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ON A DIAGONAL SYSTEM OF THE FIRST-ORDER PARTIAL
DIFFERENTIAL EQUATIONS FROM TWO INDEPENDENT VARIABLES

A diagonal system of three first-order partial differential equations in two independent variables
is considered. The equations entering into the diagonal system are independent from each other,
therefore, the compatibility condition of the system does not arise. We consider the asymptotic be-
havior of solutions at an infinitely distant point, with respect to some parameter. The main place
in the system is occupied by a nonlinear first-order partial differential equation, the remaining
equations are adjoining equations, the solutions of which contain the initial value of one indepen-
dent variable as a parameter. The attached equations are chosen appropriately, and the solution
to the system is already studied, which already has an internal connection. The adjoint equations
are linear first-order partial differential equations. Using the fact that the zero solutions of the
characteristic equations are asymptotically stable on Lyapunov, the conditions when the set of
three differential equations, considered as a diagonal system of partial differential equations of the
first order, has a solution with certain initial values and is an infinitesimal function in the vicinity
of an infinitely remote point are described . Methods of the theory of functions and differential
inequalities in the theory of first-order differential equations are used.
Key words:differential equations, diagonal system, first order partial derivatives, asymptotic be-
havior.
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Екi тәуелсiз айнымалы бойынша бiрiншi реттi дербес туындылы дифференциалдық
теңдеулердiң диагональдық жүйесi туралы

Екi тәуелсiз айнымалы бойынша үш теңдеуден тұратын бiрiншi реттi дербес туындылы
дифференциалдық теңдеулердiң жүйесi қарастырылады. Диагоналдық жүйеге кiретiн
теңдеулер бiр-бiрiнен тәуелсiз болғандықтан, жүйенiң үйлесiмдiлiк шартының қажетi
болмайды. Қандай да бiр параметр бойынша шексiз алыс нүктедегi шешiмнiң
асимптотикалық тәртiбi қарастырылады. Жүйедегi негiзгi орында, бiрiншi реттi дербес
туындылы бейсызықты дифференциалдық теңдеу болып табылады, қалған екi теңдеулер
шешiмдерi бiр тәуелсiз айнымалының алғашқы мәнiн параметр ретiнде қарастыратын,
үлестегi бiрiншi реттi дербес туындылы дифференциалдық теңдеулер болып табылады.
Үлестегi бiрiншi реттi дербес туындылы дифференциалдық теңдеулер ыңғайлы түрде таңдап
алынады да, ендi iшкi байланыстары бар теңдеулерден тұратын жүйенiң шешiмi оқып
зерттеледi. Үлестегi теңдеулер бiрiншi реттi дербес туындылы сызықты дифференциалдық
теңдеулер болып табылады. Олардың сәйкес сипаттауыш теңдеулерiнiң нөлдiк шешiмдерiнiң
Ляпунов бойынша асимптотикалық орнықтылықтарын пайдаланып, анықталған белгiлi
бiр алғашқы мәндерiмен берiлген үш дифференциалдық теңдеудiң жиынтығы, бiрiншi
реттi дербес туындылы дифференциалдық теңдеулердiң диагоналдық жүйесi түрiнде
қарастырылып, шексiз алыстағы нүктенiң аймағында шешiмi шексiз аз функция болатын
шарттар сипатталған. Функциялар теориясының және бiрiншi реттi дербес туындылы
дифференциалдық теңдеулер теориясының тәсiлдерi қолданылған.
Түйiн сөздер: дифференциалдық теңдеулер, диагоналдық жүйе, дербес туындылар бiрiншi
реттi, асимптотикалық тәртiп.
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Об одной диагональной системе дифференциальных уравнений с частными
производными первого порядка от двух независимых переменных

Рассматривается диагональная система из трех дифференциальных уравнений с частными
производными первого порядка от двух независимых переменных. Уравнения, входящие
в диагональную систему друг от друга независимы, поэтому условия совместимости
системы не возникает. Рассматривается асимптотическое поведение решений на бесконечно
удаленной точке, относительно некоторого параметра. Основное место в системе занимает
нелинейное дифференциальное уравнение с частными производными первого порядка,
остальные уравнения являются присоединенными уравнениями, решения которых содержат
начальное значение одного независимого переменного как параметр. Присоединенные
уравнения выбираются подходящим образом, и изучается решение системы, уже имеющее
внутреннюю связь. Присоединенные уравнения являются линейными дифференциальными
уравнениями с частными производными первого порядка. Используя, что нулевые
решения характеристических уравнений являются асимптотически устойчивыми по
Ляпунову, описываются условия, когда совокупность трех дифференциальных уравнений,
рассматриваемых как диагональная система дифференциальных уравнений с частными
производными первого порядка имеет решение с определенными начальными значениями
и является бесконечно малой функцией в окрестности бесконечно удаленной точки.
Применяются методы теории функций и дифференциальных неравенств в теории
дифференциальных уравнений с частными производными первого порядка.
Ключевые слова: дифференциальные уравнения, диагональная система, частные
производные первого порядка, асимптотическое поведение.

