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ON A DIAGONAL SYSTEM OF THE FIRST-ORDER PARTIAL
DIFFERENTIAL EQUATIONS FROM TWO INDEPENDENT VARIABLES

A diagonal system of three first-order partial differential equations in two independent variables
is considered. The equations entering into the diagonal system are independent from each other,
therefore, the compatibility condition of the system does not arise. We consider the asymptotic be-
havior of solutions at an infinitely distant point, with respect to some parameter. The main place
in the system is occupied by a nonlinear first-order partial differential equation, the remaining
equations are adjoining equations, the solutions of which contain the initial value of one indepen-
dent variable as a parameter. The attached equations are chosen appropriately, and the solution
to the system is already studied, which already has an internal connection. The adjoint equations
are linear first-order partial differential equations. Using the fact that the zero solutions of the
characteristic equations are asymptotically stable on Lyapunov, the conditions when the set of
three differential equations, considered as a diagonal system of partial differential equations of the
first order, has a solution with certain initial values and is an infinitesimal function in the vicinity
of an infinitely remote point are described . Methods of the theory of functions and differential
inequalities in the theory of first-order differential equations are used.
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havior.
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Os-Papabu aTbiHAarbl Kasak yaTThIK yHUBEpcuTeTi, AjiMarhl K., Kaszakcran
Exi Toyescis alitHpimasibl Oolibiaina GipiHmii perri gepbec TybIHABLIBI AU hepeHITnATIIbIK
TeHAeyJIePiH JUAarOHAJIbIBIK >KYylieci TypaJibl

Exi Toyesciz aiiHbIMaJibl OOMBIHIIA VII TEHJEY/IE€H TYpPAThH OipiHIT perTi Jepbec TybIHIBLIbI
muddepeHInanaplK  TeHIAEYIepain Kyieci kKapacTolpbLiaapl. Jlmaronananbik Kyilere Kiperid
TeHeyep Oip-Oipimen Toyesci3 OOJFAHABIKTAH, >KYWEHIH YVHIeciMIiIiK IIApTHIHBIH KayKeTi
oosmvaiinel. Kamgait mga  6ip mapamerp OOMBIHITIA IMEKCI3  afjbIC HYKTEAEri IeniMHiH
ACUMIITOTUKAJIBIK, TOpTiOl KapacThIpbliaabl. 2Kyitejeri Herisri opbiHa, OipiHImi perTi jepbec
TYBIHJBLIBI OEHCHI3BIKTHI Aud depeHnnaabK, TeHaey OOoJIbIT TabbLIa bl, KAJFAH €Ki TeHJeysep
menriMaepi 6ip Toyesici3 alHBIMAJIBIHBIH AJFAINKB MOHIH IMapaMeTp PEeTiH/E KapacCTbIPATHIH,
yJiecreri GOipimmti perti gepbec TYyBIHABLIBI AudMEPEHITHANIBIK, TEHAEYIep OOJBIT TaObLIAIbI.
Y necreri 6ipiuii perTi mepbec TybIHABLIB AudepeHITnaIbIK TeHIEY/IeD bIHFAMIbl TYP/Ie TaHIall
aJBIHAIBI Jla, €HJ 1MKi OallylaHbICTapbl Oap TEHJEYJIEePJeH TYPAThIH >KYWEHIH IMIeNTiMi OKBII
3eprreseni. YJjecreri TeHieysep OipiHimi perti mepbec TybIHIBLIBI CHI3BIKTHI Tu(dOePeHINATIIBIK,
Tergeysiep 6osibit TabbIabl. OIapablH COfKeC CUIATTAYBINT TEHIEYJIePiHIH HOJIIIK MM IepiHiH,
JIsmynoB OoffbIHINTA ACHMITOTAKAJIBIK, OPHBIKTHUIBIKTAPBIH ITANAJIaHbII, AHBIKTAJITaH Oesrim
O6ip ajramkbl MOHIEpiMeH OepinreH yin auddepeHIuaIIbIK, TeHJACY/IIH KUBIHTBIFGI, OipimtIi
perTi Jepbec TYBIHABLIBI AuddEPEHITNANIbIK TeHIeYAeP/iH JUArOHAJIBIK, Kyikeci TypiHme
KapacTBIPBLIBII, IIIEKCI3 ajbICTaFbl HYKTEHIH aiiMarbIH/a IIelriMi MeKci3 a3 GpyHKIus 60JIaThiH
maprrap cunarrajrad. OyHKIUsSIap TEOPUSICHIHBIH, 2K9He OipiHmm perti mepbec TyBIHIBLIBI
b depeHITnaANIbIK TEHIEYIED TEOPUICHIHBIH, TOCLIIEP] KOJITAHBLIFaH.

