòâîâàíèÿ â öåëîì ïî âðåìåíè ðåøåíèé
çàäà÷è (1)-(3) íà îñíîâå àâòîìîäåëüíîãî àíàëèçà è ìåòîäà ýòàëîííûõ óðàâíåíèé [2],
ïîëó÷åíèå êðèòè÷åñêîé ýêñïîíåíòû ãëîáàëü-íîãî ñóùåñòâîâàíèÿ ðåøåíèÿ è êðèòè÷å-
ñêîé ýêñïîíåíòû òèïà Ôóæèòà. Â ñëó÷àå ñóùåñò-âîâàíèÿ ðåøåíèÿ â öåëîì ïî âðåìåíè
ïîëó÷åí ãëàâíûé ÷ëåí àñèìïòîòèêè ðåøåíèé çàäà÷è (1)-(3). Íà îñíîâå àñèìïòîòèêè ðå-
øåíèé ïðåäëîæåíû ïîäõîäÿùèå íà÷àëüíûå ïðèáëèæåíèÿ äëÿ èòåðàöèîííîãî ïðîöåññà
äëÿ ñëó÷àÿ ìåäëåííîé äèôôóçèè (p > 1 + 1/m) â çàâèñèìîñòè îò çíà÷åíèÿ ÷èñëîâûõ
ïàðàìåòðîâ. Ïðè îòäåëüíûõ ïóíêòàõ äîêàçà-òåëüñòâà îöåíêè ðåøåíèé íàìè áûëà èñ-
ïîëüçîâàíà ìåòîäèêà, ïðèìåíåííàÿ â [1, 2, 6, 7].

Îöåíêà ðåøåíèé Ñôîðìóëèðóåì ðåçóëüòàòû î ãëîáàëüíîé ðàçðåøèìîñòè èëè
íåðàçðåøèìîñòè çàäà÷è (1)-(3). Ââåäåì îáîçíà÷åíèÿ

q0 =
(m (n+ 1) + 1) (p− 1)

p+ n
, qc = m (p− 1) +

p− 1

n+ 1
.

Òåîðåìà 1 Åñëè 0 ≤ q ≤ q0, òî âñÿêîå ðåøåíèå çàäà÷è (1)-(3) ÿâëÿåòñÿ ãëîáàëü-íûì.
Äîêàçàòåëüñòâî. Ïóñòü

u+ (t, x) = eL(T+t)g (ξ) , ξ =
1 + x

eK(T+t)
(7)

ãäå L > 0, T > 0, K = L [m (p− 1)− 1] / (p+ n) è g (ξ) óäîâëåòâîðÿåò ñëåäóþùåé çàäà÷å

d

dξ

(

∣

∣

∣

∣

dgm

dξ

∣

∣

∣

∣

p−2
dgm

dξ

)

+Kξn+1dg

dξ
− Lξng = 0, ξ > 0, (8)
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∣

∣
(gm)

′

∣

∣

∣

p−2

(gm)
′

(1) = gq0 (1) . (9)

Òîãäà ïðèìåíÿÿ òåîðåìå î íåïîäâèæíîé òî÷êå, ìîæíî ïîêàçàòü, ÷òî ñóùåñòâóåò åäèíñò-
âåííîå íåîòðèöàòåëüíîå è íåòðèâèàëüíîå ðåøåíèå çàäà÷è (8), (9) è ýòî ðåøåíèå èìååò
êîìïàêòíûé íîñèòåëü. Êðîìå òîãî, âûáèðàÿ äîñòàòî÷íî áîëüøîé T > 0 èìååì u+ (x, 0) ≥
u0 (x) è u+ (0, t) ≥ 1. Ïîýòîìó u+ (x, t) ÿâëÿåòñÿ âåðõíèì ðåøåíèåì çàäà÷è (8), (9) ïðè 0 ≤
q ≤ q0 è ïî ïðèíöèïó ñðàâíåíèÿ ñëåäóåò u (x, t) ≤ u+ (x, t), (x, t) ∈ (0, +∞)× (0, +∞) .
Òåîðåìà 2 Åñëè q > qc è íà÷àëüíàÿ ôóíêöèÿ u0 (x) äîñòàòî÷íî ìàëà, òî âñÿêîå ðåøå-
íèå çàäà÷è (1) - (3) ÿâëÿåòñÿ ãëîáàëüíûì.
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Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî òåîðåìû 2 îñíîâàíî íà ñðàâíåíèå ðåøåíèÿ. Óðà-
âíåíèå (1) äîïóñêàåò â îáëàñòè Q∞ = {(t, x) : 0 < t < +∞, x ∈ R+} àâòîìîäåëüíîå
ðåøåíèå ñëåäóþùåãî âèäà