1 Introduction

Without pretending to completeness, we note some works, whose interests more or less in-
tersect with questions on the subject of discussion. As known, the problems of a differential
equation with first-order partial derivatives in the analytical case were considered in [1-2].
The first- order partial differential equations in the nonanalytic case were considered in [3-7].
There is a guide to first-order partial differential equations [8]. Also note some useful works
under the subject of investigation [9-22]. Some information on the subject is available in
books [23-29].
The study of system of the first-order partial differential equations in the nonlinear case is a
difficult task, since, generally speaking, the characteristic system is not developed. The pa-
per considers a certain diagonal system of the first-order partial differential equations, which
arises as a result of differential inequalities. Using the methods of the theory of functions
and differential inequalities in the theory of the first-order partial differential equations, the
behavior of the solution is studied.

2 Materials and research methods

On the plane of variables (x, y) ∈ R2, the set

S = ((x, y) : 0 ≤ x < +∞, c− Lx ≤ y ≤ d+ Lx)
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is defined, where c < 0, L > 0, d > 0. The first-order diagonal system of partial differential
equations is considered

∂θ
∂x

= (b1(x)y + h1(x, y))
∂θ
∂y
;

∂u
∂x

=
(
b2(x)y + h2(x, y, u,

∂u
∂y
)
)
∂u
∂y
;

∂ν
∂x

= (b3(x)y + h3(x, y))
∂ν
∂y
;

(1)

(b1(x)y + h1(x, y))
∂θ
∂y

∈ C2(E),(
b2(x)y + h2

(
x, y, u, ∂u

∂y

))
∂u
∂y

∈ C2(E),

(b3(x)y + h3(x, y))
∂ν
∂y

∈ C2(E); where E is a convex domain in R4 containing the point 0, the
projection of which onto the (x, y)−plane contains S. Denote by I ≡ [0,+∞). The variable
x ∈ I.
The diagonal system (1) is considered with initial values


θ(0, y) = ω1(y), ω1(y) ∈ C2

u(0, y) = φ(y), φ(y) ∈ C2

ν(0, y) = ω2(y), ω2(y) ∈ C2

(2)

where y ∈ (c, d);
The equation

∂θ

∂x
= (b1(x)y + h1(x, y))

∂θ

∂y
(3)

has a characteristic equation

dy

dx
= −b1(x)y − h1(x, y) (4)

(4) we consider under the initial condition y(x0) = y0, (x0, y0) ∈ S, and we assume that the
solution y = y(x, x0, y0) is defined on the set I . The equation

∂u

∂x
=

(
b2(x)y + h2

(
x, y, u,

∂u

∂y

))
∂u

∂y
(5)

consider under the initial condition

u(0, y) = φ(y) (6)

where φ(y) ∈ C2, (0, 0, φ(0), φ′(0)) ∈ E; as known, problem (5), (6) for small x, |y| has a
unique solution u(x, y) of class C2(S). The equation

∂ν

∂x
= (b3(x)y + h3(x, y))

∂ν

∂y
(7)

has a characteristic equation

dy

dx
= −b3(x)y − h3(x, y) (8)
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Considering (8) under the initial condition y(x0) = ¯̄y0(x0, ¯̄y0) ∈ S and assume that the solu-
tion y = y(x, x0, ¯̄y0) is defined on the set I.
Theorem. If in the diagonal system of first-order partial differential equations (1) the fol-
lowing conditions are satisfied:
(A) bi(x) ∈ C2(I), x ∈ I ≡ [0,+∞),hi(x, y) ∈ C2(S), hi(x, 0) = 0; i = (1, 3);
(B) h2(x, y, u, ∂u∂y ) ∈ C2(E),h2(0, 0, u, ∂u∂y ) = 0 and satisfies the Lipschitz condition with
respect to (u, ∂u

∂y
) in the domain E; there is an inequality uxxuyy − u2xy ̸= 0 and the so-

lution u(x, y, u, ∂u
∂y
) > 0 of equation (5), with the initial value (6), can be continued for

x > 0, (x, y) ∈ S;
(C) The inequality holds b1(x) < b2(x) < b3(x), x ∈ I;|bi(x)| ≤ Kiψ(x), x ∈ I;
Ki > 0, i = (1, 3);

ψ(x) ∈ C(I),ψ(x) > 0, lim
x→+∞

ψ(x) = 0,
+∞∫
0

ψ(x)dx = +∞;