Tyitin ce3zep: muddepeHInaIIbIK, TeHIEYIED, JUArOHANIBIK, XKYyite, mepbec TybIHIbIIap Oipintri
PeTTi, ACUMIITOTUKAJIBIK TOPTIIL.
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06 oanoli auaroHasibHON cucreMe audHepeHIaIbHbIX yPABHEHUN C YACTHBIMUA
MIPOU3BOAHBIMYU EPBOr0 MOPSAKa OT JABYX HE3aBUCHMbBIX I€PEMEHHbIX

PaccmaTrpuBaeTcst quaronaabHasi cucTeMa nu3 Tpex auddepeHInaabHbIX YPABHEHUN ¢ YACTHBIMU
MIPOU3BOJIHBIMU TIEPBOTO TOPSJIKA OT JIByX HE3aBUCHUMBIX IMEPEMEHHBIX. Y PABHEHUS, BXOISIIIE
B JUArOHAJIBHYIO CHCTEMY /[Pyl OT Jpyra He3aBUCUMBbBI, II09TOMY YCJIOBHUS COBMECTHMOCTH
cucTeMbl HE BO3HUKAeT. PaccMarpuBaercs aCHMITOTHYIECKOE MTOBEJEHNE PelreHnii Ha OeCKOHETHO
YIAJIEHHON TOYKe, OTHOCHTEJIBHO HEKOTOpOro mapamerpa. OCHOBHOE MECTO B CHUCTEME 3aHNMAeT
HesinHeltHOe JnddepeHIinaibHoe ypaBHEHNEe € YaCTHBIMU ITPOU3BOIHBIMH II€PBOTO  TOPSIIKA,
OCTaJIbHbIE YPABHEHUSI SBJISIOTCS IPUCOEIMHEHHBIMU YPABHEHUSIMU, PENIEHNUST KOTOPBIX COJEpKaT
HadaJbHOE 3HAYEHHE OJHOTO HE3aBUCHMOIO IIepeMEHHOro Kak mapamerp. lIpmcoemmuennbie
YPaBHEHUS BBIOMPAIOTCS MOIXOMANAM 00PA30M, U M3yUaeTCsd PEIIeHNe CHCTEMbBI, yXKe HMEIOIee
BHYTPEHHIOIO CBsA3b. lIprcoennnennble ypaBHEHUS SBJSIOTCS JUHEHHBIMEU InddepeHnaabHbIMA
YPaBHEHUSIMH C YACTHBIMH IIPOM3BOJIHBIMU IIEPBOrO IOpPsAnKa. VICIonp3ysi, YTO HYyJeBbIe
pelieHnsl XapaKTEePUCTUYECKUX YPABHEHUIl SBJISIIOTCS ACUMITOTUYECKH YCTOWYUBBIMU 11O
JISIIyHOBY, ONMCHIBAIOTCS YCJIOBHSI, KOTJIa COBOKYITHOCTb TpeX jaudepeHImalibHbIX ypaBHEHMIA,
paccMaTpUBAEMbIX KaK JHAroHajbHas cucreMa uddepeHInalbHbIX YPABHEHUN C YaCTHBIMU
IIPOU3BO/JHBIMU IIEPBOT'O IOPSAJKA MMEET DeIIeHHue C OIpeeJeHHbIMU HadabHBIMU 3HAYECHUAMU
U sABJSEeTCHd OECKOHEYHO MaJjioit (yHKIMeil B OKPECTHOCTH OECKOHEYHO VIAJIEHHOW TOYKH.
[Ipumensitorcas MeToabl Teopuu GYHKIUA u guddepeHnuaaibHbIX  HEPABEHCTB B TEOPUU