u+ (t, x) = (T + t)−γ f (ξ) , ξ = (1 + x) (T + t)−σ (10)

ãäå

γ =
p− 1

q (p+ n)− (p− 1) (m (n+ 1) + 1)
, σ =

q −m (p− 1)

q (p+ n)− (p− 1) (m (n+ 1) + 1)
.

Ïîñòðîèì âåðõíåå ðåøåíèå çàäà÷è (1)-(3). Äëÿ òîãî ÷òîáû u+ (t, x) áûëî âåðõíèì ðåøå-
íèåì çàäà÷è (1)-(3) ôóíêöèÿ f (ξ) äîëæíà óäîâëåòâîðÿò ñëåäóþùèì íåðàâåíñòâàì [6,
7]

d

dξ

(

∣

∣

∣

∣

dfm

dξ

∣

∣

∣

∣

p−2
dfm

dξ

)

+ σξn+1 df

dξ
+ γξnf ≤ 0, (11)

−
∣

∣

∣
(fm)

′

∣

∣

∣

p−2

(fm)
′

(1) ≥ f q (1) . (12)

Ðàññìîòðèì ñëåäóþùóþ ôóíêöèþ

f̄ (ξ + h) =
(

a− bξ
p+n

p−1

)
p−1

m(p−1)−1

+
, (13)

ãäå b = m(p−1)−1
m(p+n)

σ1/(p−1) > 0, a > 0, i+ = max (0, i). Ïîýòîìó òàê êàê

f̄ ′ (ξ) = −
σ1/(p−1)

m
(ξ + h)(n+1)/(p−1)

(

a− b |ξ + h|
p+n

p−1

)
p−1

m(p−1)−1
−1

,

(

f̄m
)′

(ξ) = −σ1/(p−1) (ξ + h)(n+1)/(p−1)
(

a− b |ξ + h|
p+n

p−1

)

m(p−1)
m(p−1)−1

−1

,

(

∣

∣

∣

(

f̄m
)′
∣

∣

∣

p−2
(

f̄m
)′

)′

(ξ) = − (n+ 1) σξnf̄ + σξ
p(n+1)
p−1

(

a− bξ
p+n

p−1

)
p−1

m(p−1)−1
−1

,

òî ëåãêî âèäåòü, ÷òî ñîãëàñíî óñëîâèþ òåîðåìû 2 äëÿ (11) èìååì

−

(

(q −m (p− 1)) (n+ 1)

q (p+ n)− (p− 1) (m (n+ 1) + 1)
−

p− 1

q (p+ n)− (p− 1) (m (n+ 1) + 1)

)

ξnf̄ ≤ 0

(14)
Òåïåðü ïðîâåðèì âûïîëíåíèå óñëîâèÿ (12). Ïîäñòàâëÿÿ ôóíêöèþ f̄ (ξ) âìåñòî f (ξ) â
(12) ïîëó÷èì ñëåäóþùåå âûðàæåíèå:

σ (a− b)
p−1

m(p−1)−1

∣

∣

∣

ξ=1
≥ (a− b)

q(p−1)
m(p−1)−1

∣

∣

∣

ξ=1
. (15)