By definition, q(x) =
x∫
0

ψ(τ)dτ ;

There are limits lim
x→+∞

1
q(x)

x∫
0

(−bi(τ))
ψ(τ)

dq(τ) = βi, i = 1, 3; β1 < 0, β3 < 0;

(D) Inequalities hold: h1(x, y) < h2(x, y, u,
∂u
∂y
) < h2(x, y), (x, y) ∈ S;

(E) |hi(x, y)| = δ(x)|y|, i = 1, 3; δ(x) ∈ C(I), δ(x) > 0, lim
x→+∞

δ(x)
ψ(x)

= 0;
∣∣∣∂u∂y ∣∣∣ < K,∣∣∣h2(x, y, u, ∂u∂y )∂u∂y ∣∣∣ = Kδ(x)|y|, lim

x→+∞
1

q(x)

x∫
0

(−Kbi(τ))
ψ(τ)

dq(τ) = β2, and the inequalities β1 <

β2 < β3 are satisfied;
Then there exists a solution θ(x, y), u(x, y), ν(x, y) of system (1), with initial value (2) such
that√
θ2(x, y) + u2(x, y) + ν2(x, y) → 0 as x0 → +∞.

Proof. Consider the solution u(x, y) of equation (5) with the initial value u(0, y) = φ(y).
By condition u(x, y), the solution is defined for x ∈ I and y ∈ (−δ, δ) ⊂ (c, d), where a
sufficiently small number δ > 0. Consider equation (4) and solutions y = y(x, x0, ȳ0) of equa-
tion (4), where (x0, ȳ0) ∈ S. From conditions A) and E) It follows that the zero solution to
equation (4) is asymptotically stable as x → +∞. In fact, in (4), the equation of the first
approximation has the form

dy

dx
= −b1(x)y

From condition A), C) it follows that for solving the equation of the first approximation we
have the estimate

|y(x)| ≤ |y(x0)|eβ1[q(x)−q(x0)]

Using this estimate to represent the solution of equation (4) in the form of an integral
equation, found by varying an arbitrary constant, for any ε ∈

(
0, |β1|

2

)
we obtain the estimate

|y(x)| ≤ |y(x0)|e(β1+ε)[q(x)−q(x0)]

This implies the asymptotic stability of the zero solution to equation (4). We assume that
asymptotic stability occurs for the initial values |ȳ0| < δ. Take ω1(y) and the integral
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ȳ0θ(x, y, x0) of equation (4) satisfying the conditions ∂θ
∂y

> 0, θ(0, y, x0) = ω1(y), ω1(y) <

φ(y) and ȳ0 ∈ (−δ, δ).
Then θ(x, y) = θ(x, y, x0) is a solution of equation (3) satisfying the condition θ(0, y) =

ω1(y), (x, y, θ, θy) ∈ E, and θ(x, y, x0) → 0, x0 → +∞.
Consider equation (8) and solutions y = y(x, x0, ¯̄y0) of equation (8), where (x0, ¯̄y0) ∈ S.
Similarly to equation (4), it is established that condition A) and E) imply that the zero
solution to equation (8) is asymptotically stable as x → +∞. We assume that asymptotic
stability occurs for the initial values |¯̄y0| < δ. Take ω2(y) and the integral ¯̄y0 = ν(x, y, x0)
of equation (8) satisfying the conditions ∂ν

∂y
> 0 and ν(0, y, x0) = ω2(y), φ(y) < ω2(y) and

¯̄y0 ∈ (−δ, δ). Then ν(x, y) = ν(x, y, x0) a solution of equation (7) satisfying the condition
ν(0, y0) = ω2(y), (x, y, θ, θy) ∈ E, and ν(x, y, x0) → 0, x0 → +∞.
By virtue of conditions C) and D), the inequalities hold

(b1(x)y + h1(x, y))
∂θ

∂y
<

(
b2(x)y + h2(x, y, u,

∂u

∂y
)

)
∂u

∂y
< (b3(x)y + h3(x, y))

∂ν

∂y

in the domain E. By the choice of ω1(y), ω2(y), the inequalities holds:

ω1(y) < φ(y) < ω2(y), y ∈ (c, d), (x, y) ∈ S;

Consequently,√
θ2(x, y) + u2(x, y) + ν2(x, y) → 0 as x0 → +∞.

The theorem is proved.

3 Results

The paper considers a diagonal nonlinear system of first-order partial differential equations.
The equations in the system are interconnected by differential inequalities and have initial
values, the set of which is the initial values of the system and the initial values of the associated
equations are selected appropriately. It is proved that the diagonal system under certain
conditions has an infinitesimal solution in a neighborhood of an infinitely distant point.
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