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Ê àáñîëþòíîé óñòîé÷èâîñòè ðåãóëèðóåìûõ ñèñòåì â êðèòè÷åñêîì ñëó÷àå

Ïðåäëàãàåòñÿ íîâûé ìåòîä èññëåäîâàíèÿ àáñîëþòíîé óñòîé÷èâîñòè ïîëîæåíèÿ ðàâíîâåñèÿ
íåëèíåéíûõ ðåãóëèðóåìûõ ñèñòåì â êðèòè÷åñêîì ñëó÷àå, ïóòåì îöåíêè íåñîáñòâåííûõ èíòå-
ãðàëîâ âäîëü ðåøåíèÿ ñèñòåìû. Íàéäåíû ñåêòîðû, ãäå ïîëîæåíèå ðàâíîâåñèÿ ñèñòåìû àá-
ñîëþòíî óñòîé÷èâî è ïðîáëåìà Àéçåðìàíà èìååò ïîëîæèòåëüíîå ðåøåíèå. Ýôôåêòèâíîñòü
ìåòîäà ïîêàçàíà íà ïðèìåðå.
Îòëè÷èòåëüíîé îñîáåííîñòüþ ïðåäëàãàåìîãî ïîäõîäà ÿâëÿåòñÿ ïîëó÷åíèå òîæäåñòâ âäîëü ðå-
øåíèÿ ñèñòåìû îòíîñèòåëüíî âõîäíîé è âûõîäíîé ïåðåìåííûõ íåëèíåéíîãî ýëåìåíòà. Ýòè
òîæäåñòâà ïîçâîëÿþò èñïîëüçîâàòü ñâåäåíèÿ î ñâîéñòâàõ íåëèíåéíîé ÷àñòè ñèñòåìû äëÿ
îöåíêè íåñîáñòâåííûõ èíòåãðàëîâ. Ïðè òàêîì ïîäõîäå ê èññëåäîâàíèþ àáñîëþòíîé óñòîé-
÷èâîñòè ðåãóëèðóåìûõ ñèñòåì óäàåòñÿ ïîëó÷èòü äîïîëíèòåëüíûå ñîîòíîøåíèÿ, ñâÿçûâàþ-
ùèå ôàçîâûå ïåðåìåííûå, ÷òî ïîçâîëÿåò ïîëó÷èòü áîëåå ýôôåêòèâíûå óñëîâèÿ àáñîëþòíîé
óñòîé÷èâîñòè.
Äëÿ ñèñòåìû ñ îãðàíè÷åííûìè ðåñóðñàìè ôàçîâûå ïåðåìåííûå îãðàíè÷åíû è ÿâëÿþòñÿ ðàâ-
íîìåðíî íåïðåðûâíûìè ôóíêöèÿìè. Ýòè ñâîéñòâà áûëè èñïîëüçîâàíû ïðè îöåíêå íåñîá-
ñòâåííûõ èíòåãðàëîâ è àñèìïòîòè÷åñêîãî ñâîéñòâà ðåøåíèÿ ñèñòåìû. Ïðåäëàãàåìûé ìåòîä
èññëåäîâàíèÿ àáñîëþòíîé óñòîé÷èâîñòè ïîçâîëÿåò ïîëó÷èòü áîëåå øèðîêóþ îáëàñòü àáñî-
ëþòíîé óñòîé÷èâîñòè â ïðîñòðàíñòâå ïàðàìåòðîâ ñèñòåìû, íåæåëè èçâåñòíûå êðèòåðèè.
Êëþ÷åâûå ñëîâà: àáñîëþòíàÿ óñòîé÷èâîñòü, ðåãóëèðóåìûå ñèñòåìû, êðèòè÷åñêèé ñëó÷àé,
íåîñîáîå ïðåîáðàçîâàíèå, íåñîáñòâåííûå èíòåãðàëû.

S.A. Aisagaliev, B.K. Abenov, A.M. Ayazbayeva
To absolute stability of the regular systems in the critical case

A new method for studying of absolute stability of the equilibrium of nonlinear regular systems
in the critical case is supposed by estimating improper integrals along the solutions of the system.
Sectors are found, where the equilibrium position of the system is absolutely stable and Aizerman
problem has a positive solution. The e�ectiveness of the method is demonstrated by example.
A distinctive feature of the proposed approach is to obtain the identities along the solutions of the
system with respect to the input and output variables of the nonlinear element. These identities
allow the use the information about the properties of the nonlinear part of the system for the
evaluation of improper integrals. With this approach to the study of absolute stability regular
systems the additional relations connecting the phase variables can be obtained, to provide more
e�ective conditions for absolute stability.
For system with limited resources the phase variables are limited and are uniformly continuous
functions. These properties have been used in the evaluation of improper integrals and the
asymptotic properties of solutions of the system. The proposed method for studying the absolute
stability allows to get a wider range of absolute stability in the parameter space of the system,
rather than the known criteria.
Key words: absolute stability, regular systems, the critical case, a non-singular transformation,
improper integrals.
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Ñ.�. Àéñà¡àëèåâ, Á.�. �áåíîâ, À.Ì. Àÿçáàåâà
Ðåòòåëåòií æ³éåëåðäi ©èûí-©ûñòàó æà¡äàéäà¡û àáñîëþòòiê îðíû©òûëû¡ûíà

Ðåòòåëåòií ñûçû©òû© åìåñ æ³éåëåðäi òåïå-òåäiê ê³éiíi àáñîëþòòiê îðíû©òûëû¡ûí çåðò-
òåóäi æ³éåíi øåøiìi áîéûíäà ìåíøiêòi åìåñ èíòåãðàëäàðäû áà¡àëàó æîëûìåí ©´ðûë¡àí
æàà ºäiñi ´ñûíûëàäû. Æ³éåíi òåïå-òåäiê ê³éi àáñîëþòòiê îðíû©òû áîëàòûí æºíå Àéçåð-
ìàí ìºñåëåñiíi î øåøiìi áàð ñåêòîðëàð òàáûë¡àí. �äiñòi òèiìäiëiãi ìûñàë àð©ûëû ê°ð-
ñåòiëäi.
´ñûíûëàòûí ºäiñòi àéûðìàøûëû© åðåêøåëiãi áîëûï æ³éåíi øåøiìäåði áîéûíäà ñûçû©òû©
åìåñ ýëåìåíòòi åíãiçiëåòií (áàñòàï©û) æºíå øû¡àðûëàòûí (íºòèæåëiê) àéíûìàëûëàðûíà
©àòûñòû òåïå-òåäiêòåð àëó òàáûëàäû. Á´ë òåïå-òåäiêòåð æ³éåíi ñûçû©òû© åìåñ á°ëiãiíi
©àñèåòòåði òóðàëû ìºëiìåòòåðäi ìåíøiêòi åìåñ èíòåãðàëäàðäû áà¡àëàó ³øií ©îëäàíó¡à ì³ì-
êiíäiê áåðåäi. Ðåòòåëåòií æ³éåëåðäi àáñîëþòòiê îðíû©òûëû¡ûí îñûíäàé æîëìåí çåðòòåãåí-
äå ôàçàëû© àéíûìàëûëàðäû áàéëàíûñòûðàòûí ©îñûìøà ©àòûíàñòàð àëó¡à áîëàäû.
Øåêòåóëi ðåñóðñòàðû áàð æ³éåëåð ³øií ôàçàëû© àéíûìàëûëàð øåêòåóëi æºíå áið©àëûïòû
³çäiêñiç ôóíêöèÿëàð åêåíi áåëãiëi. Îñû ©àñèåòòåð ìåíøiêòi åìåñ èíòåãðàëäàð ìåí æ³éå øå-
øiìiíi àáñîëþòòiê ©àñèåòòåðií áà¡àëà¡àíäà ïàéäàëàíûëäû.
Àáñîëþòòiê îðíû©òûëû©òû çåðòòåóäi ´ñûíûë¡àí ºäiñi æ³éåíi ïàðàìåòðëåði êåiñòiãiíäåãi
àáñîëþòòiê îðíû©òûëû©òû áåëãiëi êðèòåðèéëåðãå ©àðà¡àíäà êåiðåê àéìà¡ûí àëó¡à ì³ì-
êiíäiê áåðåäi.
Ò³éií ñ°çäåð: àáñîëþòòiê îðíû©òûëû©, ðåòòåëåòií æ³éåëåð, ©èûí-©ûñòàó æà¡äàé, åðåêøå
åìåñ ò³ðëåíäiðó, ìåíøiêòi åìåñ èíòåãðàëäàð.

