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ON A COMPARISON THEOREM FOR STOCHASTIC
INTEGRO-FUNCTIONAL EQUATIONS OF NEUTRAL TYPE

In this paper, we will discuss a comparison result for solutions to the Cauchy problems for two
stochastic differential equations with delay. On this subject number of authors have obtained
their comparison results. We deal with the Cauchy problems for two integro-differential equa-
tions. Except transient- (or drift-) and diffusion coefficients our equations include also one integro-
differential term. Basic difference of our case from the case of all earlier investigated problems is
presence of this term. We introduce a concept of solutions to our problems and prove the com-
parison theorem for them. According to our result under certain assumptions on coefficients of
equations under consideration, their solutions depend on the transient-coefficients in a monotone
way.

Key words: stochastic differential equation, comparison theorem, Hilbert space.
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CaJIBICTBIPY TEOPEMACHI

Byn makamama Kigipic ocepusi eki cToxacTHKaJIbIK guddepeHnna bk, TeHaeytep yuiin Komn
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B nmammoii crarhe paccmarpuBaeTcs 3ajlada CpaBHEHHWs perneHuit 3ajad  Komm i IByX
croxacTudeckux guddepeHnnaabHbIX YpaBHEHHU ¢ 3ama3abpiBanneM. B 3Toit 06/1acTi MHOXKECTBO
aBTOPOB TIOJIyYUJIU CBOM Pe3YyJIbTaThl, KACAIOIIMECs CPaBHEHUsl PeIeHMil II0J00HBIX 3aJad.
B nmammoit pabore paccmarpuBaroTcs 3amadn Ko i IBYX CTOXACTUYECKUX WHTErpo-
nuddepeHuaabHbIX ypaBHenuii Hefirpaabaoro tuna. [Tomumo koaddunuenra crnoca (mepeHoca)
n Koadpdunmenta auddy3un, paccMaTpUBAEMble yYPABHEHUS COMAEPXKAT TaKKe OJUH HHTErpPO-
nuddepeHIaabHbiil Yien. Haindane 5Toro HHTErpaJbHOrO 9JIeHa sIBJISIETCS OCHOBHBIM OTJIMYAEM
9TOI 38,1241 OTO BCEX PaHee UCCJIeIyeMbIX 3aad. JIjis Hallux 3a/1a9 BBOJIATCS [TOHSITUSI PEIIEeHMIA,
JIJIsT KOTOPBIX JIOKa3aHa TeopeMa cpaBHeHusi. COTJIACHO MOJIYIYEHHOMY Pe3yJIbTaTy, IPA HEKOTOPBIX
MIPEJIITOJIOKEHUSIX Ha KOI(MDMUIIMEHTHI PacCMATPUBAEMBIX yDABHEHMII, WX PENIeHUus MOHOTOHHO

3aBUCAT OT KOIPPUIMEHTOB IEPEHOCA
KuroueBbie ciioBa: croxactuueckoe guddepeHnagibHOe ypaBHEHHe, TeOopeMa CpPABHEHUS,

TJIEOEPTOBO MMPOCTPAHCTBO.

1 Introduction

In the given paper the following Cauchy problems for two neutral stochastic integro-
differential equations

d(ui(t,x) +R[bi(t,x,ui(oz(t),f),f)df) = filt,u;(a(t),z), z)dt "

+o(t,2)dp(t),0 <t <T,zecR? ic{l2},

wi(t,z) = ¢i(t,x), —r<t<0,z¢€ RY r>0,i€ {1,2}, ( 1%)

are studied, where T > 0 is fixed, /3 is one-dimensional Brownian motion, f;: [0, 7] x
xRxR?—R,i€{1,2},0:[0,T]xR? = Rand b;: [0,T] xR{xRxR? — R, i € {1,2}, are
some given functions to be specified later, ¢;: [—7,0] x R? — R, i € {1,2}, are initial-datum
functions, a: [0,T] — [—7, +00) is a delay function. For solutions u; and sy of these problems
a comparison theorem is proved. According to the obtained result, if f; > fo, then u; > us
with probability one. A comparison problem for solutions to stochastic differential equations
in finite-dimensional case has firstly arised in [141]. A comparison theorem for equation of the
form d&(t) = f(t,&(t))dt + o(t,&(t))dB(t) has been proved in this work by A. V. Skorokhod.
According to this theorem, under certain assumptions, a solution of the equation above
is monotonously non-decreasing function, depending on drift-coefficient f. A more general
presentation of the comparison theorem is given in |1 1], [13]. Variations of these results have
been proposed in [2] — [10]. The aim of the given work was to prove the comparison theorem
for solutions of problem (1) —( 1*).

