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ON CONTINUOUS SOLUTIONS OF THE MODEL HOMOGENEOUS
BELTRAMI EQUATION WITH A POLAR SINGULARITY

This paper consists of two parts. The first part is devoted to the study of the Beltrami model
equation with a polar singularity in a circle centered at the origin, with a cut along the positive
semiaxis. The coeflicients of the equation have a first-order pole at the origin and do not even belong
to the class Ly (G). For this reason, despite its specific form, this equation is not covered by the
analytical apparatus of I.N. Vekua [1] and needs to be independently studied. Using the technique
developed by A.B. Tungatarov [2] in combination with the methods of the theory of functions of a
complex variable [3] and functional analysis [4], manifolds of continuous solutions of the Beltrami
model equation with a polar singularity are obtained. The theory of these equations has numerous
applications in mechanics and physics. In the second part of the article, the coefficients of the
equation are chosen so that the resulting solutions are continuous in a circle without a cut [5].
These results can be used in the theory of infinitesimal bendings of surfaces of positive curvature
with a flat point and in constructing a conjugate isometric coordinate system on a surface of
positive curvature with a planar point [6].

Key words: Beltrami equation, equation with a polar singularity.
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Ilonsaparwik epekurestiri 6ap moaeapai Beasrpamu TeHaeyiuiy y3imiccis menrimaepi

Kapacteippin oTbipran eHOeK eki Oesimmen Typasabl. bBipinmii Oesimi meHTpi KoopamHaTaaap
bac HYKTeciHJe OpHaJacKaH OH »KaK KapTbl OChCIi3 JIOHrejsekTe OepiireH  TOJISPJIbIK,
epexkiImestiri 6ap mozennai Benbrpamu TeHaeyiH 3epTTeyre apHaaraH. KapacThIpbLIraH TEHJCYIiH
KO3 punmenTepinin KoopauHaTagap 6ac HyKTecimme OipiHm perTi moJjrocTepi H6ap »KoHe oJap
Ly(G) wuaceipa xarnaiigsl. Congpikran V.H.Bekyanbin [l| aHaquTvKajbIK —amnmaparbiMeH
KAMTBIMATAH YKOHE JKeke 3eprreyai Kaxker eremi. A.B. Tyrrarapos 2| xacaram xypmesni oficri
[3] xoHe dyHKIMOHANIBIK TAIAAYABIH [4] TeopusiChl opicTepiMeH yitrectipe oTwbipbin, Benxrpamn
MOJIEJIJII TeHJIEYiHiH IOJISPJIBIK €PeKIesIiri 6ap y3miKci3 mernriMaepidin TypJepi ajablHabl. By
TeHJIeyJIep TEOPUSICHIHBIH, MEXaHNKa MeH (PU3MKaJa KOITereH KOoJIaHbICTapbl O6ap. 2KyMBICTHIH
eKiHmm OesiMiHIe TEHAEYIiH IIeIniMi KapacTBhIPBIIFaH AOHTeJIeKTe y3laicci3 GoJaThiHmail erim
koaddunuentrep Tanmanansl [5]. Bysn HormKesepai THIFBIBALIK HYKTeci 6ap KUCBHIKTBIFBI OH,
aKBIPCBHI3 a3 MiJeTiH OeTTep TEOPHUSICHIHIA KOHE THIFBI3IBIK HYKTECI 6ap KUCHIKTBIFBI OH OeTTepae
M30METPHUsLIIBI TYHIH/IEC KOOPJAMHATTAP/ Bl KYPACTHIPY YIIMH KosaHyFa Goast [6].

Tvyiiia ce3aep: beabrpamu TeHeyi, TOJISPIIBIK, epeKIeiri 6ap TeHiey.
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Hacrosimmas pabora cocrout u3 /iByx dacreil. [lepBast 4acTb HOCBAIIEHA HCCIETOBAHUIO MOJEIHHOTO
ypaBHeHUsT BesbrpaMu ¢ MOJISPHON OCOOEHHOCTBIO B Kpyre C IIEHTPOM B HAYaje KOODIWHAT,
C pa3pe3oM BIOJIb ITOJIOXKHUTENbHON mosayocu. Koaddunmentsr paccMaTpuBaeMoro ypaBHEHH
UMEIOT IIOJIIOC IIEPBOIO NOPsAJKAa B HadaJbHOM TOYKEe KOOpJAMHAT U He IIPpUHAJJIeXKaT JlaxKe
kinaccy Lo(G). Tlo sTolf npuumHe, HECMOTDsI Ha CBOM crenudu9IecKuil BUJ 9TO ypaBHEHHE He

oxBaTblBaeTcs aHanuTudeckuM ammaparom W.H. Bekya [l] m HyXKIaercss B caMOCTOSTEIBHOM
uccienoBanuu. Vcnonb3ys Meromuky paspaboranuoit A.B.Tyuraraposbim [2] B coueranun c
MerojgamMu Teopur (BYHKIUHA KOMILIEKCHOIO IepeMeHHOro [3] u dbyHKiuoHampHOro anajiusa |4