è îíà ñïðàâåäëèâî ïðè

(a− b) ≤ σ
m(p−1)−1
(q−1)(p−1) .
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Â çàêëþ÷åíèå îòìåòèì, ÷òî ïîëó÷åííîå àâòîìîäåëüíîå ðåøåíèå u+ (t, x) ÿâëÿåòñÿ âåðõ-
íèì ðåøåíèåì çàäà÷è (1)-(3). Ñîãëàñíî ïðèíöèïó ñðàâíåíèé ðåøåíèé ñëåäóåò, ÷òî u (t, x)-
≤ u+ (t, x) â (x, t) ∈ (0,+∞)× (0,+∞), åñëè u0 (x) äîñòàòî÷íî ìàëî.
Òåîðåìà 3 Ïóñòü q > q0, òîãäà âñÿêîå ðåøåíèå çàäà÷è (1)-(3) ÿâëÿåòñÿ íåîãðàíè-
÷åííûì ïðè äîñòàòî÷íî áîëüøèõ íà÷àëüíûõ äàííûõ.
Äîêàçàòåëüñòâî. Èùåì ðåøåíèå çàäà÷è (1)-(3) â àâòîìîäåëüíîì âèäå

u− (x, t) = (T − t)−γ ϑ (ξ) , ξ = (1 + x) (T − t)−σ , (16)

ãäå ϑ (ξ) óäîâëåòâîðÿåò óðàâíåíèþ

d

dξ

(

∣

∣

∣

∣

dϑm

dξ

∣

∣

∣

∣

p−2
dϑm

dξ

)

− σξn+1dϑ

dξ
− γξnϑ = 0, (17)

ãäå γ è σ çàäàííûå âûøå ÷èñëà. Ðàññìîòðèì ñëåäóþùèå ôóíêöèè

ϑ̄ (ξ) = A (a− ξ)
p−1

m(p−1)−1

+ ,

ãäå a > 1, A - îïðåäåëÿåòñÿ íèæå. Ïîêàæåì, ÷òî ôóíêöèÿ ϑ̄ (ξ) ÿâëÿåòñÿ íèæíèì ðåøå-
íèåì óðàâíåíèÿ (17). Äëÿ ýòîãî ôóíêöèÿ ϑ̄ (ξ) ñîãëàñíîìó ïðèíöèïó ñðàâíåíèé ðåøåíèé
äîëæíà óäîâëåòâîðÿò ñëåäóþùèì íåðàâåíñòâàì

d

dξ

(

∣

∣

∣

∣

dϑm

dξ

∣

∣

∣

∣

p−2
dϑm

dξ

)

− σξn+1dϑ

dξ
− γξnϑ ≥ 0, (18)

−
∣

∣

∣
(ϑm)

′

∣

∣

∣

p−2

(ϑm)
′

(1) ≤ ϑq (1) . (19)

Òàê, êàê

ϑ′ (ξ) = −
p− 1

m (p− 1)− 1
A (a− ξ)(p−1)/[m(p−1)−1]−1 ,

(ϑm)
′

(ξ) = −
m (p− 1)

m (p− 1)− 1
Am (a− ξ)m(p−1)/[m(p−1)−1]−1 ,

(

∣

∣

∣
(ϑm)

′

∣

∣

∣

p−2

(ϑm)
′

)′

(ξ) =

(

p− 1

m (p− 1)− 1

)p

Am(p−1)mp−1 (a− ξ)(p−1)/[m(p−1)−1]−1 .

òî, èç (18), (19) ïðîèçâåäåì ñëåäóþùåå íåðàâåíñòâ
(

p− 1

m (p− 1)− 1
σ + γ

)

ξn+1 +mp−1Am(p−1)−1

(

p− 1

m (p− 1)− 1

)p

− γaξn ≥ 0, (20)

Am(p−1)

(

m (p− 1)

m (p− 1)− 1

)p−1

(a− 1)
p−1

m(p−1)−1 ≤ Aq (a− 1)
q(p−1)

m(p−1)−1 . (21)

Îòñþäà, â ñèëó òåîðåìû 3 è âûáèðàÿ

1 < a ≤ 1 +
q −m(p− 1)

m(p− 1)− 1
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Aq−m(p−1) ≥

(

m(p− 1)

m(p− 1)− 1

)