Ïîñòàíîâêà çàäà÷è

Óðàâíåíèå äâèæåíèÿ íåëèíåéíûõ ñèñòåì àâòîìàòè÷åñêîãî óïðàâëåíèÿ â êðèòè÷å-
ñêîì ñëó÷àå èìååò âèä

ẋ = Ax+Bφ(σ),
dξ

dt
= η,

dη

dt
= φ(σ), σ = Dx+ Eη + Fξ,

x(0) = x0, ξ(0) = ξ0, η(0) = η0, t ∈ I = [0,∞),
(1)

ãäå A,B,D,E, F � ïîñòîÿííûå ìàòðèöû ïîðÿäêîâ n×n, n×1, 1×n, 1×1, 1×1, ñîîòâåò-
ñòâåííî, ìàòðèöà A � ãóðâèöåâà, ò.å. Reλj(A)<0, j=1, n, λj(A) � ñîáñòâåííûå çíà÷åíèÿ
ìàòðèöû A.

Ôóíêöèÿ

φ(σ) ∈ Φ0 = {φ(σ) ∈ C(R1, R1)/φ(σ) = εσ + φ(σ), 0 ≤ φ(σ)σ≤µ0σ
2,

φ(0) = 0, |φ(σ)| ≤ φ∗, 0 < φ∗ < ∞, ∀σ, σ ∈ R1}. (2)

ãäå ε > 0 � ñêîëü óãîäíî ìàëîå ÷èñëî.

φ(σ) ∈ Φ1 = {φ(σ) ∈ C(R1, R1) | 0 ≤ φ(σ)σ < µ0σ
2, φ(0) = 0,

|φ(σ)| ≤ φ∗, 0 < φ∗ < ∞, ∀σ, σ ∈ R1} (3)

Ïîñêîëüêó âåëè÷èíà φ∗, 0 < φ∗ < ∞, ε > 0 � ñêîëü óãîäíî ìàëîå ÷èñëî, òî âêëþ÷åíèÿ
(2), (3) ñîäåðæàò âñå íåëèíåéíîñòè èç ñåêòîðà [0, µ0]. Âñòðå÷àþùèåñÿ íà ïðàêòèêå ñè-
ñòåìû àâòîìàòè÷åñêîãî óïðàâëåíèÿ îòíîñÿòñÿ ê ñèñòåìàì ñ îãðàíè÷åííûìè ðåñóðñàìè,
äëÿ òàêèõ ñèñòåì ôóíêöèÿ φ(σ) óäîâëåòâîðÿåò óñëîâèÿì (2), (3).

Ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû (1), (2) îïðåäåëÿþòñÿ èç ðåøåíèÿ àëãåáðàè÷åñêèõ
óðàâíåíèé

Ax∗ +Bφ(σ∗) = 0, η∗ = 0 ;φ(σ∗) = 0, σ∗ = Dx∗ + Eη∗ + Fξ∗.
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Òàê êàê ìàòðèöà A � ãóðâèöåâà, detA ̸= 0, φ(σ∗) = 0 òîëüêî ïðè σ∗ = 0, òî ñèñòåìà
(1), (2) èìååò åäèíñòâåííîå ïîëîæåíèå ðàâíîâåñèÿ (x∗ = 0, η∗ = 0, ξ∗ = 0) ïðè F ̸= 0.

Ïîëàãàåì, ÷òî â äîñòàòî÷íî ìàëîé îêðåñòíîñòè òî÷êè σ = 0 ôóíêöèþ φ(σ) ìîæíî
àïïðîêñèìèðîâàòü ëèíåéíîé ôóíêöèåé φ(σ) = µσ. Èíûìè ñëîâàìè, ïðè |σ| < δ, ãäå
δ > 0 � äîñòàòî÷íî ìàëîå ÷èñëî, ôóíêöèÿ φ(σ) = µσ, ε ≤ µ, ε > 0. Òîãäà òðèâèàëüíîå
ðåøåíèå ñèñòåìû (1), (2), ðàâíîå x∗ = 0, η∗ = 0, ξ∗ = 0, àñèìïòîòè÷åñêè óñòîé÷èâî â
ìàëîì, åñëè ìàòðèöà

A, A1(µ) =

A+BµD BµF BµE
0 0 1
µD µF µE

 , 0 < ε ≤ µ < µ0, µ0 ≤ µ0

� ãóðâèöåâû, ãäå µ0 � ïðåäåëüíîå çíà÷åíèå µ ∈ [ε, µ0).

Îïðåäåëåíèå 1 Ïîëîæåíèå ðàâíîâåñèÿ x∗ = 0, η∗ = 0, ξ∗ = 0 ñèñòåìû (1), (2) íà-
çûâàåòñÿ àáñîëþòíî óñòîé÷èâûì, åñëè ìàòðèöû A, A1(µ), µ ∈ [ε, µ0) � ãóðâèöåâû è
äëÿ âñåõ φ(σ) ∈ Φ0 � ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1) îáëàäàåò ñâîéñòâîì
lim
t→∞

x(t; 0, x0, η0, ξ0, φ) = 0, lim
t→∞

η(t; 0, x0, η0, ξ0, φ) = 0, lim
t→∞

ξ(t; 0, x0, η0, ξ0, φ) = 0 äëÿ ëþ-

áûõ x0, η0, ξ0, |x0| < ∞, |η0| < ∞, |ξ0| < ∞.

Çàìåòèì ÷òî:
1) èññëåäóþòñÿ ñâîéñòâà ðåøåíèé ñèñòåìû ñ äèôôåðåíöèàëüíûì âêëþ÷åíèåì

ẋ ∈ Ax+Bφ(σ), ξ̇ ∈ η, η̇ ∈ φ(σ), σ = Dx+ Eη + Fξ, t ∈ I;

2) Ïîñêîëüêó φ(σ) ∈ Φ0, òî óðàâíåíèå (1) èìååò íååäèíñòâåííîå ðåøåíèå, èñõîäÿùåå
èç íà÷àëüíîé òî÷êè (x0, η0, ξ0);

3) Èç îïðåäåëåíèÿ àáñîëþòíîé óñòîé÷èâîñòè ñëåäóåò, ÷òî âñå ðåøåíèÿ ñèñòåìû, èñ-
õîäÿùèå èç ëþáîé íà÷àëüíîé òî÷êè (x0, η0, ξ0), |x0| < ∞, |η0| < ∞, |ξ0| < ∞, ñòðåìÿòñÿ
ê ïîëîæåíèþ ðàâíîâåñèÿ x∗ = 0, η∗ = 0, ξ∗ = 0 ïðè t → ∞.

Îïðåäåëåíèå 2 Óñëîâèÿìè àáñîëþòíîé óñòîé÷èâîñòè ñèñòåìû (1), (2) íàçûâàþòñÿ
ñîîòíîøåíèÿ, ñâÿçûâàþùèå êîíñòðóêòèâíûå ïàðàìåòðû ñèñòåìû (A,B,D,E, F, µ0),
ïðè âûïîëíåíèè êîòîðûõ ïîëîæåíèå ðàâíîâåñèÿ (x∗ = 0, η∗ = 0, ξ∗ = 0) àáñîëþòíî
óñòîé÷èâî.