,HI/I(beepeHI_LI/IaJH)HBIX ypaBHeHI/Ifl C 9aCTHBIMU IIPOU3BOJIHBLIMHU II€PBOT'O IMOPsAJIKA.
JIFOYEBbI JIOBA.: n cpeHIIa/IbHbIC ABHEHU A HNaroHaJlbHasd CHCTEMa qaCTHBbIE
KumaroueBble ciioBa , ,

IIPOU3BOAHBIC IIEPBOI'O IIOPAIKa, aCUMIITOTUYCCKOE IIOBEJICHUE.

1 Introduction

Without pretending to completeness, we note some works, whose interests more or less in-
tersect with questions on the subject of discussion. As known, the problems of a differential
equation with first-order partial derivatives in the analytical case were considered in [1-2].
The first- order partial differential equations in the nonanalytic case were considered in [3-7].
There is a guide to first-order partial differential equations [8|. Also note some useful works
under the subject of investigation [9-22]. Some information on the subject is available in
books [23-29].

The study of system of the first-order partial differential equations in the nonlinear case is a
difficult task, since, generally speaking, the characteristic system is not developed. The pa-
per considers a certain diagonal system of the first-order partial differential equations, which
arises as a result of differential inequalities. Using the methods of the theory of functions
and differential inequalities in the theory of the first-order partial differential equations, the
behavior of the solution is studied.

2 Materials and research methods
On the plane of variables (x,y) € R?, the set

S=((z,y):0<x <400, c— Lr <y<d+ Lx)
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is defined, where ¢ < 0, L > 0, d > 0. The first-order diagonal system of partial differential
equations is considered

B — (by (2)y + ha(,9)) 2

% = (bz(x)y + ho(z,y, u, g_;j)) g_;j; "
& = (bs(x)y + hs(z,y)) g_l;;

(bi(x)y + hi(z,y)) 5 € C*(E),

(bg(x)y + ho (x, Y, 1, g—;‘)) g—; € C*(E),

(bs(z)y + hs(z,y)) g—; € C?(E); where E is a convex domain in R* containing the point 0, the
projection of which onto the (x,y)—plane contains S. Denote by I = [0, +00). The variable
xel.

The diagonal system (1) is considered with initial values

0(0,y) = wi(y), wi(y) € C?
u(0,y) = ¢(y), ¢ly) € C? (2)
v(0,y) = wa(y), wa(y) € C?
where y € (¢, d);
The equation
G = () + o) 5 ®)

has a characteristic equation

dy

i —bi(2)y — hi(z,y) (4)

(4) we consider under the initial condition y(zo) = Ty, (0, 7y) € S, and we assume that the
solution y = y(x, zo,7,) is defined on the set I . The equation

ou ou ou

Fri (bg(x)y + hy (x,y, u, 8_y)> 8_y (5)
consider under the initial condition

u(0,y) = ¢(y) (6)

where ¢(y) € C2, (0,0,¢(0),¢'(0)) € E; as known, problem (5), (6) for small z, |y| has a
unique solution u(x,y) of class C*(S). The equation

ov ov

o (bs(x)y + hs(z,y)) 8_y (7)

has a characteristic equation

dy

i —b3(x)y — hs(z,y) (8)
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Considering (8) under the initial condition y(xg) = yo(zo,yo) € S and assume that the solu-
tion y = y(x, g, yo) is defined on the set I.