[IOJIy 9€HbI MHOTOOOPAa3Hsl HEIPEPHIBHBIX PEIIeHn MOIeJILHOTO ypaBHeHNsI BebTpamMu ¢ moJIsipHO
0CcOOeHHOCTBIO. Teopusi 3THX ypaBHEHUII MMeET MHOIOYUCJIEHHBbIE IIPUJIOXKEHUs B MeEXaHWUKe U
dusuke. Bo Bropoit 4acTu craThbu BOSHUKIINE [TPOU3BOJIbHBIE IIOCTOSIHHBIE TT0I00PAHBI TaK, YTOOBI
[OCTPOEHHBIE PellleHNsi ObIIM HEIPEPLIBHBL B Kpyre 6e3 paspesa [5]. 9Tu pe3ysabrarsl MOIYT ObITh
HCIIOJIB30BaHbI B TEOPUU OECKOHEYHO MAJIBIX U3THOAHMI TTOBEPXHOCTEN MTOJI0KUTEIHHON KPUBI3HBI
C TOYKOU YIJIONIEHUA U IIPU IIOCTPOCHUU COIPAXKEHHO HM30METPUYECKON CHUCTEeMbl KOODJMHAT Ha
MOBEPXHOCTH TOJIOYKUTENHHON KPUBU3HBI ¢ TOUKON yIutomenus [6].

KuroueBbie ciioBa: ypasHenue BebTpaMu, ypaBHEHHE C TOJISPHON 0COOEHHOCTHIO.

1 Introduction and review of literature

The fundamentals of the theory of generalized analytic functions (representations of the first
and second kind, a generalized Cauchy formula, expansions into generalized Taylor, Laurent,
and other series, as well as the theory of corresponding boundary value problems), with
which the present work is closely related, were constructed by the famous mathematician
LN. Vekua [7] - |9] in the case when the coefficients of elliptic systems are summable to
a power of more than two. N.K. Bliev [10, 11] extended the theory of generalized analytic
functions to cases where the coefficients and free terms belong to the fractional spaces of
O.V. Besov. In the work of M.O. Otelbaev and K.N. Ospanov [12], the generalized Cauchy-
Riemann system from the space obtained by the completion of infinitely smooth functions is
investigated. A.B. Tungatarov [13] found in explicit form the right inverse operator for the
Beltrami differential operator d— @ (an analog of the well-known operator T from [1]) for the

case iu(z) = i, 0 < B < 1. The solutions of the corresponding Beltrami equation are called -

analytic functions. Ricardo Abreu-Blya, Juan Bori-Reyes, Dixan Pena-Pena and Jean-Maria
Villiers [14]-[10] investigated the solvability of analogues of the Riemann boundary value
problem and a number of related questions for such functions.

Let R>0and G={z=re¥:0<r <R, 0< ¢ <2r}. In the area G we consider
equation of the form

oV — pervo,v + 22y Woly (1)
2z 2z

where 0 < 3 < 1 is a ellipticity condition,

a(p), blp) € Cl0,27], alp+2m) =alp), bly+2m)=b(p).

The equation (1) if 8 = 0, a(p) = 0 will be used in the study of infinitesimal bendings
of surfaces of positive curvature with a flattening point, in the neighborhood of which the
surface has a special structure 6], [17]. The coefficients of the equation (1) do not even belong
to the class Ly(G). Therefore, using the known methods of the theory of generalized analytic
functions [1], [18], it is not possible to prove the existence of continuous solutions to this
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equation. The theory of the equation (1) for § = 0, a(¢) = 0, b(p) = Aexp(iky), where A
is an arbitrary complex number and £ is an integer number, is constructed in [19], [20]. A
variety of continuous solutions of the equation (1) was obtained in [21], [22]; the boundary
value problem for the jump for one particular case of the Beltrami equation was considered
in [23].