2 Literature review

For the first time, the problem of the comparison of solutions of stochastic equations in the
finite-dimensional case arose in [14]. It is proved in it that, under certain assumptions, the
solution of the equation is a monotone non-decreasing function of the transfer coefficient.
A more general form of the comparison theorem is given in [10] [13]. Variations of these
results were proposed in [ 1], [2], [3], [5], [7]-9], [1 1]-]25]. Comparison theorems for solutions of
stochastic partial differential equations with a multidimensional Wiener process are presented
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in [3]. In [6], a proof is presented of a comparison theorem for solutions of the Cauchy problem
for stochastic differential equations with a multidimensional Wiener process in a Hilbert
space. The aim of this paper was to prove a comparison theorem for solutions of problem (1)
using ideas from [6] and [14]. This result plays an important role in studying the existence and
uniqueness of a solution to this problem under non-Lipschitz conditions on drift coefficients.

The structure of the article is as follows: Section 2 contains the statement of the problem,
3 — preliminary facts and auxiliary results, 4 — proof of the main theorem.

3 Material and methods

3.1 Comparison theorem for stochastic differential equations in the finite-
dimensional case
We consider the Cauchy problem of the form

d(ui(t,x) + /bi(t,x,ui(a(t),f),f)cK) = fi(t,u;(a(t), z), z)dt + o(t, z)dS(t),

Rd
0<t<T,zeRyic{l2},

ui(t,x) = ¢i(t,z), —r <t<0,ie{l,2},
where 3 one-dimensional Brownian motion. We regard the following conditions to be fulfilled:
1. a: [0,T] — [—r, +00) belongs to C*([0,T]) with 0 < o/ < 1.

2. fi: [0,T]xRxR? =R, i€ {1,2},0: [0,T]xRxR? — [0,00], b: [0, T] xR x R x R% —
— R are measurable functions.

3. The initial-datum functions ¢(¢,z,w): [-7r,0] x RY x Q — Ly(R?), i € {1,2}, are
Fo-measurable random variables and such that

E sup H(bz(ta .)H%Q(Rd) < 00, (S {172}a E sup ¢2(t,l’) < Q3.
—r<t<0 —r<t<0

4. b, satisfy the Lipshitz condition in the third argument of the form
|b(t, x,u,&) — b(t,z,v,&)| <IU(t,x,&)|u— v,
0<t<T, {z,&} CRY {u,v} CR,

where the conditions are valid for the function [

sup /(/ F(;k—zié)dgp(x)dx < %, sup /l?(Z’(—gOdé“ < oo,z €RYL(3)

0<t<T 0<t<T
Rd Rd Rd
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5. There exists a function b;: R x R? — [0, 00), such that

2
/ ( / bl<x,s)d£> p()dz < oo, / (2, €)dE < o0, € RY;
]Rd Rd ]Rd
such that
sup [b(t,z,0,8)| < bi(z,€), x € R.E € RY (4)
o<t<T

6. The function f;, o, ¢ € 1,2, satisfy the conditions of linear growth and Lipschitz in the
second argument, that is, there are L > 0 such that

filtou, )] + lo(tua)| S LA+ ul), 0t < TueR, z € RY, (5)

|fi(t,u, 2)— fi(t, v, 2)|+|o(t,u, x)—|o(t,v,z)| < Liu—v|, 0 <t < T,{u,v} €R, z € R% i€ 1,2

(6)

Let U = Uy, ¢E¢’L: bEbw fEfza S {172}
Definition. A continuous random process w;(t,-,w) : [—r, T x Q@ — R, i € {1,2} is called
a solution to (1) — ( 1*) provided