(a− 1)−
(q−1)(p−1)
m(p−1)−1

óáåäèìñÿ â ñïðàâåäëèâîñòè íåðàâåíñòâ (20), (21). Òàêèì îáðàçîì, (16) ÿâëÿåòñÿ ñëàáûì
íèæíèì ðåøåíèåì çàäà÷è (1)-(3). Òîãäà ñîãëàñíîìó ïðèíöèïà ñðàâíåíèÿ ðåøåíèé u (x, t)
âçðûâàåòñÿ çà êîíå÷íîå âðåìÿ T < +∞. Îòìåòèì, ðåçóëüòàò òåîðåìû 3 ñîäåðæèò ðå-
çóëüòàòû ðàáîò [6, 7] ïðè n = 0.
Òåîðåìà 4 Åñëè q0 < q < qc, òî âñÿêîå íåòðèâèàëüíîå ðåøåíèå çàäà÷è (1)-(3) ÿâëÿåò-
ñÿ íåîãðàíè÷åííûì.
Äîêàçàòåëüñòâî. Ïóñòü

u1 (x, t) = (τ + t)−
n+1

m(p−1)(n+1)+p−1 H (ς) , ς = (1 + x) (τ + t)−
1

m(p−1)(n+1)+p−1 ,

ãäå τ ≥ 0,

H (ς) =
(

c1 − b1 |ς|
p+n

p−1

)
p−1

m(p−1)−1

+
, b1 =

m (p− 1)− 1

(p+ n)m

(

1

m (p− 1) (n+ 1) + p− 1

)
1

p−1

.

Ëåãêî ïðîâåðèò, ÷òî H ′ (ς) = 0 è â ς ∈ {ς > 0 | H (ς) ≥ 0} ôóíêöèÿ H (ς) óäîâëåòâîðÿåò
óðàâíåíèþ

d

dς

(

∣

∣

∣

∣

dHm

dς

∣

∣

∣

∣

p−2
dHm

dς

)

+
1

Bmpn

ςn+1dH

dς
+

n+ 1

Bmpn

ςnH = 0

ãäå Bmpn = m (p− 1) (n+ 1) + p − 1. Ñ ïîìîùüþ õîðîøî èçâåñòíîãî ñâîéñòâà ñëàáûõ
ðåøåíèé çàäà÷è (1)-(3) ïîëó÷àåì, ÷òî ñóùåñòâóåò òàêîå t0 ≥ 0, äëÿ êîòîðîé u (0, t0) > 0.
Òàêèì îáðàçîì, ïðè äîñòàòî÷íî áîëüøîì τ > 0 è ìàëîì c > 0 âûïîëíÿåòñÿ

u (x, t0) ≥ u1 (x, t0) , x ∈ (0, +∞)

äëÿ âñåõ x > 0. Òîãäà èç ïðèíöèïà ñðàâíåíèÿ ðåøåíèé âûòåêàåò

u (x, t) ≥ u1 (x, t) , (x, t) ∈ (0,+∞)× (t0, +∞) .

Òåïåðü ïîêàæåì, ÷òî ñóùåñòâóåò t∗ > t0 è äîñòàòî÷íî áîëüøîå T äëÿ êîòîðûõ

u1 (x, t∗) ≥ u− (x, 0) , x ∈ (0, +∞) ,

ãäå u− (x, t) îïðåäåëåííûå âûøå ôóíêöèÿ. Ïîýòîìó èìååò ìåñòà ñëåäóþùåå íåðàâåí-ñòâà

(τ + t∗)
− n+p

m(p−1)(n+1)+p−1 ≫ T− p−1
q(p+n)−m(p−1)(n+1)−p+1 ,

(τ + t∗)
− 1

(m(p−2)+k)(n+1)+p−1 ≪ T−
q−m(p−1)

q(p+n)−m(p−1)(n+1)−p+1 .