2 Material and methods

2.1 Beltrami model homogeneous equation with a polar singularity

We proceed to solve the equation (1).
Equation (1) in the polar coordinate system is written as

ov. 1 av 1 —
ot A5 T L@@V + b)) =0

Finding continuous solutions of the last equation by the method of separation of variables

(1-5)

V(?“, 90) = T(T) ’ \IJ((P)? (2)

where T'(r) = T'(r), T(r) € C[0, RJNC*(0, R], ¥(p) € C*[0,27], we get the following system:

(1= BT () = \T(r) =0, )
V() = 15 (ale) + V) = U T =0 ()

where A\ > 0 is a real parameter.

A

The solution of the equation (3) is the function T'(r) = A - 71— B, where A is a real
number.
We seek the solution of the equation (4) in the form

U(p) = Pa(p) exp <ﬁ (A T+ /OSD a(v)%))

Substituting the function W(y) into (4), we obtain the equation for Py(y) :

Pi(¢) — Ax(@)Pa() = 0, (5)

where
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Thus, the solution of the equation (1) has the following form

A

Vi(r, ) = Tmp)\(@) exp (ﬁw + B(w))) ,

where Py(¢p) is the solution of the equation (5).
Now let’s start solving the equation (5).
Integrating the equation (5) we obtain

@

Pi(p) = / APy + e,

where ¢, is an arbitrary complex number.
Hence

/ AP ()dy = / A7) / A0 Py (1 )dyadry + 75 / A7)y

0 0 0 0

Using (8) and (7) we obtain the following equation

Pr() = (BaPx) () +exlxi(0) + e,

where

(Baf)(p) = / A7) / 0 (n)dndy, Iu(e) = / A7)

Further we use operators of the form

(BXA)() = (BA(BA)(@)(9), (Bif)(9) = (BABY)(@)(),

L) = / ATy, (k= L0).

The following easily verifiable relations hold for these operators

(BAD) (@) (@) = Dkga(0),  (Baca)(p) = eaxlra(e),

(1A4xlo - #)*

A - 2n
< o D b)), 1) < Il 28

(2n)!
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where |f|o = HfHC[O,27r]'

Applying the operator (B)f)(¢) to both sides of equality (9) and using (10), we obtain

(BAPA(9)) () = (BXP)(0) + Tlaa(p) + exlna()

From (9) and (12) the following equation follows

Py(¢) = (BYP))() + ex(Dai(e) + s(@) + ex(1 + Lha(e))

Applying the operator (B)f)(y) to both sides of equality (13) we obtain

(BAPx)(9) = (B3PA) () + ea(Ins(@) + Lus(9)) + ex(Iaz(@) + Inale))
From (9) and (14) we get
Pa(p) = (BiP)(9) + ex(Ini(0) + Ds(w) + Ls(9)+

+ex(1 4 Ina(w) + Hoa(e))

Repeating this process, we have

o) = (BiPY(@) -3 Droia(@) + x4 3 L))
k=1 k=1

Passing to the limit in (15) as n — oo, and by (11) we obtain

Pi(p) = exPr1(p) + exPaa(e),

where Py1(p) = > 0y Dnar—1(9), Pao(e) =14+ 3207 Doaw(e).

Using inequalities (11) Py1(p), Pr2(p) we obtain the following expressions:

P1(9) — Ax(@) Pra(0) = 0, Py ,(9) — Ax(@) Pri() = 0,

[Pri(@)| < sh([Axlg @), [Paa(@)] < ch(]Ax]g ),

® ®

&MW4=/&MRNW%PM@=/&WRKWV

0 0

From the second equation (19) and (17) it follows

(12)

(14)

(16)

(17)

(18)
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Pa(p) = 1=Pri(9) > Dae-1()—
k=1

P

—P2(p) mek(@) + /AA(V)IA,zk—l(V)PM(W)dV

where n > 1 is a whole number.
Passing to the limit in (15) as n — oo and using the inequalities (11), (18), we get the
identity

[Pra(@)]” = [Pra(p) = 1 (20)

It follows from (6) and (16) that any solutions of equation (1) can be found by the formula

A

Va(r, ) = 1= B (@ Prs(9) + xPaale)) x exp ( /

1+

(g + B@))) (21)

Using the formula (17), we find

A

oV =rl —5 exp (www%lg@) ((1 - ﬁ(kswra(w))) X

% (@ Pa1(9) + aPra(0)) + i) (aPra(@) + 5 Pra(9)))