Îïðåäåëåíèå 3 Áóäåì ãîâîðèòü, ÷òî â ñåêòîðå [α, β], α > 0, β > 0, α > β � ïðîáëåìà
Àéçåðìàíà èìååò ïîëîæèòåëüíîå ðåøåíèå, åñëè:

1) âåëè÷èíà β = µ0 − ε1, ε1 > 0 � äîñòàòî÷íî ìàëîå ÷èñëî;
2) äëÿ ëþáîãî φ(σ) = µσ, α ≤ µ ≤ β) � ðåøåíèå ñèñòåìû (1) àñèìïòîòè÷åñêè

óñòîé÷èâî;
3) äëÿ ëþáîãî

φ(σ) ∈ Φ1 = {φ(σ) ∈ C(R1, R1) / α =
φ(σ)

σ
≤ β, φ(0) = 0,

|φ(σ)| ≤ φ∗, 0 < φ∗ < ∞, ∀σ, σ ∈ R1}
ïîëîæåíèå ðàâíîâåñèÿ ñèñòåìû (1) àáñîëþòíî óñòîé÷èâî;

4) ïàðà (φ, σ) ∈ H = {(φ, σ) ∈ R2 / |φ| ≤ φ∗, 0 < φ∗ < ∞, |σ| ≤ σ∗, < σ∗ < ∞}.
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Âêëþ÷åíèå φ(σ) ∈ Φ1 ìîæåò áûòü ïðåäñòàâëåíî â âèäå

φ(σ) ∈ Φ1 = {φ(σ) ∈ C(R1, R1) / 0 ≤ φ

σ
≤ µ0, |φ(σ)| ≤ φ∗, ∀σ, σ ∈ R1,

φ = 0, 0 < φ∗ < ∞}.

Íàðÿäó (3) ðàññìîòðèì ñëåäóþùèå âêëþ÷åíèÿ

φ(σ) ∈ Φ2 = {φ(σ) ∈ C(R1, R1) / α ≤ φ

σ
≤ µ1, |φ(σ)| ≤ φ∗, ∀σ, σ ∈ R1,

φ(0) = 0, 0 < φ∗ < ∞, α > 0}
(4)

φ(σ) ∈ Φ3 = {φ(σ) ∈ C(R1, R1) / β ≤ φ

σ + µ−1
2 φ

<
φ

σ
≤ µ2, |φ(σ)| ≤ φ∗

∀σ, σ ∈ R1, φ(0) = 0, 0 < φ∗ < ∞, β > 0}
(5)

Âêëþ÷åíèå φ(σ) ∈ Φ2 ñîäåðæèò âñå íåëèíåéíîñòè èç ñåêòîðà [α, µ1], à φ(σ) ∈ Φ3

ñîäåðæèò íåëèíåéíîñòè èç [ β

1−βµ−1
2

, µ2].

Ñòàâÿòñÿ ñëåäóþùèå çàäà÷è:

Çàäà÷à 1 Íàéòè óñëîâèå àáñîëþòíîé óñòîé÷èâîñòè ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû
(1), (2), (3).

Çàäà÷à 2 Íàéòè ñåêòîð [α, µ1], ãäå ïîëîæåíèÿ ðàâíîâåñèÿ x∗ = 0, η∗ = 0, ξ∗ = 0 ñè-
ñòåìû (1), (2), (4) àáñîëþòíî óñòîé÷èâî è ïðîáëåìà Àéçåðìàíà èìååò ïîëîæèòåëüíîå
ðåøåíèå.

Çàäà÷à 3 Íàéòè ñåêòîð [ β

1−βµ−1
2

, µ2], ãäå ïîëîæåíèÿ ðàâíîâåñèÿ x∗ = 0, η∗ = 0, ξ∗ = 0

ñèñòåìû (1), (2), (5) àáñîëþòíî óñòîé÷èâî è ïðîáëåìà Àéçåðìàíà èìååò ïîëîæèòåëü-
íîå ðåøåíèå.

Îòìåòèì, ÷òî:
1) ïîñòàíîâêà çàäà÷è àáñîëþòíîé óñòîé÷èâîñòè ðåøåíèé óðàâíåíèé ñ äèôôåðåíöè-

àëüíûì âêëþ÷åíèåì îòëè÷àåòñÿ îò ïîñòàíîâêè çàäà÷è íà óñòîé÷èâîñòü ïî Ëÿïóíîâó;
2) öåëåñîîáðàçíî äëÿ èññëåäîâàíèÿ àáñîëþòíîé óñòîé÷èâîñòè ïîëîæåíèÿ ðàâíîâåñèÿ

ñèñòåìû (1), (2) ðàçðàáîòàòü ñîâåðøåííî íîâûé ìåòîä, îòëè÷íûé îò âòîðîãî ìåòîäà
Ëÿïóíîâà.

Íèæå ïðèâåäåí ñîâåðøåííî íîâûé ïîäõîä ê èññëåäîâàíèþ àáñîëþòíîé óñòîé÷èâîñòè
ïîëîæåíèÿ ðàâíîâåñèÿ è ýòè ðåçóëüòàòû ÿâëÿþòñÿ ïðîäîëæåíèåì íàó÷íûõ èññëåäîâàíèé
èç [6-9].

Íåîñîáîå ïðåîáðàçîâàíèå

Êàê ñëåäóåò èç âêëþ÷åíèÿ (2), óðàâíåíèå äâèæåíèÿ (1) ìîæåò áûòü ïðåäñòàâëåíî â
âèäå

ż = A1z +B1φ(σ), σ = Sz, z(0) = z0, t ∈ I = [0,∞) (6)
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ãäå

z =

x
ξ
η

 , A1 = A1(ε) =

A+BεD BεF BεE
0 0 1
εD εF εE

 , B =

B
0
1

 , S =
(
D,F,E

)
,

φ(σ) ∈ Φ1, ε > 0 � ñêîëü óãîäíî ìàëîå ÷èñëî, ìàòðèöà A1 = A1(ε) ïîðÿäêà (n+2)×(n+2)
� ãóðâèöåâà.

Õàðàêòåðèñòè÷åñêèé ïîëèíîì ìàòðèöû A1 ðàâåí

∆(λ) = |λIn+2 − A1| = det(λIn+2 − A1) = λn+2 + an+1λ
n+1 + anλ

n + . . .+ a1λ+ a0,

ãäå In+2 � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà (n + 2) × (n + 2). Êàê ñëåäóåò èç òåîðåìû
Ãàìèëüòîíà-Êýëè, ìàòðèöà ∆(A1) = 0. Òîãäà

An+2
1 = −an+1A

n+1
1 − anA

n
1 − . . .− a1A1 − a0In+2,

ãäå ai = ai(ε), i = 0, n+ 1.

Ëåììà 1 Ïóñòü âåêòîð-ñòðîêà θ = (θ1, . . . , θn+2) ∈ Rn+2 òàêàÿ, ÷òî

θB1 = 0, θA1B1 = 0, . . . , θAn
1B1 = 0, θAn+1

1 B1 ̸= 0. (7)

Òîãäà óðàâíåíèå (6) ìîæåò áûòü ïðåäñòàâëåíî â âèäå

ẏ1 = y2, ẏ2 = y3, . . . , ẏn+1 = yn+2,
ẏn+2 = −a0y1 − a1y2 − . . .− an+1yn+2 + θAn+1

1 B1φ(σ),
(8)

ãäå y1 = θz, y2 = θA1z, . . . , yn+1 = θAn
1z, yn+2 = θAn+1

1 z, z = z(t), yi = yi(t), i = 1, n+ 2,
t ∈ I.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïåðâîå óðàâíåíèå èç (6). Óìíîæàÿ åãî ñëåâà íà θ,
èìååì

θż = θA1z + θB1φ(σ) = θA1z, θz(0) = θz0, t ∈ I, (9)

â ñèëó ðàâåíñòâà θB1 = 0, ãäå θz = y1, θA1z = y2. Ñëåäîâàòåëüíî, ẏ1(t) = y2(t), t ∈ I.
Äèôôåðåíöèðóÿ ïî t òîæäåñòâî (9), ïîëó÷èì