Îòñþäà âûòåêàåò

(p− 1) / (n+ 1)

q (p+ n)−m (p− 1) (n+ 1)− p+ 1
>

q −m (p− 2)− k

q (p+ n)−m (p− 1) (n+ 1)− p+ 1
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åñëè q < qc. Ñëåäîâàòåëüíî, u (x, t∗) ≥ u1 (x, t∗) ≥ u− (x, 0) è ïîýòîìó ðåøåíèå u (x, t)
çàäà÷è (1)-(3) ÿâëÿåòñÿ íåîãðàíè÷åííûì.

Àñèìïòîòèêà ðåøåíèé àâòîìîäåëüíûõ çàäà÷

Ñëåäóþùèé ýòàï ññëåäîâàíèÿ ñîñòîèò â èçó÷åíèè àñèìïòîòèêè àâòîìîäåëüíûõ ðå-
øåíèé çàäà÷è (1)-(3), ïîçâîëèâøèé ïîëó÷èòü ÷èñëåííûå ðåçóëüòàòû. Äàëåå ïîä àñèìï-
òîòèêè ðåøåíèé çàäà÷è (18), (19) ïîíèìàåòñÿ â ñëåäóþùåì ñìûñëå: Áóäåì ãîâîðèò, ÷òî

Φ2 (η) ÿâëÿåòñÿ àñèìïòîòèêîé ôóíêöèè Φ1 (η), åñëè lim
η→∞

Φ1(η)
Φ2(η)

= 1, ïðè Φ2 (η) ̸= 0 è

lim
η→∞

Φ1 (η) = 0, ïðè Φ2 (η) = 0. Ïîêàæåì, ÷òî ôóíêöèÿ (13) ïîëó÷åííàÿ íà îñíîâå ìåòî-

äà ýòàëîííûõ óðàâíåíèé [2] áóäåò àñèìïòîòèêîé àâòîìîäåëüíîé çàäà÷è (18), (19).

Òåîðåìà 5. Ôèíèòíîå ðåøåíèå çàäà÷è (18), (19) ïðè ξ → (a/b)(p−1)/(p+n) − h èìååò
àñèìïòîòèêó f(ξ)∼f̄ (ξ + h).
Äîêàçàòåëüñòâî. Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (18) â ñëåäóþùåì âèäå

f = f̄ (ξ + h)w(η), (22)

ãäå η = − ln
(

a− b |ξ + h|
p+n

p−1

)

, ïðè÷åì η → +∞ ïðè ξ → (a/b)(p−1)/(p+n)
− −h, ÷òî ïîçâîëÿåò

èññëåäîâàòü àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü ðåøåíèÿ çàäà÷è (18), (19) ïðè η → +∞.
Ââåäåì îáîçíà÷åíèå r = m (p− 1)− 1. Òîãäà ñ ó÷åòîì, ÷òî

f ′ (ξ) = −b (p+ n) |ξ + h|
n+1
p−1

(

a− b |ξ + h|
p+n

p−1

)
p−1

m(p−1)−1
−1
(

w

r
−

w′

p− 1

)

,

(fm)
′

(ξ) = −bm (p+ n) |ξ + h|
n+1
p−1

(

a− b |ξ + h|
p+n

p−1

)

m(p−1)
m(p−1)−1

−1

wm−1

(

w

r
−

w′

p− 1

)

,

ïîäñòàâëÿÿ (22) â (18) äëÿ w(η) ïîëó÷èì ñëåäóþùåå óðàâíåíèå

d

dη
Lw +

(

φ1 (η)

φ2 (η)

(n+ 1) (p− 1)

E
−

p− 1

r

)

Lw +
(p− 1) σ

Ep−1mp−1

(

w

r
−

w′

p− 1

)

−

−
γ (p− 1)w

Epmp−1

φ1 (η)

φ2 (η)
= 0, (23)

çäåñü Lw = wr

∣

∣

∣

w
r
− w′

p−1

∣

∣

∣

p−2 (
w
r
− w′

p−1

)