2(1 —
Obviously, the following relation holds 0V € L,, 1 < p < %, 0<A+p48<1.
2(1 —
Similarly, the following relation holds 0,V € L,, 1 <p < %, 0<A+p8< L
We use the theorem of I.N. Vekua from [1] : if 9V € L, p >, then there is 0,V and also

belongs to L,,.
2(1-p)
1_/\_ﬁ,0<)\+ﬁ< 1. So

the function Vj(r, ) will be a solution of the equation (1) from the class C(Go) N W, (G),

2(1 —
l<p< %, 0 < A+ < 1 where W, (G) is the space of S.L. Sobolev from [1] and G
is a region of G with a cut along the semiaxis {z =re’? : r >0, ¢ = 0}.

Thus, we have obtained the lemma.

Therefore, by definition we get V'€ W (G), 1 < p <

Jlemma 1 Equation (1) has the solutions from the class C(Go) N W, (G), where 1 < p <
2(1-p)

5’ 0 < A+ B < 1. Any such solutions can be found by formula (21).
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2.2 Construction of continuous solutions of the Beltrami model equation with a polar
singularity

Now we proceed to the construction of continuous solutions of the equation (1) in G. It
follows from (21) that in general case we have that V)(r,0) # V)(r, 27). Therefore, we choose
the numbers ¢, and A from (21) so that the following equality holds

Va(r, 0) = Va(r, 2m). (22)
For this purpose, substituting (21) in (22), we obtain

A1 (N)ex + Ag(N)ey =0, (23)
where A;(X) = Py 1(27),
Ag(N) = Pyo(27) — exp (;—?—Wﬁl (A + d)) ,d = BS:T).

Expanding on the real and imaginary parts of a complex number ¢, and expressions Aj(A),
Ay () and then substituting them in (23), we obtain the following system of homogeneous
equations with respect to unknowns c’/\ and c:\’, where c:\ and c’/{ are real and imaginary parts
of the complex number ¢, respectively.

é, (RePA,1(27T) + Re (PM(%) — exp (—27m' (A + d)))) +

113
+ey (]mPM(QW) —Im (PAVQ(QW) —exp (— ff SO+ d)) )) —0,
N <ImPA,1(27r) +Im (Pm(zw) — exp (— Qfﬁ()\ i d)))) _

"

1
) (RePM(ZW) ~ Re (PM(%) ~exp <— 1212'5 (\ + d)) )) — 0.

This system is linear and homogeneous with respect to ¢, and cy. Therefore, it has a
nonzero solution if [Ay(A)|* — [A1(A)[* = 0. Thus, equation (23) has a nonzero solution only
when |Ay(A\)| = |A1(A)]. This equality is equivalent to the equation for A :

2 21

Re Py 5(2) cos <1 T d)> — ImPy5(2) sin (1 T d)) ~1 (24)

Since, by virtue of (20) |Py2(27)| > 1, then for each integer k > 0 there exists a solution
of the equation (24) A = A\ belonging to the segment [k, k 4 1]. Let k be an integer, k <
A < k+1 and \g be a solution to equation (24). Then |A;(\g)| = |A2(Ag)| and the equation
A1 (M) + Az (Ag)cr = 0 has a nonzero solution ¢, which is found by the formula

__ (25)

A, if Al()\k) = 0,
CL =
Tl A O — AOvar, if Ay(M) £0
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Here a4 is an arbitrary complex number. Therefore, for each integer k£ the function

Ak
1
Vil =11 =B @Pae) + aPyale)) x o (115 e+ Ble)) (20
will be a solution of the equation (1) from the class C'(Go) N W, (G), 1 <p < - and

satisfies the condition (22). Thus, we have obtained the theorem.

Teopema 1 If A, + 8 > 1, then for any integer k > 0 the equation (1) has solutions from
the class C*(G). These solutions can be found by formulas (26) and (25), where \g is the
solution of the equation (24) from the interval [k, k + 1].

Teopema 2 If Ao+ 5 < 1, then the equation (1) always has solutions from the class C(G)N
2(1 —
W)(G), where 1 < p < % These solutions can be found by formulas (26) and (25),
— o —
where A is the solution of the equation (24) from the interval (0;1).

3 Conclusion

In conclusion, we note that in the article we construct varieties of continuous solutions of
the Beltrami equation with a polar singularity in a circle centered at the origin, with a cut
along the positive semiaxis. In the second part of the article, the arising arbitrary constants
are chosen so that the constructed solutions are continuous in a circle without a cut.
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