ẏ2 = θz̈ = θA1ż = θA1[A1z +B1φ(σ)] = θA2
1z = y3, y2(0) = θA1z0, t ∈ I,

ãäå θA1B1 = 0. Àíàëîãè÷íûì ïóòåì ïîëó÷èì ñëåäóþùóþ ñèñòåìó äèôôåðåíöèàëüíûõ
óðàâíåíèé:

ẏ3 = θz̈ = θA2
1ż = θA3

1z = y4, y3(0) = θA2
1z0, . . . ,

ẏn+1 = yn+2, ẏn+2 = −a0y1 − a1y2 − . . .− θAn+1
1 B1φ(σ),

ãäå yn+1(0) = θAn
1z0. Ëåììà äîêàçàíà.
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Ëåììà 2 Ïóñòü âûïîëíåíû óñëîâèÿ ëåììû 1, è ïóñòü, êðîìå òîãî, ðàíã ìàòðèöû

R = ∥θ∗, A∗
1θ

∗, . . . , A∗n+1
1 θ∗∥ (10)

ïîðÿäêà (n+ 2)× (n+ 2) ðàâåí (n+ 2), ãäå (∗) � çíàê òðàíñïîíèðîâàíèÿ. Òîãäà:
1) ñóùåñòâóåò âåêòîð-ñòðîêà β = (β0, β1, . . . , βn+1) ∈ Rn+2 òàêàÿ, ÷òî

σ = β0y1 + β1y2 + . . .+ βnyn+1 + βn+1yn+2; (11)

2) åñëè y1 = θz = 0, y2 = θA1z = 0, . . . , yn+2 = θAn+1
1 z = 0, òî z = 0.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî ðàíã R = n + 2 òîãäà è òîëüêî òîãäà, êîãäà âåêòî-
ðû θ∗, A∗

1θ
∗, . . . , A∗n+1

1 θ∗ � ëèíåéíî íåçàâèñèìû. Ïîñêîëüêó âåêòîðû θ∗, A∗
1θ

∗, . . . , A∗n+1
1 θ∗

îáðàçóþò áàçèñ â Rn+2, òî âåêòîð S∗ ∈ Rn+2 ìîæåò áûòü ïðåäñòàâëåí îäíîçíà÷íî â âèäå
S∗ = β0θ

∗ + β1A
∗
1θ

∗ + . . .+ βn+1A
∗n+1
1 θ∗. Òîãäà

σ = Sz = β0θz + β1A
∗
1θ

∗z + . . .+ βnA
∗n+1
1 θ∗z = β0y1 + β1y2 + . . .+ βn+1yn+2.

Òåïåðü âòîðîå óðàâíåíèå èç (6) çàïèøåòñÿ â âèäå (11).
Ñ äðóãîé ñòîðîíû, èç (10) ñëåäóåò, ÷òî ïàðà (θ∗, A∗

1) óïðàâëÿåìà. Èç óïðàâëÿåìîñòè
ïàðû (θ∗, A∗

1) ñëåäóåò, ÷òî ðàâåíñòâà θz = 0, θA1z = 0, . . . , θAn+1
1 z = 0, êîòîðûå âëåêóò çà

ñîáîé z = 0. Ñëåäîâàòåëüíî, èç yi = 0, i = 1, n+ 2 ñëåäóåò, ÷òî z = 0. Ëåììà äîêàçàíà.
Èç ëåìì 1, 2 ñëåäóåò, ÷òî åñëè âûïîëíåíû ðàâåíñòâà (7) è ðàíã R = n+2, òî ñèñòåìà

(1), (2), (3) ðàâíîñèëüíà ñèñòåìå (8), (11). Áîëåå òîãî, èç lim
t→∞

yi(t) = 0, i = 1, n+ 2

ñëåäóåò lim
t→∞

z(t) = 0, ãäå z(t) = (x(t), η(t), ξ(t)), t ∈ I.

Ââîäÿ îáîçíà÷åíèÿ

A =


0 1 0 · · · 0
0 0 1 · · · 0
· · · · · · ·

−a0 −a1 −a2 · · · −an−1

 , B =


0
0
...

θAn+1B1

 , S = (β0, β1, . . . , βn+1),

óðàâíåíèÿ äâèæåíèÿ ñèñòåìû (8), (11) ïðåäñòàâèì â âèäå

ẏ = Ay +Bφ(σ), σ = Sy, φ(σ) ∈ Φ0. (12)

Àíàëîãè÷íûì ïóòåì óðàâíåíèÿ äâèæåíèÿ (1), (2), (4) è (1), (2), (5) ìîãóò áûòü ïðåä-
ñòàâëåíû â âèäå

ẏ = Ay +Bφ(σ), σ = Sy, φ(σ) ∈ Φ2, (13)

ẏ = Ay +Bφ(σ), σ = Sy, φ(σ) ∈ Φ3. (14)

Ñâîéñòâà ðåøåíèé

Ìîæíî ïîêàçàòü, ÷òî ðåøåíèå ñèñòåìû (1), (2), à òàêæå (13), (14) îãðàíè÷åíû.
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Òåîðåìà 1 Ïóñòü ìàòðèöû A = A1(ε) � ãóðâèöåâû, ò.å. Reλj(A1) < 0, j = 1, n+ 2,
ôóíêöèÿ φ(σ) ∈ Φ1, è ïóñòü, êðîìå òîãî, âûïîëíåíû ðàâåíñòâà (7) è ðàíã R = n + 2.
Òîãäà âåðíû îöåíêè

|z(t)| ≤ c0, |ż(t)| ≤ c1, t ∈ I, (15)

|yi(t)| ≤ mi1, |ẏi(t)| ≤ mi2, i = 1, n+ 2, t ∈ I, (16)

|σ(t)| ≤ c2, |σ̇(t)| ≤ c3 ∀t, t ∈ I, (17)

ãäå mi1 = const < ∞, mi2 = const < ∞, ci = const < ∞, i = 0, 1, 2, 3.
Êðîìå òîãî, ôóíêöèè z(t), yi(t), i = 1, n+ 2, σ(t), t ∈ I � ðàâíîìåðíî íåïðåðûâíû.

Äîêàçàòåëüñòâî. Èç âêëþ÷åíèÿ φ(σ) ∈ Φ1 ñëåäóåò, ÷òî |φ(σ(t))| ≤ φ∗, 0 < φ∗ < ∞,
∀t, t ∈ I. Òàê êàê ìàòðèöà A1 = A1(ε) � ãóðâèöåâà, ò.å. a = max

1≤j≤n+1
Reλj(A1) < 0, òî

∥eA1t∥ ≤ ce
(a+δ)t ∀t, t ∈ I, c = c(δ) > 0, δ > 0 � ñêîëü óãîäíî ìàëîå ÷èñëî.

Ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (6) çàïèøåòñÿ òàê:

z(t) = eA1tz0 +

t∫
0

eA1(t−τ)B1φ(σ(τ))dτ, t ∈ I.

Òîãäà

|z(t)| ≤ ∥eA1t∥|z0|+
t∫

0

∥eA1(t−τ)∥∥B1∥|φ(σ(τ))|dτ ≤ c|z0|e(a+δ)t+

+ce(a+δ)t|B1|φ∗

t∫
0

e−(a+δ)τdτ = c|z0|e(a+δ)t + ce(a+δ)t|B1|φ∗

[
− 1

a+ δ
e−(a+δ)t +

1

a+ δ

]
=

= c|z0|e(a+δ)t +
1

a+ δ
c|B1|φ∗(−1 + e(a+δ)t) ≤ c0, ∀t, t ∈ I,

ãäå e(a+δ)t ≤ 1, ∀t, t ∈ I, a+ δ < 0. Îòñþäà ñëåäóåò îãðàíè÷åííîñòü ðåøåíèÿ (6). Ñëåäî-
âàòåëüíî, îãðàíè÷åíî ðåøåíèå ñèñòåìû (8), (11). Èç (6) ñëåäóåò, ÷òî

|ż(t)| ≤ ∥A∥|z(t)|+ |B1|∥φ(σ(t))∥ ≤ ∥A1∥c0 + |B1|φ∗ = c1, ∀t, t ∈ I,

|σ(t)| ≤ ∥S∥|z(t)| ≤ c2, |σ̇(t)| ≤ ∥S∥|ż(t)| ≤ c3, ∀t, t ∈ I.