1. It is F;-measurable for almost all —r <t < T.

2. It satisfies the following integral equation

Rd

wilt, ) = 6(0,) + / b0, . (. €), £)dE — / b, - ua(t). €), €)de

t

4 / fi(s,us(a(s), ), )ds + / o(s,usla(s), ), )AB(s), 0 < ¢t < T, i € {12},

ui<t7 ) = ¢(t’)v —r<t<0,7¢€ {172}- (7)

3. It satisfies the condition
T

T
B [t et < o0 B [ul e < oc.i € 41,23
0

0

The following theorems are true.
Theorem 1. Denote by u = u;, f = f;,i € 1,2. Assume that the conditions (1)—(6) are
satisfied. Then (7) has a solution continuous with probability one, unique in the sense that if
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u(t,-), v(t,-), 0 <t < T are two continuous solutions to (7), then P{ sup |u(t,-) —v(¢,-)| >

0<t<T
0} =0.

Theorem 2. Suppose that conditions (1)-(6) are satisfied. Suppose further that
wi(t,z),0 < t < T,i € {1,2} are continuous (with probability one) solutions to problem
(7). That, if fi(t,u,-) < fa(t,u,-) for all 0 <t < T the condition uy(t,x) < wus(t,z) are
satisfied.

Proof of the theorem 1. In order to prove existence and uniqueness of solution to
(7) we use the method of successive approximations. The idea of the proof is to construct a

sequence of approximations, which converges to the solution w. From now on z is supposed
to be fixed. Let

and for n € {1,2, ...} define u™ as

+/f(s,u("_1)(a(s), ), - )ds + /a(s,-)dﬁ(s), 0<t<T, 9)

0 0

1.1 Firstly let us choose a small 0 < T} < T and prove that sup El[u™(t,
0<t<T

L ]b(O, ’ ,¢(—T, §)7 §)|d§

I, gy b

a bound, independent of n. We obtain

2
sup El[u (¢, )17,z < SEl¢(0, )7, s + SE

0<t<Ty

Lo (R%)
2
+2 sup Bl [[blt, - Va(0), ), 6l
0<t<T} i Lo (Rd)
t 2
+8 sup E /]f(s,u(”l)(a(s), ), - )|ds +8 sup E /
0<t<T} La(RY) 0<t<Ty 0 Lo (R4)
= 8E[|¢(0, -2, Rd)+25., 0<t<T. (10)

From (2) and (4) we have

|b(t7 '7“75)’ < |b(t7 '7“75) _b<t7 707§>| + ’b(t, 70,§>| < l(t, ,£)|u| —|—X(-,£)7
0<t<T,ueR, ¢ecR?
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Then we obtain

S1 8E/<R |b(0,x,¢(—r,£),§)\d£>2dx < 16E/<E/Z(O,x,§)¢(r,f)d§> de
+ 16/<R/x(x,§)df) de < 16(@//12(0>w,§)d6d$)E¢(?", -)Hiz(w)
/(R/w,@dg) i

2
R4 d

R R4

2
XO;lSPTIE”u(n—l)(a(t), ')H%Q(Rd) +4/<m/x(x,§)d§> dx. (11)
R Rd

According to properties of «, there exists a point 0 < t* < T3, a(t*) = 0. Then

sup Ellu""Y(a(t), )L @e < sup Bllu""V(a(t), )|, e
(R) o<t<ts (RY)

0<t<Ty
+ sup  E[u™ Y (a(), ')Hig(Rd) < sup E|o(t, ~)H%2(Rd) + sup E|u (¢, .)||%2(Rd)
t*<t<a(Ty) —r<t<0 0<t<Ty

and we get from (11)

0<t<T —r<t<0
Rd Re

"y /(m/w,@dg)zx.