Theorem. If in the diagonal system of first-order partial differential equations (1) the fol-
lowing conditions are satisfied:

(4) b(2) € C21), & € = [0, +00). i) € C(S), Aul,0) = 0 = (13)

(B) hy(z,y,u,2%) € C*(E),hy(0,0,u = 0 and satisfies the Lipschitz condition with

" By ) a_y)
ou

respect to (u,!) in the domain E; there is an inequality ugzuy, — uz, # 0 and the so-
Bu)

lution u(x,y,u > 0 of equation (5), with the initial value (6), can be continued for

x>0, (z,y) €S;
(C) The inequality holds by(x) < by(x) < bs(x), x € [;|bi(x)] < Kpp(z), = € I;

Y(x) € C(I),¢(z) > 0, hm P(x) =0, f Y(x)dr = +00;

xT

By definition, q(x) = [ (
0

q(@) 6@7 ]-737 Bl < 07 63 < OJ
(D) Inequalities hold: hi(z,y) < hQ(I,y, ’8y) < hay(z,y), (x,y) € S;
(E) |hi(z,y)| = 6(@)lyl, i = 1.3; 6(x) € C(I), (x) > 0, lim = 0;

0o Y(@)
Ko(z)|yl, hn (Lof

xT
There are limits lim f
J:—H—oo 0

ou

dy

< K,

hZ(x Y, 73y)gz

Bo < B3 are satisfied;

Then there exists a solution 0(x,y), u(z,y), v(z,y) of system (1), with initial value (2) such
that

VO2(z,y) +u2(z,y) + v3(x,y) — 0 as xg — +o0.

Proof. Consider the solution u(z,y) of equation (5) with the initial value u(0,y) = ©(y).
By condition u(z,y), the solution is defined for x € I and y € (—9,9) C (¢,d), where a
sufficiently small number § > 0. Consider equation (4) and solutions y = y(z, g, 7o) of equa-
tion (4), where (zo, %) € S. From conditions A) and E) It follows that the zero solution to
equation (4) is asymptotically stable as © — +o00. In fact, in (4), the equation of the first
approximation has the form

q(t) = P2, and the inequalities 3 <

dy
=—b
dx 1( )

From condition A), C) it follows that for solving the equation of the first approximation we
have the estimate
ly(z)| < |y(x0)|€/31[q(ﬂc)—q(mo)]

Using this estimate to represent the solution of equation (4) in the form of an integral

equation, found by varying an arbitrary constant, for any € € (0 15 1') we obtain the estimate

ly(z)] < |y(x0)]e (B1+e)[g(z)—a(z0)]

This implies the asymptotic stability of the zero solution to equation (4). We assume that
asymptotic stability occurs for the initial values |go| < J. Take wi(y) and the integral
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Y00 (z,y, ) of equation (4) satisfying the conditions g—z > 0, 0(0,y,x0) = wi(y), wi(y) <

p(y) and gy € (=9, 9).

Then 0(z,y) = 0(x,y,xo) is a solution of equation (3) satisfying the condition #(0,y) =
wi(y), (z,y,0,0,) € E, and 0(x,y,z9) — 0, 19 — +00.
Consider equation (8) and solutions y = y(z,xg,yo) of equation (8), where (z¢,90) € S.
Similarly to equation (4), it is established that condition A) and E) imply that the zero
solution to equation (8) is asymptotically stable as x — +00. We assume that asymptotic
stability occurs for the initial values |yo| < 0. Take wy(y) and the integral gy = v(z,y, x¢)
of equation (8) satisfying the conditions g—; > 0 and v(0,y,x0) = wa(y), p(y) < wa(y) and
Yo € (—6,0). Then v(z,y) = v(x,y,xo) a solution of equation (7) satisfying the condition
v(0,y0) = wa(y), (z,y,0,6,) € E, and v(z,y,xo) — 0, x9g = +00.
By virtue of conditions C) and D), the inequalities hold

8u)> ou v

(el + Inlo0) 5 < (b2<x>y oo 5 ) 5 < Oualy + ) 52

in the domain E. By the choice of wi(y), wa(y), the inequalities holds:
wi(y) < ¢(y) <wa(y), y € (¢, d), (,y) € 5;

Consequently,
VO (z,y) +u?(z,y) + 2 (2, y) — 0 as zg — +o0.
The theorem is proved.

3 Results

The paper considers a diagonal nonlinear system of first-order partial differential equations.
The equations in the system are interconnected by differential inequalities and have initial
values, the set of which is the initial values of the system and the initial values of the associated
equations are selected appropriately. It is proved that the diagonal system under certain
conditions has an infinitesimal solution in a neighborhood of an infinitely distant point.
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