Èç îãðàíè÷åííîñòè ż(t), σ̇(t), t ∈ I ñëåäóþò èõ ðàâíîìåðíûå íåïðåðûâíîñòè, òàê êàê
y1(t) = θz(t), y2(t) = θA1z(t), . . . , yn+1(t) = θAn

1z(t), t ∈ I, òî

|y1(t)| ≤ |θ||z(t)| ≤ |θ|c0 = m11, |y2(t)| ≤ |θ| ∥A1∥ |z(t)| ≤ m21, . . . ,

|yn+1(t)| ≤ |θ| ∥An
1∥ |z(t)| ≤ mn+1,1, ∀t, t ∈ I.

Èç (8) ñëåäóåò, ÷òî |ẏi(t)| ≤ |yi+1(t)| ≤ mi2, i = 1, n, ∀t, t ∈ I,

|ẏn+1(t)| ≤ |a0||y1(t)|+ . . .+ |an||yn+1(t)|+ ∥θAn
1B∥φ∗ ≤ mn+1,2, ∀t, t ∈ I.

Èç îãðàíè÷åííîñòè ïðîèçâîäíûõ ẏi(t), i = 1, n+ 2 ñëåäóþò ðàâíîìåðíûå íåïðåðûâ-
íîñòè ôóíêöèè yi(t), i = 1, n+ 2, t ∈ I. Òåîðåìà äîêàçàíà.
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Òåîðåìà 2 Ïóñòü âûïîëíåíû óñëîâèÿ ëåìì 1, 2, âåëè÷èíà κ = θAn+1
1 B1 ̸= 0. Òîãäà

âäîëü ðåøåíèÿ ñèñòåìû (12) � (14) âåðíû òîæäåñòâà:

φ(σ(t)) = κ−1ω(t) + κ−1a0y1(t) + . . .+ κ−1an+1yn+2(t), t ∈ I, (18)

σ(t) = β0y1(t) + β1y2(t) + . . .+ βnyn+1(t) + βn+1yn+2(t), t ∈ I, (19)

σ̇(t) = β0y2(t) + β1y3(t) + . . .+ βnyn+2(t) + βn+1ω(t), t ∈ I, (20)

ãäå ω = ω(t) = ẏn+2(t), t ∈ I.

Äîêàçàòåëüñòâî. Âäîëü ðåøåíèÿ ñèñòåìû (12) (ñì. (8), (11)) âåðíî òîæäåñòâî

ẏn+2(t) = ω(t) = −a0y1(t)− a1y2(t)− . . .− an+1yn+2(t) + χφ(σ(t)), t ∈ I,

ãäå χ = θAn
1B1 ̸= 0. Îòñþäà ñëåäóåò òîæäåñòâî (18). Òîæäåñòâî (19) ñëåäóåò èç (11). Òàê

êàê σ̇(t) = β0ẏ1(t)+β1ẏ2(t)+ . . .+βn+1ẏn+2(t), t ∈ I, òî âåðíî è òîæäåñòâî (20). Òåîðåìà
äîêàçàíà.

Ëåììà 3 Ïóñòü âûïîëíåíû óñëîâèÿ ëåìì 1, 2, ìàòðèöà A1 � ãóðâèöåâà, ôóíêöèÿ
φ(σ) ∈ Φ0. Òîãäà äëÿ ëþáîé ïîñòîÿííîé ìàòðèöû Q ïîðÿäêà (n + 3) × (n + 3) êâàäðà-
òè÷íàÿ ôîðìà ξ∗(t)Qξ(t), ξ(t) = (ω(t), y1(t), . . . , yn+2(t)), t ∈ I ïðåäñòàâèìà â âèäå

ξ∗(t)Qξ(t) = q0ω
2(t) + q1y

2
1 + . . .+ qn+1y

2
n+1(t) + qn+2y

2
n+2(t)+

+
d

dt
[ξ∗(t)Fξ(t)], t ∈ I = [0,∞),

(21)

ãäå F � ïîñòîÿííàÿ ìàòðèöà ïîðÿäêà (n+ 2)× (n+ 2).

Äîêàçàòåëüñòâî. Ïóñòü n+ 2 = n1. Ëåãêî óáåäèòüñÿ â òîì, ÷òî:
à) åñëè n2, k � íå÷åòíûå ÷èñëà, k ≤ n2, òî

ωyk =
d

dt
(ykyn1 − yk+1yn1−1 + . . .− 1

2
(−1)

n1+k
2 y2n1+k

2

);

á) åñëè n1 � íå÷åòíîå, k � ÷åòíîå ÷èñëî, k < n1, òî

ωyk =
d

dt
(ykyn1 − yk+1yn1−1 + . . .− (−1)

n1+k+1
2 yn1+k−1

2

yn1+k+1
2

) + (−1)
n1+k+1

2 y2n1+k+1
2

;

â) åñëè n1 � ÷åòíîå, k � íå÷åòíîå ÷èñëî, k < n1, òî

ωyk =
d

dt
(ykyn1 − yk+1yn1−1 + . . .− (−1)

n1+k−1
2 yn1+k−1

2

yn1+k+1
2

)− (−1)
n1+k+1

2 y2n1+k+1
2

;

ã) åñëè n1 � íå÷åòíîå, k � íå÷åòíîå ÷èñëî, k ≤ n1, òî

ωyk =
d

dt
(ykyn1 − yk+1yn1−1 + . . .+

1

2
(−1)

n1+k
2 y2n1+k

2

);

ä) åñëè k � íå÷åòíîå, s � íå÷åòíîå ÷èñëî, s > k, òî

ykys =
d

dt
(ykys−1 − yk+1ys−2 + . . .− (−1)

k+s
2

+1y2k+s
2

−1
y k+s

2
) + (−1)

k+s
2

+1y2k+s
2

;
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å) åñëè k � íå÷åòíîå, s � ÷åòíîå ÷èñëî, s > k, òî

ykys =
d

dt
(ykys−1 − yk+1ys−2 + . . .+

1

2
(−1)

s
2
+1y2s

2
);

æ) åñëè k � ÷åòíîå, s � íå÷åòíîå ÷èñëî, s > k, òî

ykys =
d

dt
(ykys−1 − yk+1ys−2 + . . .+

1

2
(−1)

k+s−1
2 y2k+s−1

2

);

ç) åñëè k � ÷åòíîå, s � ÷åòíîå ÷èñëî, s > k, òî

ykys =
d

dt
(ykys−1 − yk+1ys−2 + . . .+ (−1)

k+s
2

−1y s+k
2

−1y k+s
2
).

Â ÷àñòíîñòè, ïðè n1 = 3 èìååì:

ωy1 =
d

dt
(y1y3 −

1

2
y22); ωy2 =

d

dt
(y2y3)− y23; ωy3 =

1

2

d

dt
(y23);

y1y2 =
1

2

d

dt
(y21), y1y3 =

d

dt
(y1y2)− y22, y2y3 =

1

2

d

dt
(y22);

ïðè n1 = 4 èìååì:

ωy1 =
d

dt
(y1y4 − y2y3) + y23; ωy2 =

d

dt
(y2y4 −

1

2
y23);

ωy3 =
d

dt
(y3y4)− y24; ωy4 =

1

2

d

dt
(y24); y1y2 =

1

2

d

dt
(y21);

y1y3 =
d

dt
(y1y2)− y22, y1y4 =

d

dt
(y1y3 −

1

2
y22),

y2y4 =
d

dt
(y2y3)− y23; y3y4 =

1

2

d

dt
(y23).