If t* does not exist, then a(t) < 0 for all £ and further conclusions are obvious, because

Sy < 4( sup //lz(t,x,g)dﬁd:c> ( sup E|o(¢, .)H%Q(Rd) _|-021<pT EHu(n—U(t’ '>H%2(Rd))
U111

sup Ellul"Y(a(t), Mo = sup Elo(t, )7, @
0<t<Ty _r<it<0

In order to estimate S3, we take (5) into account and obtain

t

t 2
S3 =8 sup E/(/|f(s,u(”_1)(oz(s),a:),x)|ds> dx < 1677 sup E//(ng(s,x)
0<t<Ty J 0<t<Ty

R4 0 Rd
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a(T1)
—|—L2(u(”_1)(a(s),x))2) drds < 16T} <T1 sup /772(t,317)d90—|—L2 / E|u™ (s, -)||%2(Rd)ds)
0St<T1 ) J
T
<1677 sup /772(15,93)0[93+16L2T1 (7’ sup E|[¢(s, ')Hi(u@d)"‘/EHU(n_l)(Sa ')||%2(Rd)d3)~
0<t<Ty —r<s<0
R¢ 0

For S; we conclude

t

S, =28 sup //( (s, :t:)ds)d:z: < 8/”0 HL2 ]Rd)ds
0<t<T 2

R4

Let denote

S(T1) = 8E[|¢(0, -)|IZ,ge) + 16 //12 (0,2,¢ dédfv>EH¢( oo

de
2
20 [ @/ x(fc,f)dﬁ) d:c+4<sup I/ F(t,x,s)dsd:c) sup Ello(t, 12, g
0<t<T —r<t<0
Rd d Rd Rd

+167T}¢ sup /n2(t,x)d:c+16rL2T1 sup Elo(t, )17, @ +8/Ha I, @y dt < oo
0<t<Ty —r<t<0
Rd

Then from (10) we obtain

0<t<Ty 0<t<T
Rd Rd

sup Bllul™(t, )HL ®ey < S(Th) —1—4( sup //52 (t,x,& dfd:ﬁ)

X sup EHu(" Y ( , ')HLQ(Rd) + 16L2T1/E||U (=1 ( , ')HLQ(Rd)dt’ (12)
0<t<T) )

If n =1, then from (12) we have

0<t<T) 0<t<T
Rd R

sup Ellu(t, )2, e < S(T1) +4<Sup //Ptxfdﬁdx)Ech( ST

T

16T / El|6(0, - )12, g d.
0

For an arbitrary n € {2,3, ...} we obtain

sup E[lu™(t, )7, < S(T1)

0<t<Ty

144 sup //lg(t,x,f)dfdx +...
0<t<T
Rd R4
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T

n—1
—|—<4 sup //ZQ(t,x,f)d§d$> +16L2T1/S( 144 sup //l2 (t,z,&)dédx
0<t<T 0<t<T
Rd Rd 0 Rd Rd
-2 T,
+. (4 sup / / Ptz & dgda;) ds + 16L°T, / (16L*Ty (T1 — s))S(Th)
O<t<TRd R
n—3
X |1+ ( sup //lztxﬁdfdx> ]ds
0<t<T
R4 R4
1 (16227, (T, - 5))"
—|—...+16L2T1/ S(Ty)|1+4 sup //Zthfdﬁda: ds
(n - 3)! 0<t<T
Rd Rd
4 sup //52 (t,x,€) dgdx 4 sup //12 (t,2,&)dedx | E[¢(0, I, e
0<t<T 0<t<T :
Rd Rd Rd Rd
n—2
—|—16L2T1/EH¢( I, (RaydS +16L*T; (4 sup //ZQ(t,x,f)dfdx>
0<t<T
Rd Rd
T
/ [(40% JNEY: dsdx)Er|¢< M e + 16273 [ Eo(o ->H%2<Rd>ds] dr
Rd Rd 0
n—3 T1
(16L7T7) (4 sup //l2 (t,z,¢ dfdx) /(T1 —7)
0<t<T
R? Rd 0
T
x [(4022 [/ F<t,x,£>dfdaz>EH¢<o, M yaey +162°T1 [ Bl ~>||%2<Rd>ds] ar
7 Rd R4 0
h T n—4
4o+ (16L2T)" [ 4 sup //12 (t,z, €)dEdn /@
0<t<T (n - 4)!
Rd Rd 0
T
[( sw [ [Pt dﬁdfv>EH¢( M ey + 162°T: [ BJo(0 ->||%2(Rd>ds] ar
Rd R4 0
T, — 3
+(162°T1)" 7?4 sup / / 2(t,x,€)dedx / L=
0<t<T (n —3)!
Rd Rd
Ty
[( oilffT//F (t,z,¢) dﬁdw>Ell¢( oo +16L2T1/E||¢(0, -)Ilig(uad)dsl dr
0

