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STRESSED-DEFORMED STATE OF TWO DRIFTS IN A TILTLY
LAYERED CRACKED ARRAY IN THE CONDITIONS OF ELASTIC

DEFORMATIONS OF ROCKS

In the study, based on a homogeneous anisotropic mechanical-mathematical model of an inclined,
finely layered array with a biperiodic system of slots, the patterns of distribution of elastic stress-
es and displacements near two drifts of arbitrary profile shape and depth by the finite element
method under conditions of plane deformation have been systematically numerically investigated.
The calculation was carried out by converting weakened rocks with two excavations in elasticity to
an equivalent homogeneous medium. It is difficult to solve the problem of the initial static stress
state of two-diagonal workings on a rock weakened by two-period cracks by the analogous method,
therefore it was solved by the generalized method of plane deformation using the first and second
isoparametric elements by the finite element method. Methods for dividing the area specified by
the finite element method into parametric quadrangular elements and numerically determining the
stress-strain state of double workings are given.
A computational algorithm has been developed and a software package has been developed for
studying the elastic state of adjacent cavities of arbitrary depth and shape. A multivariate numer-
ical calculation and analysis of the influence on the components of stresses and displacements near
cavities, geometrical, physical parameters of rocks was carried out.
Key words: drift, isoparametric element, transtropic array, finite element method.
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Екi штректiң серпiмдi тау жыныстарынының жарықтары массивтi салмақты қабаттағы

кернеулiк-деформациялық жағдайы

Зерттеуде бипериодты саңылаулар жүйесi бар көлбеу, жұқа қабатты массивтiк
бiртектi анизотропты механикалық-математикалық моделiн ала отырып, жазықтықтың
деформациялану жағдайына шектi элемент әдiсiн қолдандық және тереңдiктiң екi штректiң
маңайында серпiмдi кернеулер мен орын ауыстырулардың заңдылықтары жүйелi түрде
зерттелдi. Тау жыныстарының геометриялық, физикалық параметрлерiне кернеулер мен
орын ауыстырулар компоненттерiне әсер етудi сандық есептеу және талдау жүргiзiлдi.
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Қос қазбамен әлсiретiлген тау жыныстарын қатаңдығы жағынан эквиваленттi бiртектi
ортаға келтiру есебi арқылы жүзеге асырылды. Салмақты екi периодты жарықтармен
әлсiретiлген тау жынысында көлденең қимасы әр түрлi қос диагоналдық қазбаның бастапқы
статикалық кернеулiк күйiн аналитикалық әдiстермен шешу күрделi болғандықтын есеп
шектi элементтер әдiсiмен бiрiншi және екiншi изопараметрлiк элементтердi қолданып,
жалпылама жазық деформация шартында шешiлдi. Шектi элементтер әдiсi арқылы берiлген
облысты төртбұрышты изопараметрлiк элементтерге бөлу және қос қазбаның кернеулiк-
деформациялық күйiн сандық анықтау жолдары келтiрiлдi.
Есептеу алгоритмi және еркiн тереңдiк пен пiшiннiң iргелес қуыстарының серпiмдi күйiн
зерттеуге арналған бағдарламалық кешен жасалынды. Тау жыныстарының геометриялық,
физикалық параметрлерiне кернеулер мен орын ауыстырулар компоненттерiне әсер етудi
сандық есептеу және талдау жүргiзiлдi.
Түйiн сөздер: штрек, изопараметрлiк элемент, транстропты массив, шектi элементтiк әдiс
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Напряженно-деформированное состояние двух штреков в наклонно слоистом

трещиноватым массиве в условиях упругих деформациях пород

В работе на основе однородной анизотропной механико-математической модели наклонного
мелкослоистого массива с двоякопериодической системой щелей систематически численно
исследовано закономерности распределения упругих напряжений и перемещений вблизи
двух штреков произвольной формы профиля и глубины методом конечных элементов в
условиях плоской деформации. Расчет был осуществлен с путем превращения ослабленных
пород с двумя раскопками по упругости к эквивалентной однородной среде. Решать задачау
начального статического напряженного состояния двухдиагональных выработок на породе,
ослабленной двухпериодными трещинами по аналогическим методом трудно, по этому была
решена обобщенным методом плоской деформации с использованием первого и второго
изопараметрических элементов методом конечных элементов. Приведены способы деления
площади, заданной методом конечных элементов, на параметрические четырехугольные
элементы и численного определения напряженно-деформированного состояния двойных
выработок.
Разработан расчетный алгоритм и составлен программный комплекс для изучения
упругого состояния сближенных полостей произвольной глубины и формы. Проведен
многовариантный численный расчет и анализ влияния на составляющие напряжений и
перемещений вблизи полостей, геометроических, физических параметров пород.
Ключевые слова: штрек, изопараметрический элемент, транстропный массив, метод
конечных элементов.