Ïîñêîëüêó êâàäðàòè÷íàÿ ôîðìà ξ∗(t)Qξ(t) ñîäåðæèò ñëàãàåìûå ñ ïîñòîÿííûìè êî-
ýôôèöèåíòàìè ïðîèçâåäåíèÿ êîìïîíåíòîâ âåêòîðà ξ(t), òî âåðíî ïðåäñòàâëåíèå âèäà
(21). Ëåììà äîêàçàíà.

Ëåììà 4 Ïóñòü âûïîëíåíû óñëîâèÿ ëåììû 3. Òîãäà íåñîáñòâåííûé èíòåãðàë

∞∫
0

ξ∗(t)Qξ(t)dt =

∞∫
0

[q0ω
2(t)+q1y

2
1+ . . .+qn+1y

2
n+1(t)+qn+2y

2
n+2(t)]dt+ l0, |l0| < ∞, (22)

l0 =

∞∫
0

d

dt
[y∗(t)Fy(t)]dt = y∗(t)Fy(t)

∣∣∞
0
= y∗(∞)Fy(∞)− y∗(0)Fy(0). (23)

Äîêàçàòåëüñòâî. Èíòåãðèðóÿ òîæäåñòâî (21) ñ ó÷åòîì îöåíêè (16), ãäå |yi(0)| ≤ mi1,
|yi(∞)| ≤ mi1, i = 1, n+ 2, ïîëó÷èì ñîîòíîøåíèÿ (22), (23). Ëåììà äîêàçàíà.
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Ëåììà 5 Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
1) âåêòîð ôóíêöèÿ y(t) = (y1(t), . . . , yn+2(t)), t ∈ I = [0,∞) îãðàíè÷åíà, |y(t)| ≤ a,

t ∈ I è íåïðåðûâíî äèôôåðåíöèðóåìà, ïðè÷åì |ẏ(t)| < c, t ∈ I, a < ∞, c < ∞;
2) ñêàëÿðíàÿ íåïðåðûâíàÿ ôóíêöèÿ V (x) > 0 ïðè ëþáîì x ∈ Rn+2, x ̸= 0, V (0) = 0;

3) íåñîáñòâåííûé èíòåãðàë
∞∫
0

V (y(t))dt < ∞.

Òîãäà lim
t→∞

y(t) = 0.

Äîêàçàòåëüñòâî.Ïóñòü âûïîëíåíû óñëîâèÿ 1) � 3) ëåììû. Ïîêàæåì, ÷òî lim
t→∞

y(t)=0.

Ïðåäïîëîæèì ïðîòèâíîå, ò.å. lim
t→∞

y(t) ̸= 0. Òîãäà ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {tk} ⊂
I = [0,∞) òàêàÿ, ÷òî |y(tk)| ≥ ε > 0, k = 1, 2, . . . . Âûáåðåì tk+1 − tk ≥ m > 0. Ïîñêîëüêó
y(t), t ∈ I íåïðåðûâíî äèôôåðåíöèðóåìà è |ẏ(t)| < c, ∀t, t ∈ I, òî |y(t)−y(tk)| ≤ c|t− tk|,
t ∈ [tk − m

2
, tk +

m
2
], k = 1, 2, . . . . Òîãäà

∞∫
0

V (y(t))dt ≥
∞∑
k=1

tk+
m
2∫

tk−m
2

V (y(t))dt,

ãäå |y(t)| = |y(tk) + y(t)− y(tk)| ≥ |y(tk)| − |y(t)− y(tk)| ≥ ε− cm
2
= ε0 > 0.

Ïîñêîëüêó

tk+
m

2∫
tk−

m

2

V (y(t))dt ≥ Vmin ·m, Vmin = min
ε0≤|x|≤a

V (x), òî
∞∫
0

V (y(t))dt = ∞.

Ýòî ïðîòèâîðå÷èò òðåòüåìó óñëîâèþ ëåììû. Ëåììà äîêàçàíà.

Íåñîáñòâåííûå èíòåãðàëû

Íà îñíîâå òîæäåñòâ (18) � (20), îöåíîê (15) � (17), ñ ó÷åòîì (21) � (23), ìîãóò áûòü
ïîëó÷åíû îöåíêè íåñîáñòâåííûõ èíòåãðàëîâ âäîëü ðåøåíèÿ ñèñòåìû (12). Çàìåòèì, ÷òî
ëåììû 1 � 5 è òåîðåìû 1, 2 îñòàþòñÿ âåðíûìè è äëÿ ñèñòåìû (13), (14), òàê êàê ïðåä-
ïîñûëêè óêàçàííûõ ëåìì è òåîðåì âûïîëíåíû.

Òåîðåìà 3 Ïóñòü âûïîëíåíû óñëîâèÿ ëåìì 1, 2, ìàòðèöû A,A1(ε) � ãóðâèöåâû, ôóíê-
öèÿ φ(σ) ∈ Φ1. Òîãäà âäîëü ðåøåíèÿ ñèñòåìû (12) íåñîáñòâåííûé èíòåãðàë

I1 =

∞∫
0

[φ(σ(t))σ̇(t)dt =

∞∫
0

[N0ω
2(t) +N1y

2
1(t) + . . .+Nn+2y

2
n+2(t)]dt+ l1 =

=

σ(∞)∫
σ(0)

φ(σ)dσ = c1, |c1| < ∞,

(24)

l1 = y∗(t)F1y(t)
∣∣∞
0
= y∗(∞)F1y(∞)− y∗(0)F1y(0), |l1| < ∞, (25)

∞∫
0

ω2(t)dt =

∞∫
0

[
−N1

N0

y21(t)− . . .− Nn+2

N0

y2n+2(t)

]
dt+ c0, (26)
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c0 = N−1
0 (c1 − l1), |c0| < ∞, (27)

ãäå N0 ̸= 0, F1 � ïîñòîÿííàÿ ìàòðèöà ïîðÿäêà (n+ 2)× (n+ 2).

Äîêàçàòåëüñòâî. Ïðîèçâåäåíèÿ φ(σ(t))σ̇(t) = ξ∗(t)Nξ(t), t ∈ I, ãäå φ(σ(t)), σ̇(t),
t ∈ I îïðåäåëÿþòñÿ ôîðìóëàìè (18), (20) ñîîòâåòñòâåííî. Òîãäà íåñîáñòâåííûé èíòåãðàë

I1 =

∞∫
0

ξ∗(t)Nξ(t)dt =

∞∫
0

φ(σ(t))σ̇(t)dt =

σ(∞)∫
σ(0)

φ(σ)dσ = c1, |c1| < ∞

â ñèëó îãðàíè÷åííîñòè σ(t), t ∈ I, ãäå N � ïîñòîÿííàÿ ìàòðèöà ïîðÿäêà (n+3)× (n+3).
Êàê ñëåäóåò èç ëåììû 3 (Q = N) âåðíî ðàâåíñòâî

ξ∗(t)Nξ(t) = N0ω
2(t) +N1y

2
1(t) + . . .+Nn+2y

2
n+2(t) +

d

dt
[y∗(t)F1y(t)], t ∈ I.

Òåïåðü ñîîòíîøåíèÿ (24), (25) ñëåäóþò èç (22), (23). Ñîîòíîøåíèÿ (26), (27) ñëåäóþò
èç (24), (25), ïðè N0 ̸= 0. Òåîðåìà äîêàçàíà.

Òåîðåìà 3 îñòàåòñÿ âåðíîé è äëÿ ñèñòåì (13), (14), ãäå φ(σ) ∈ Φ2 è φ(σ) ∈ Φ3.