Re R
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n—2 Ty
( sup //l2 (t,z,& d{dx) 16L2T1/C(T1 )ds + ( sup //l2 (t,z,& d&dx)
0<t<T 0<t<T

R4 R4 0 Rd Rd

T

x16L°T, / (16L*Ty (T — 5))C(Th)ds + .. <4 sup / / (t,z,& dgdx> 16L2T,
0<t<T

0 Rd Rd

T _
16L2T, (T, — s))" "
x/( (71— 5)) C(Ty) ds+< Sup //F (t,x,& dgd;c> 16L2T,
0

(n—4)! 0<t<T
Rd Rd

-3 -2

. 1 (16227, (T, — 5))" o [ (1622Ty(T, — 5))"
/ (T s + 161 / g C(Ti)ds

Rd Rd

_ T
( sup //l2 (t,x, & déd:c) 16 L2T / 16L2T1 T, — s))EH¢( )HQLQ(Rd)dS
0<t<T
0/

16L2T 2
( sup / / lztfcédédaz> 161°T, T =) 0, )2, g ds

0<t<T
Rd R4

0st<T S J, (n—3)!

2 2 n—3
+...+< sup //12 (t,z g)dg@) 16L2T1/ (LT3 (T — 5) E[|l¢(0, - )II7, @ads
0

—2

T 9 B n
+<4 < / / l2(t,x,§)d§d:r) 16L2T, / L Tl(?z)!sn E[|¢(0, )17, gayds
0

0<t<T (n
R? Rd

! n—1
16L2T1 (Tl — S)

0<t<T'Rd Rd

where C(Ty) = S(T1) + <4 sup [ [ 13tz &)dédx | Ell¢(0, ')”%Q(Rd)' It is easy to see that

if 77 is small enough and assumption (3) is true, then the the right-hand of (13) is not more
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than
T
16L°Ty - S(Th) - [ exp{16L*Ty (T} — s)}ds
S(Th) N 0
1—4 sup [ [Ptz §&)dédx 1—4 sup [ [Ptz §&)dédx
0<t<TRd Rd 0<t<TRd Rd

Ty
16L2T, - 16L2T,(Ty — s)}d
C(Ty) - exp{16L*T?} 1 OfeXp{ 1(Th — s)}ds

2
1—4 sup [ [Ptz §&)dédx 1—4 sup [ [12(t,x §)déd E[[6(0, )17, (ga)

0<t<TRd Rd 0<t<T'Rd Rd

B (S(T1) + C(T1)) - exp{16L*T#} + (exp{16L*T7} — 1) E||¢(0, N e
N 1—4 sup [ [ 12t x,&)dédr
0<t<T'Rd Rd
Thus there exists ¢(77) > 0 such that for an arbitrary n € {1,2,...}
sup E[lu™(t, )7,z < e(T1). (14)
0<t<Ty

1.2 Second let us prove that (u(”)(t, ne{l,2,.. }), 0 < t < T, is convergent. In order

to do it we estimate sup E[u™V(t, ) — u™(t, N, @ay n € {0, 1, 3
0<t<Th

If n = 0, then we obtain, taking into account estimate (14),

sup Bl (t, -) = u®(t, )20 <2 sup Efu(t
0<t<Ty

0<t<Ty

+ 2E| (0, ')Hi(u@d) < 00|

s ML

If n € {1,2,...}, then we obtain, taking into account estimates from 1.1,

sup Blut D (t, -) =t )|, o) < <wp//ﬁtx§&m)
0<t<Ty 0<t<T

Rd R4

0<t<T}

x sup Ellu" (¢, ) —a(t, )17, g +2L2T1/EHU (s, ) = u™ (s, I gy ds
0

g( sup / / z2txsd§dx+2L2T2> sup Efa™ V(¢ -) = u(t, )I[7 gy < -
0<t<T

0<t<Ty
Rd R4

sGam//mmwmm+u%ﬁ sup B (t, ) — u(t, )|,z
0<t<T

0<t<T1
R4 R4

Due to assumption (3) and choose of small Ty, sup [ [ 1*(t,x,§)dédx + L*TE <
0<t<TRd Rd
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0<t<T'Rd Rd

therefore (2 sup [ [ 13(t,x, &)dédx + 2L2T12> < 1 and we conclude

lim  sup 4/E[u(t, ) —ulm(t,

m,n— o0 OStSTl ) ||L2 Rd)

n—1

D (ub(t, ) —ud(t, )