1 Introduction

In the last century, the works of Soviet and foreign scientists mainly carried out theoreti-
cal studies of the VAT of underground cavities in an isotropic massif. Using the symmetry
of the biharmonic solution and based on the special properties of the harmonic functions
O.Muller [1], K.Stocke [2], the corresponding classes of problems are considered. G.V.Kolosov,
N.I.Muskhelishvili [3] successfully solved the theory of functions of a complex variable in solv-
ing plane problems in the theory of elasticity of an isotropic body.
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The analytical function proposed by Appel made it possible to consider the state of a single
and multiply connected isotropic body with circular holes. An orthotropic medium with a
doubly periodic system of round holes was considered by L.A.Filshtinsky [4], and such a body
with elliptical holes by A.S.Kosmodamiansky, M.M.Neskorodev [5]. A.S.Kosmodamiansky
studied the SSS of an anisotropic elastic body with three and infinite rows of holes and
based on these solutions Zh.S.Erzhanov, K.Kaydarov, M.T.Tusupov [6] studied the effects
of slot systems on the static stress state of the underground working out. Zh.S.Erzhanov,
Sh.M.Aytaliev and Zh.K.Masanov [7] proposed a computational mechanical-mathematical
model of elastic deformation of an anisotropic massif with doubly periodic gap systems,
and by solving the reduction problem, we obtained elastic constants of a transtropic body
equivalent in stiffness to the main an array with gaps, depending on the elastic properties of
the latter and the geometry of the gaps. Based on this model, the static initial elastic state
of mostly single underground deep-seated cavities was studied using strict and approximate
methods.

A significant contribution to the development of the theory of FEM and their applica-
tion to solving complex problems of statics and dynamics of the mechanics of a deformable
body was made by scientists L.Segerlind [8], B.Z.Amusin, A.B. Fadeev [9], Zh.S.Erzhanov,
T.D.Karimbaev [10], Sh.M.Aytaliev, Zh.K.Masanov, R.B.Baimakhan, N.M.Makhmetova [11]
and others.

2 Finite elemend method

The elastic static stress and deformable state of two shallow cavities in a heavy transtropic
massif is studied depending on the degree of discontinuity by adhesion of shallow inclined
layers at an angle ϕ. We denote by H the depth of the workings with the distance between
their centers 2L.

The equation of the generalized Hooke law of an anisotropic array with cavities under
generalized plane deformation relative to the Cartesian coordinate system Oxyz (Figure 1)
is written as

{σ} = [D̄]{ε} (1)

where {σ} = (σx, σz, σxz)
T , {ε} = (εx, εz, γxz)

T , [D̄] = [dij], (i, j = 1, 2, ..., 5) is strain coeffi-
cients [7].

Here E2
k , ν

2
k , G

2
2(k = 1, 2) effective elastic constants of the transtropic massif, equivalent

in stiffness to the anisotropic massif with gaps that depend on the elastic constants of the
latter Ek, νk, G2(k = 1, 2) and slot geometry a, ω, iω.

The cross-sectional area ABCD of the drifts during plane deformation is divided using n
nodes into m isoparametric design elements (Figure 1b). A basic resolving system of 3n-order
FEM algebraic equations is compiled with respect to the projections of node displacements
and it is solved under the following boundary conditions:

base of the BD settlement area ABCD non-deformable

u = ω = 0 (2)
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the lateral sides of AB and CD under the influence of the weight of the rocks move only
in the vertical direction due to the absence of the influence of the cavities

u = 0, ω = ω(z). (3)

Figure 1: Calculation scheme for studying the stress state of an anisotropic array a) spatial
view; b) flat view; c) a plane with a periodic system of slots

The investigated computational domain with cavities is automatically divided into
isoparametric elements using the FEM_3D program in the Delphi object-oriented environ-
ment. Each node is affected by vertical force by weight.

Solving the basic system of FEM equations with respect to component displacements with
boundary conditions 2, 3 by strict methods is difficult; Therefore, it is solved in the paper
by the iterative Seidel - Gauss method with the upper relaxation coefficient with a given
accuracy [12].

An attractive feature of this method is the following: firstly, the system stiffness matrix is
compiled only once [K] and its elements and column matrix elements are used during iteration
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{U}; secondly, when k + 1 iterations for unknowns um+1, (m = 1, 2, ..., 3, n), u1, u2, ..., um
values needed at k + 1 iteration, and for um+2, ..., u3n value at k iteration.

To verify the correct operation of the developed algorithms and software systems, the test
problem of the elastic stress state of a circular cavity in an anisotropic array with a horizontal
plane of isotropy under conditions of plane deformation and hydrostatic stress distribution in
an untouched medium is solved. Due to the symmetry of the problem, a quarter of the region
with a cavity is divided into 342 isoparametric elements using 380 nodes. The basic system of
1140-order equations is solved using 1000 iterations. The difference between the displacement
values at the characteristic points of the contour obtained by iterative and known rigorous
methods is not more than 1-2%.