Òåîðåìà 4 Ïóñòü âûïîëíåíû óñëîâèÿ ëåìì 1, 2, ìàòðèöû A, A1(ε) � ãóðâèöåâû, ôóíê-
öèÿ φ(σ) ∈ Φ1. Òîãäà äëÿ ëþáîé âåëè÷èíû τ1 > 0, âäîëü ðåøåíèÿ ñèñòåìû (12) íåñîá-
ñòâåííûé èíòåãðàë

I2 =

∞∫
0

[φ(σ(t))τ1σ(t)− τ1µ
−1
0 φ2(σ(t))]dt =

∞∫
0

[M0ω
2(t)+

+M1y
2
1(t) + . . .+Mn+2y

2
n+2(t)]dt+ l2 ≥ 0,

(28)

l2 = y∗(t)F2y(t)
∣∣∞
0
= y∗(∞)F2y(∞)− y∗(0)F2y(0), |l2| < ∞, (29)

I2 =

∞∫
0

[(M1 −M0
N1

N0

)y21(t) + . . .+ (Mn+2 −M0
Nn+2

N0

)y2n+2(t)]dt+ c2 ≥ 0, (30)

c2 = M0c0 + l2, |c2| < ∞, (31)

ãäå Mi = Mi(τ1), τ1 > 0, i = 0, n+ 2, F2 � ïîñòîÿííàÿ ìàòðèöà ïîðÿäêà (n+2)× (n+2),
N0 ̸= 0.

Äîêàçàòåëüñòâî. Òàê êàê φ(σ) ∈ Φ1, òî
σ

φ(σ)
≥ µ−1

0 , ∀σ, σ ∈ R1. Òîãäà φ(σ(t))τ1σ(t)≥0,

∀t, t ∈ I. Âäîëü ðåøåíèÿ ñèñòåìû (12), ξ∗(t)Mξ(t) = φ(σ(t))τ1σ(t)− τ1µ
−1
0 φ2(σ(t)), t ∈ I,

ãäå φ(σ(t)), σ(t) t ∈ I îïðåäåëÿþòñÿ ôîðìóëàìè (18), (19) ñîîòâåòñòâåííî. Äàëåå, àíà-
ëîãè÷íûì ïóòåì, êàê â äîêàçàòåëüñòâå òåîðåìû 3, ïîëó÷èì ñîîòíîøåíèÿ (28), (29). Ñî-
îòíîøåíèÿ (30), (31) ñëåäóþò èç (28), (29) ïðè N0 ̸= 0.
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Òåîðåìà 5 Ïóñòü âûïîëíåíû óñëîâèÿ ëåìì 1, 2, ìàòðèöû A, A1(ε) � ãóðâèöåâû, ôóíê-
öèÿ φ(σ) ∈ Φ1. Òîãäà äëÿ ëþáûõ âåëè÷èí γ0, γ1, . . . , γn, âäîëü ðåøåíèÿ ñèñòåìû (1)
íåñîáñòâåííûé èíòåãðàë

I3 =

∞∫
0

[γ0ω(t) + γ1y1(t) + . . .+ γn+2yn+2(t)]
2dt =

=

∞∫
0

[Γ0ω
2(t) + Γ1y

2
1(t) + . . .+ Γn+2y

2
n+2(t)]dt+ l3 ≥ 0,

(32)

l3 = y∗(t)F3y(t)
∣∣∞
0
= y∗(∞)F3y(∞)− y∗(0)F3y(0), |l3| < ∞, (33)

I3 =

∞∫
0

[(Γ1 − Γ0
N1

N0

)y21(t) + . . .+ (Γn+2 − Γ0
Nn+2

N0

)y2n+2(t)]dt+ c3 ≥ 0, (34)

c3 = Γ0c0 + l3, |c3| < ∞, (35)

ãäå Γi = Γi(γ0, γ1, . . . , γn+2), i = 0, n+ 2, F3 � ïîñòîÿííàÿ ìàòðèöà ïîðÿäêà (n + 2) ×
(n+ 2), N0 ̸= 0.

Äîêàçàòåëüñòâî. Ïðîèçâåäåíèå [γ0ω + γ1y1 + . . . + γn+2yn+2]
2 = ξ∗(t)Γξ(t), ãäå Γ �

ïîñòîÿííàÿ ìàòðèöà ïîðÿäêà (n+3)× (n+3). Äàëåå, ïî àíàëîãèè, êàê â äîêàçàòåëüñòâå
òåîðåìû 4, ïîëó÷èì (32), (33). Ïðè N0 ̸= 0 ñîîòíîøåíèÿ (34), (35) ñëåäóþò èç (32), (33).
Òåîðåìà äîêàçàíà.

Îòìåòèì, ÷òî òåîðåìà 5 âåðíà è âäîëü ðåøåíèÿ ñèñòåìû (13), (14).

Òåîðåìà 6 Ïóñòü âûïîëíåíû óñëîâèÿ ëåìì 1, 2, ìàòðèöû A, A1(ε) � ãóðâèöåâû, ôóíê-
öèÿ φ(σ) ∈ Φ2. Òîãäà äëÿ ëþáîé âåëè÷èíû τ2 > 0, âäîëü ðåøåíèÿ ñèñòåìû (13) íåñîá-
ñòâåííûé èíòåãðàë

I4 =

∞∫
0

{[φ(σ(t))τ2σ(t)− τ2µ
−1
0 φ2(σ(t))]− ατ2[(σ(t)− µ−1

1 φ(σ(t))σ(t)]}dt =

=

∞∫
0

[P0ω
2(t) + P1y

2
1(t) + . . .+ Pn+2y

2
n+2(t)]dt+ l4 ≥ 0,

(36)

l4 = y∗(t)F4y(t)
∣∣∞
0
= y∗(∞)F4y(∞)− y∗(0)F4y(0), |l4| < ∞, (37)

I4 =

∞∫
0

[(P1 − P0
N1

N0

)y21(t) + . . .+ (Pn+2 − P0
Nn+2

N0

)y2n+2(t)]dt+ c4 ≥ 0, (38)

c4 = P0c0 + l4, |c4| < ∞, (39)

ãäå Pi = Pi(τ2), i = 0, n+ 2, F4 � ïîñòîÿííàÿ ìàòðèöà ïîðÿäêà (n+2)× (n+2), N0 ̸= 0.
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Äîêàçàòåëüñòâî. Èç âêëþ÷åíèÿ φ(σ) ∈ Φ2 ñëåäóåò, ÷òî

α ≤ φ

σ
=

(σ − µ−1
1 φ)φ

(σ − µ−1
1 φ)σ

≤ µ1, α > 0, µ1 > 0, α < µ1(α).

Òîãäà
ξ∗(t)Pξ(t) = φτ2σ − τ2µ

−1
1 φ2 − ατ2(σ

2 − µ−1
1 φσ) ≥ 0, ∀t, t ∈ I,

ãäå φ = φ(σ(t)), σ = σ(t), t ∈ I. Äàëåå, ïðèìåíÿÿ ëåììó 3, ãäå Q = P, ïîëó÷èì

ξ∗(t)Pξ(t) = P0ω
2(t) + P1y

2
1(t) + . . .+ Pn+2y

2
n+2(t) +

d

dt
[y∗(t)F4y(t)], t ∈ I.

Òîãäà ñîîòíîøåíèÿ (36), (37) ñëåäóþò èç (21) � (23), (26). Ñîîòíîøåíèÿ (38), (39) ñëåäóþò
èç (36), (37) ïðè N0 ̸= 0. Òåîðåìà äîêàçàíà.