-1

= lim sup E

m,n—o0 0<t<Ty

A

La(R4)

n—1
<t 3 Lo B ) = 00 I

i=m—1 Ost<T
< \/ sup El[lu(t, -) —uO(t, >||L2(]Rd
0<t<Ty
n—1
x lim Z ( sup //Zthfdfdx+2L2T2> = 0.
mnmeo L T 0<t<T
Re Rd

Thus, ( M(t, - )n € {1,2,. }) 0 <t < Ty, is a Cauchy sequence. Consequently, there
is a limiting function u(t, -) € Lz(Rd) 0 <t < Ty, such that

lim sup Elu™(t, ) — u(

n—oo OStSTl

t ')HLQ(Rd) = 0. (15)
From (14), it follows from Fatou’s Lemma that

sup El|u(t, -)[|7, g < c(Th).

0<t<T

The function u is F-measurable as a limit of F;-measurable functions.

1.3 Next we show that u(t, -), 0 < t < T3, solves the equation (7). To this end, we need
to pass to the limit in the identity (9). Taking into account (15), we have

2

lim sup E /qu-,w”4xauxsxf>—bag-Jwa@xsxgndf
n—00 0<t<T)
Lo (R4)
< ( sup // (t,x,& dfdm) lim sup Elu™Y(t, ) — ult, ')||%2(Rd) =0,
0<t<T N—00 0<¢t<T}
Rd R4
2

lim sup E /(f(s,u("l)(oz(s), ' )7 ) - f(s,u(oz(s), : )7 : ))dS
n—oo 0<t<Ty

0 Lz (R9)

a(Th)

2 . n—1 2
<27l [ B s, ) = (s, IR, o ds

'

< L*T? lim  sup EHu(n_l)(t, ) —u(

n—oo 0<t<Ty

2 ’)H%Q(Rd) =0.
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Therefore, passing to the limit in (9), we have

R4

ult, ) = 6(0, ) + / b0, - (1. ). E)dE — / bt - u(a(t), €), €)de

t

—l—/f(s,u(a(s), ), -)ds—i—/a(s,-)dﬁ(s), 0<t<T,

0 0

— the solution to (7) on [0, 77]. This procedure can be repeated in order to extend the solution
to the entire interval [0, 7] in finitely many steps, thereby completing the proof.

Proof of the theorem 2. Let prove the desired result under the hypothesis M1. From
now on, suppose that x is fixed.

2.1 Let us solve the problem

d<u2(t, )+ /bg(t, -,u2(a(t),§),§)d§) = f(tus(alt), -), )dt + o(t, )dB(t), 0 < t < T,

R4

i.e. satisfy the following identities

(Ug(t, ) + /b2(t7 : ,u2(04<t),f),£)d£> - <u2(07 )+/b2<07 ’ 7u2<a(0)7£)7§>d§>

Rd R4
t t

= /fg(S,'UQ(Oé(S), ), -)ds—i—/a(s, )dp(s), 0 <t <T, (16)
ug(t, - ) = ¢alt, -), —r <t <0. (16%)

Let ug solve the problem

d(ug(t, -)+/b1(t, -,u2<a(t),5),g)dg> — fltus(alt), ), )dt+o(t, )dB(t), 0 < t < T,
US(ta '):¢1(ta ')7 _TStS()’

i.e. satisfy the following identities

<U3(t, ) + /bl(tv : 7“2(a<t)7§)7£)d£> - <U3(0, )+/b1<07 ’ ,U,Q(CY(O),f),f)df)

R4 R4
t t

= /fl(s,uz(a(s), ), -)ds—i—/a(s, )dB(s), 0 <t <T, (17)

0 0
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us(t, ) = dn(t, -), —r <t <O0. (17%)

Subtracting (17) — (17*) from (16) — (16¥*), we obtain

(u2(t, ) - u3(tv )) + /(62(t> ' 7“2(05(15)75)75)616 - bl(ta -,u2<&(t),f),f))df
+ (U3(O, ) - u2(07 )),+/(b1(07 : 7u2(a(0)7£)a§)d§ - b2(07 : 7u2(a(0)7£)a§))d§

= /(f2(57u2(0‘(5)a ), ) = fils,us(als), -), -))ds, 0 <t < T,

v~

<0

u2(t7 ')_u3(t7 '):?Q(tv ')_¢1<t7')7 _T§t§07

<0

therefore us < ug with probability one.