, φ1 (η) = e−η, φ2 (η) = (a− e−η) /b, E = b (p+ n),

ãäå η îïðåäåëåííàÿ âûøå ïåðåìåííàÿ. Îòìåòèì, ÷òî èçó÷åíèå ðåøåíèé ïîñëåäíåãî óðàâ-
íåíèÿ ÿâëÿåòñÿ ðàâíîñèëüíûì èçó÷åíèþ òåõ ðåøåíèé óðàâíåíèÿ (1), êàæäîå èç êîòîðûõ
â íåêîòîðîì ïðîìåæóòêå [η0, +∞) óäîâëåòâîðÿåò íåðàâåíñòâàì:

w (η) > 0,
w (η)

r
−

w′ (η)

p− 1
̸= 0.

Ïîêàæåì, ïðåæäå âñåãî, ÷òî ðåøåíèÿ w (η) óðàâíåíèÿ (23) èìåþò êîíå÷íûé ïðåäåë w0

ïðè η → +∞. Ââåäåì îáîçíà÷åíèå

ν (η) = wr

∣

∣

∣

∣

w

r
−

w′

p− 1

∣

∣

∣

∣

p−2(
w

r
−

w′

p− 1

)

.
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Òîãäà óðàâíåíèå (23) èìååò âèä

v′ = −

(

φ1 (η)

φ2 (η)

(n+ 1) (p− 1)

E
−

p− 1

r

)

v−
p− 1

Ep−1mp−1

(

w

r
−

w′

p− 1

)

+
γ (p− 1)w

Epmp−1

φ1 (η)

φ2 (η)
.

Äëÿ àíàëèçà ðåøåíèé ïîñëåäíåãî óðàâíåíèÿ ââåäåì âñïîìãîòåëüíóþ ôóíêöèþ

ϑ (τ, η) = −

(

φ1 (η)

φ2 (η)

(n+ 1) (p− 1)

E
−

p− 1

r

)

τ −
p− 1

Ep−1mp−1

(

w

r
−

w′

p− 1

)

+

+
γ (p− 1)w

Epmp−1

φ1 (η)

φ2 (η)
,

ãäå τ - âåùåñòâåííîå ÷èñëî. Îòñþäà íåòðóäíî âèäåòü, ÷òî ïðè êàæäîì çíà÷åíèè τ ôóíê-
öèÿ ϑ (τ, η) ñîõðàíÿåò çíàê íà íåêîòîðîì ïðîìåæóòêå [η1, +∞) ⊂ [η0, +∞) è ïðè âñåõ
η ∈ [η1, +∞) âûïîëíÿåòñÿ îäíî èç íåðàâåíñòâ

ν ′ (η) > 0, ν ′ (η) < 0.

È ïîýòîìó äëÿ ôóíêöèè ν (η) ñóùåñòâóåò ïðåäåë ïðè η ∈ [η1, +∞). Èç âûðàæåíèÿ äëÿ
ν (η) ñëåäóåò, ÷òî

lim
η→+∞

ν ′ (η) = lim
η→+∞

{

−

(

φ1 (η)

φ2 (η)

(n+ 1) (p− 1)

E
−

p− 1

r

)

v−

−
p− 1

Ep−1mp−1

(

w

r
−

w′

p− 1

)

+
γ (p− 1)w

Epmp−1

φ1 (η)

φ2 (η)

}

= 0. (24)

Ïðîèçâåäåì òåïåðü ïðåäåëüíûé ïåðåõîä. Ïðåæäå âñåãî, îòìåòèì, ÷òî ïðè ξ → (a/b)
p−1
p+n

− −
h

lim
η→+∞

φ1 (η) → 0, lim
η→+∞

φ2 (η) → −
1

b
, w′ = 0.

Òîãäà èç (24) äëÿ w ïîëó÷èì ñëåäóþùåå àëãåáðàè÷åñêîå óðàâíåíèå

wm(p−1)−1

(

1

r

)p−1

−
1

Ep−1mp−1
= 0,

ðåøåíèÿ, êîòîðîãî ñ ó÷åòîì âûðàæåíèÿ äëÿ b ÿâëÿåòñÿ w = 1 è â ñèëó (22)

f (ξ)∼f̄ (ξ) .