When calculating the values of the components of displacements and stresses near ad-
jacent drifts of various depths () and the profile shape in a slit-like transtropic massif
with incomplete adhesion of layers (ω/a = 2.5, 3, 4, 6,∞) and inclined plane of isotropy
(φ = 0, 30◦, 45◦, 60◦, 90◦) the study area was divided into 2064 elements with 2189 nodes.

The calculation results of the study are presented in the form of diagrams; they are ana-
lyzed in detail regarding the effect of incoming parameters on the elastic state of underground
structures.

Other things being equal, the parameter ω/a significantly affects displacements near cav-
ities of various shapes; with its decrease, the values of the latter increase (Figures 2,3).

H = 10M ;L = 5M ;R1 = 3, 5M ;R2 = 2, 5M ;ω/a = ∞;

ψ = 90◦;φ = 30◦;ω/a = 6.0;ω/a = 2.5;

Figure 2: Displacement contours u (mm) around cavities of different profiles.
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H = 10M ;L = 5M ;ψ = 45◦;φ = 0;ω/a = ∞;ω/a = 3;

Figure 3: Isolines of vertical displacements w (mm) around cavities of different profiles.

ψ = 30◦;φ = 90◦;ω/a = ∞;ω/a = 2, 5;

Figure 4: Contours of the vertical movement σz of the plane at different locations.
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3 Results

Given 12 points in anisotropic rocks weakened by two elastic periodicities, the value of the
change in the tangential stress σθ/γH in Table 1 was obtained, depending on the proximity
of the minerals, the frequency of the stress crack and displacement.

Table 1: Change in displacement depending on the transverse angle φin the horizontal plane

Left fossil φ = 0 φ = 30◦ φ = 60◦ φ = 90◦

u w u w u w u W
1 -0,002 -1,03 0,099 -1,421 0,267 -1,057 -0,002 -0,51
2 -0,004 -0,992 0,085 -1,407 0,318 -1,058 0,006 -0,483
3 -0,007 -0,877 0,077 -1,278 0,353 -0,955 0,009 -0,408
4 -0,008 -0,71 0,069 -1,059 0,359 -0,777 0,008 -0,311
5 -0,008 -0,525 0,047 -0,799 0,321 -0,579 0,005 -0,209
6 -0,004 -0,374 0,043 -0,592 0,285 -0,407 0,002 -0,126
7 0,001 -0,317 0,063 -0,511 0,263 -0,315 -0,001 -0,096
8 0,005 -0,371 0,089 -0,564 0,246 -0,332 -0,004 -0,125
9 0,007 -0,52 0,102 -0,739 0,219 -0,462 -0,008 -0,207
10 0,008 -0,703 0,11 -0,976 0,197 -0,658 -0,01 -0,307
11 0,004 -0,871 0,11 -1,2 0,197 -0,847 -0,014 -0,404
12 0,001 -0,988 0,113 -1,361 0,224 -0,983 -0,01 -0,481

Right fossil φ = 0 φ = 30◦ φ = 60◦ φ = 90◦

u w U w u w u W
1 0,002 -1,031 0,378 -1,485 0,501 -0,823 0,002 -0,51
2 0,004 -0,992 0,396 -1,507 0,567 -0,853 -0,006 -0,483
3 0,007 -0,877 0,372 -1,374 0,584 -0,8 -0,009 -0,408
4 0,008 -0,71 0,312 -1,13 0,547 -0,678 -0,008 -0,311
5 0,008 -0,525 0,237 -0,842 0,467 -0,508 -0,005 -0,209
6 0,004 -0,374 0,153 -0,593 0,368 -0,36 -0,001 -0,126
7 -0,001 -0,317 0,082 -0,47 0,273 -0,283 0,001 -0,097
8 -0,005 -0,371 0,041 -0,5 0,204 -0,29 0,004 -0,125
9 -0,007 -0,52 0,045 -0,65 0,174 -0,363 0,008 -0,207
10 -0,008 -0,703 0,099 -0,868 0,2 -0,475 0,01 -0,308
11 -0,004 -0,871 0,185 -1,11 0,274 -0,611 0,014 -0,404
12 -0,001 -0,988 0,297 -1,33 0,382 -0,731 0,01 -0,481

4 Conclusion

When the cavities are at different levels, the stress distribution is very difficult; they change
with growth w/a. At an angle of inclination of the plane of isotropy φ = 0, 90◦ (and slit planes)
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of a slit-like massif with cavities, all other things being equal, both stress and displacement
are distributed around them symmetrically with respect to the vertical axis Oz and grow
with the depth of the structures stresses decrease, displacements increase with decrease w/a;
when φ ̸= 0, 90◦ both stresses and displacements are symmetrical about the vertical axis Oz.
With a length of 5D or more, where D is the largest diameter of the cavities, the mutual
influence of the structures is negligible.
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