Now let consider us — a solution to

U3(t, ):(bl(t’ ')7 _rstsoa

i.e. is defined from

<U4(t, )+ /bl(t7 '7”3(a(t)7€)7§)d§) - <U4(0, ) + /bl(oa ’ ,U3(O./(O),f),€)d€>

R4 Rd
; t

:/ﬁ@%m@,%q@+/d&yw@m<tgﬂ (18)

0 0

ug(t, -) = ¢i(t, -), —r <t <0. (18%)
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Subtracting (18) — (18*) from (17) — ( 17*), we conclude

(U3(t, ) - ’LL4(t, )) + /(bl( u2(a( ) 5) f)df - bl( U (a(t)75)75)>d5

= /(fl(sauz(oé(s% D, ) = fils,uzlals), -), -))ds, 0 <t < T,

J/

g

<0

US(ta ')—U4(t, ) :qbl(t? )_¢1(t7 ) :07 —’f’StSO,
therefore uz < uy with probability one. Continuing in a similar way, one obtain a sequence
(un,n €{2,3,.. }), fulfilling

Uy CTuzg <uy <...<u, <...

)

where u,, n € {5,6,...}, is defined as

(un<t7 ')+ /bl(ta ' 7un—1(a(t)7§>7£)d§> - (un(07 ')+ /bl(oa : 7un—1(a(0)7§)7£)d£>

R4 R4
t t

= /fl(s’unl(&(s), ), -)ds+/0(s, )dp(s), 0 <t <T, (19)
un(t, -) = ¢u(t, =), —r <t <0. (119%)

2.2 Hereafter we argue in a similar way as in the proof of theorem 1. We establish that
(un,n €{2,3,.. }) is convergent. In order to do it, we prove that

lim sup Elju,(t, ) — u(t, )HLQ(W =0,

n—o0 0<t<T

where u; is defined from

(ul(t> ) +/bl(t7 : ,Ul(a(t),f),f)d€> - (ul(ov )+/b1<0a : 7U1<a(0)7§)7€)d5>

Rd R
t ¢

= /fl(s,ul(oz(s), ), -)ds—i—/a(s, )dB(s), 0 <t <T, (20)
wr(t, ) =¢(t, -), —r<t<0. ( 20%)

It follows from the proof of theorem 1 that there exists a constant ¢(7)) > 0 such that
sup Elus(t, )HL2 ray < ¢(T') and sup Ellu,(t, DI, ey < ¢(T) forn € {3,4,...}. The rest
0<t<T 0<t<T

of the proof is similar to the case of theorem 1.
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4 Results and discussion

As mentioned in the introduction, comparison theorems play an important role in the study
of solutions with non-Lipschitz coefficients, in the study of the behavior of solutions at in-
finity, for optimal control of stochastic systems ([1],[2],[4],[5], [7]-[9], [L1]-[25]). However, for
equations with a delay of the neutral type, such studies have not been carried out before. This
is due to the fact that lag is among the stochastic derivative, and therefore it is impossible
to apply the classical Ito formula of differentiated functioning. Namely, on the application of
Ito’s formula, the proof of the classical comparison theorems is constructed.

5 Conclusion

Thus, the paper considers the existence, uniqueness and comparison theorems for stochastic
functional-differential equations of neutral type with variable delay. When obtaining these
results, the methods of stochastic and functional analysis were used, namely, the principle
of compressed mappings, monotonicity methods, coupling method and others. Using these
methods, we obtain local and global theorems on the existence and uniqueness of initial
problems for stochastic functional differential equations with variable delay of a neutral type,
as well as theorems for comparing two solutions. In the future, this method will allow us to
obtain similar results for equations with unbounded operators, in particular for stochastic
functional differential equations of the neutral type of partial differential equations.
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