Òåîðåìà 5 äîêàçàíà.
Êðèòè÷åñêèé ñëó÷àé m (p− 1)− 1 = 0. Çàìåòèì, ÷òî â ýòîì ñëó÷àå ôóíêöèÿ

z (ξ) = e−d|ξ+h|
p+n
p−1

,

ãäå d = p−1
m(p+n)

σ1/(p−1), óäîâëåòâîðÿåò óñëîâèÿì çàäà÷è (18), (19). Êðîìå òîãî ñ ïîìîùüþ

òåîðåì ñðàâíåíèé ðåøåíèé ìîæíî ïîêàçàòü, ÷òî u+ (t, x) = (T + t)−γ z (ξ) áóäåò âåðõíèì
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ðåøåíèåì çàäà÷è (1)-(3) ïðè h ≥
(

ln 1/σ
d(q−1)

)(p−1)/(p+n)

.

Òåîðåìà 6. Ïóñòü σ > 0, q > 1, h ≥
(

ln 1/σ
d(q−1)

)(p−1)/(p+n)

. Òîãäà ðåøåíèå çàäà÷è (18), (19)

ïðè ξ → +∞ èìååò àñèìïòîòèêó f(ξ)∼C1z (ξ), ãäå C1 - ïðîèçâîëüíîå ïîëîæèòåëüíîå
÷èñëî. Òåîðåìà 6 äîêàçûâàåòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 5. Â ýòîì ñëó÷àå
èñïîëüçóåòñÿ ïðåîáðàçîâàíèå f (ξ + h) = z (ξ) θ (ϕ), ϕ = |ξ + h|(p+n)/(p−1).

m = 1.5, p = 1.75, q = 2.85, n = 0.5,
a = 0.5

m = 1.7, p = 1.75, q = 2.85, n = 2,
a = 0.5

Ðèñóíîê 1 - ×èñëåííîå ðåøåíèå çàäà÷è (1)-(3) ïðè à) m = 1.5, p = 1.75, q = 2.85, n = 0.5,

a = 0.5 á) m = 1.7, p = 1.75, q = 2.85, n = 2, a = 0.5

m = 1.75, p = 1.6, q = 3, n = 0.1,
a = 0.75

m = 1.75, p = 1.6, q = 3, n = 0.75,
a = 0.75

Ðèñóíîê 2 - ×èñëåííîå ðåøåíèå çàäà÷è (1)-(3) ïðè à) m = 1.75, p = 1.6, q = 3, n = 0.1,

a = 0.75 á) m = 1.75, p = 1.6, q = 3, n = 0.75, a = 0.75

×èñëåííûé àíàëèç ðåøåíèé

Îòìåòèì, ÷òî îñíîâíàÿ òðóäíîñòü ïðè ÷èñëåííîì èññëåäîâàíèè çàäà÷è (1)-(3) âîç-
íèêàåò èç çà íå åäèíñòâåííîñòè ðåøåíèÿ. Ïîýòîìó âîçíèêàåò âîïðîñ î âûáîðû õîðîøå-
ãî íà÷àëüíîãî ïðèáëèæåíèÿ, ñîõðàíÿþùèé ñâîéñòâà íåëèíåéíîñòè. Â çàâèñèìîñòè îò
çíà-÷åíèÿ ïàðàìåòðîâ óðàâíåíèÿ ýòà òðóäíîñòü ïðåîäîëåâàåòñÿ ïóòåì óäà÷íîãî âûáîðà

ISSN 1563�0285 KazNU Bulletin. Mathematics, Mechanics, Computer Science Series �2(81)2014



Îá îäíîé íåëèíåéíîé çàäà÷è. . . 55

íà÷àëüíûõ ïðèáëèæåíèé, â êà÷åñòâå êîòîðûõ áåðóòñÿ âûøå óñòàíîâëåííûå àñèìïòîòè-
÷åñêèå ôîðìóëû. Íà îñíîâå ïðèâåäåííûõ âûøå êà÷åñòâåííûõ èññëåäîâàíèé áûëè ïðîèç-
âåäåíû ÷èñëåíûå ðàñ÷åòû. Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ ïîêàçûâàþò áûñòðóþ
ñõîäèìîñòü èòåðàöèîííîãî ïðîöåññà çà ñ÷åò óäà÷íîãî âûáîðà íà÷àëüíîãî ïðèáëèæåíèÿ.
Íèæå ïðèâîäèòñÿ íåêîòîðûå ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ äëÿ ðàçëè÷íûõ çíà-
÷åíèé ÷èñëîâûõ ïàðàìåòðîâ.

Âî âñåõ ðèñóíêàõ æèðíûì ëèíèÿì ñîîòâåòñòâóåò íà÷àëüíûå ïðèáëèæåíèÿ. ×èñëåí-
íûå ðåçóëüòàòû ïîêàçûâàþò, ÷òî ïðè p > 1 + 1/m ðåøåíèå èìååò ñâîéñòâî êîíå÷íîé
ñêîðîñòè ðàñïðîñòðàíåíèÿ âîçìóùåíèÿ. Ãëóáèíà ôðîíòà ðàñïðîñòðàíåíèÿ âîçìóùåíèÿ
çàâèñÿò îò íà÷àëüíîé ôóíêöèè, çíà÷åíèå ïëîòíîñòè ñðåäû è ÷èñëîâûõ ïàðàìåòðîâ. Ðàç-
ìåð îáëàñòè ðàñïðîñòðàíåíèÿ âîçìóùåíèÿ òåì ìåíüøå, ÷åì áîëüøå ïëîòíîñòè ñðåäû,
åñëè a/b > 1.

Çàêëþ÷åíèå

Ïðåäëîæåííûå â ðàáîòå ðåçóëüòàòû èññëåäîâàíèÿ äëÿ çàäà÷è (1)-(3) ïîêàçàëè, ÷òî
ðåøåíèÿ çàäà÷è â ñëó÷àå áûñòðîé äèôôóçèè ìîæåò èìåòü êàê ãëîáàëüíîå, òàê è íåîãðà-
íè÷åííîå ðåøåíèå â çàâèñèìîñòè îò íà÷àëüíûõ äàííûõ è çíà÷åíèå ÷èñëîâûõ ïàðàìåò-
ðîâ. Äëÿ äîêàçàòåëüñòâà òåîðåì î ãëîáàëüíîé ðàçðåøèìîñòè è íåðàçðåøèìîñòè îêàçàëñÿ
ýôôåêòèâíûì ìåòîä ñðàâíåíèÿ ðåøåíèé è ìåòîä ýòàëîííûõ óðàâíåíèé. Äàí ñïîñîá ïî-
ñòðîåíèå íèæíèõ è âåðõíèõ àâòîìîäåëüíûõ ðåøåíèé íà îñíîâå ìåòîäà ýòàëîí-íûõ óðàâ-
íåíèé. Ïðèìåíåíèå ìåòîäà ýòàëîííûõ óðàâíåíèé äàë âîçìîæíîñòü íàéòè ãëàâ-íûé ÷ëåí
àñèìïòîòèêè ðåøåíèé. Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ âî âñåõ âû÷èñëå-íèÿõ áðà-
ëèñü ïîëó÷åííûå àñèìïòîòè÷åñêèå ôîðìóëû, êîòîðûå ÿâëÿþòñÿ âåðõíèìè ðå-øåíèÿìè
äëÿ ðåøåíèÿ çàäà÷è (1), (3). Âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïîêàçàëè áûñòðóþ ñõîäè-
ìîñòü èòåðàöèîííîãî ïðîöåññà ê òî÷íîìó ðåøåíèþ, çà ñ÷åò ïîäõîäÿùåãî âûáîðà íà÷àëü-
íîãî ïðèáëèæåíèÿ.
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