Òåîðåìà 7 Ïóñòü âûïîëíåíû óñëîâèÿ ëåìì 1, 2, ìàòðèöû A, A1(ε) � ãóðâèöåâû, ôóíê-
öèÿ φ(σ) ∈ Φ3. Òîãäà äëÿ ëþáîé âåëè÷èíû τ3 > 0, âäîëü ðåøåíèÿ ñèñòåìû (14) íåñîá-
ñòâåííûé èíòåãðàë

I5 =

∞∫
0

{[φ(σ(t))τ3σ(t)− τ3µ
−1
2 φ2(σ(t))]− βτ3[σ

2(t)− µ−2
2 φ2(σ(t))]}dt =

=

∞∫
0

[Λ0ω
2(t) + Λ1y

2
1(t) + . . .+ Λn+2y

2
n+2(t)]dt+ l5 ≥ 0,

(40)

l5 = y∗(t)F5y(t)
∣∣∞
0
= y∗(∞)F5y(∞)− y∗(0)F5y(0), |l5| < ∞, (41)

I5 =

∞∫
0

[(Λ1 − Λ0
N1

N0

)y21(t) + . . .+ (Λn+2 − Λ0
Nn+2

N0

)y2n+2(t)]dt+ c5 ≥ 0, (42)

c5 = Λ0c0 + l5, |c5| < ∞, (43)

ãäå Λi = Λi(τ3), i = 0, n+ 2, F5 � ïîñòîÿííàÿ ìàòðèöà ïîðÿäêà (n+2)× (n+2), N0 ̸= 0.

Äîêàçàòåëüñòâî. Òàê êàê

β ≤ φ

σ + µ−1
2 φ

=
(σ − µ−1

2 φ)φ

(σ − µ−1
2 φ)(σ + µ−1

2 φ)
=

(σ − µ−1
2 φ)φ

σ2 − µ−2
2 φ2

≤ φ

σ
≤ µ2, µ2(β) > 0, β > 0,

òî
ξ∗(t)Λξ(t) = φτ3(σ − µ−1

2 φ)− βτ3(σ
2 − µ−2

2 φ2) = Λ0ω
2(t) + Λ1y

2
1(t) + . . .

. . .+ Λn+2y
2
n+2(t) +

d

dt
[y∗(t)F5y(t)] ≥ 0, ∀t, t ∈ I,

ãäå φ = φ(σ(t)), σ = σ(t), t ∈ I îïðåäåëÿþòñÿ ôîðìóëàìè (18), (19).
Îòñþäà ñëåäóþò ñîîòíîøåíèÿ (40), (41). Ñîîòíîøåíèÿ (42), (43) ñëåäóþò èç (40), (41)

ïðè N0 ̸= 0. Òåîðåìà äîêàçàíà.

Àáñîëþòíàÿ óñòîé÷èâîñòü

Íà îñíîâå ðåçóëüòàòîâ, èçëîæåííûõ âûøå, ìîãóò áûòü ñôîðìóëèðîâàíû óñëîâèÿ àá-
ñîëþòíîé óñòîé÷èâîñòè ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû (12) � (14).
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Òåîðåìà 8 Ïóñòü âûïîëíåíû óñëîâèÿ ëåìì 1, 2 òåîðåì 3 � 5, è ïóñòü, êðîìå òîãî:

(−M1 − Γ1)−
N1

N0

(−M0 − Γ0) > 0,

· · · · · · · · · · · · · ·

(−Mn+2 − Γn+2)−
Nn

N0

(−M0 − Γ0) > 0.

(44)

Òîãäà ïîëîæåíèå ðàâíîâåñèÿ ñèñòåìû (1), (2) (ëèáî (12)) àáñîëþòíî óñòîé÷èâî.
Åñëè, âåëè÷èíà µ0 = µ0 − ε1, ε1 > 0 � äîñòàòî÷íî ìàëîå ÷èñëî, òî â ñåêòîðå [0, µ0] �
ïðîáëåìà Àéçåðìàíà èìååò ïîëîæèòåëüíîå ðåøåíèå.

Äîêàçàòåëüñòâî. Ïðè âûïîëíåíèè óñëîâèé ëåìì 1, 2, à òàêæå óñëîâèé òåîðåì 3 �
5, íåñîáñòâåííûå èíòåãðàëû (ñì. (28) � (35))

−I2 =

∞∫
0

[(−M1 +M0
N1

N0

)y21(t) + . . .+ (−Mn+2 +M0
Nn+2

N0

)y2n+2(t)]dt− A2 ≤ 0,

−I3 =

∞∫
0

[(−Γ1 + Γ0
N1

N0

)y21(t) + . . .+ (−Γn+2 + Γ0
Nn+2

N0

)y2n+2(t)]dt− A3 ≤ 0.

Îòñþäà ñëåäóåò, ÷òî

∞∫
0

{[(−M1 − Γ1 −
N1

N0

(−M0 − Γ0)]y
2
1(t) + . . .+ [−Mn+2 − Γn+2−

−Nn+2

N0

(−M0 − Γ0)]y
2
n+2(t)}dt ≤ c2 + c3, |c2 − c3| ≤ |c2|+ |c3| < ∞.

(45)

Äàëåå, ïðèìåíÿÿ ëåììó 5 ê íåðàâåíñòâó (45), ñ ó÷åòîì îöåíêè (44), ïîëó÷èì lim
t→∞

y(t) =

0. Ëåãêî óáåäèòüñÿ â òîì, ÷òî âäîëü ðåøåíèÿ ñèñòåìû (1), (2) (ëèáî (12)) âûïîëíåíû
âñå óñëîâèÿ ëåììû 5. Òîãäà ñîãëàñíî óòâåðæäåíèþ ëåììû 2, lim

t→∞
x(t; 0, x0, η0, ξ0, φ) = 0,

lim
t→∞

η(t; 0, x0, η0, ξ0, φ) = 0, lim
t→∞

ξ(t; 0, x0, η0, ξ0, φ) = 0, ∀φ, φ ∈ Φ0. Òàê êàê ðåøåíèå ñè-

ñòåìû (1), (2) ïðè ëþáîì x(t) → 0, η(t) → 0, ξ(t) → 0 ïðè t → ∞, ∀φ ∈ Φ1, òî â ñåêòîðå
[0, µ0], µ0 = µ0 − ε1, ε10 � ïðîáëåìà Àéçåðìàíà èìååò ïîëîæèòåëüíîå ðåøåíèå.

Òåîðåìà 9 Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ ëåìì 1, 2 è òåîðåì 5, 6, è ïóñòü,
êðîìå òîãî:

(−P1 − Γ1)−
N1

N0

(−P0 − Γ0) > 0,

· · · · · · · · · · · · · ·

(−Pn+2 − Γn+2)−
Nn+2

N0

(−P0 − Γ0) > 0.

(46)

Òîãäà ïîëîæåíèå ðàâíîâåñèÿ ñèñòåìû (1), (2), (4) (ëèáî (13)) â ñåêòîðå [α, µ1] àá-
ñîëþòíî óñòîé÷èâî. Åñëè, êðîìå òîãî, äëÿ çíà÷åíèé α = α∗, âåëè÷èíà µ1 = µ1(α∗) =
µ0 − ε1, ε1 � äîñòàòî÷íî ìàëîå ÷èñëî, òî â ñåêòîðå [α∗, µ1(α∗)] � ïðîáëåìà Àéçåðìàíà
èìååò ïîëîæèòåëüíîå ðåøåíèå.
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Äîêàçàòåëüñòâî. Ëåãêî óáåäèòüñÿ â òîì, ÷òî èç íåðàâåíñòâ −I3 ≤ 0, −I4 ≤ 0 ñëå-
äóåò, ÷òî
∞∫
0

{[(−P1−Γ1)−
N1

N0

(−P0−Γ0)]y
2
1(t)+[(−Pn+2−Γn+2)−

Nn+2

N0

(−P0−Γ0)]y
2
n+2(t)}dt < ∞. (47)

Äàëåå, ïðèìåíÿÿ ëåììó 5 ê îöåíêå (47), ñ ó÷åòîì (46), ïîëó÷èì lim
t→∞

y(t) = 0, ∀φ,
φ ∈ Φ2. Òàê êàê ïðè ëþáîì φ(σ) = µ(σ), µ ∈ [α∗, µ1(α∗)], µ1(α∗) = µ0 − ε1, ε1 > 0
� äîñòàòî÷íîå ìàëîå ÷èñëî ðåøåíèå ñèñòåìû (1), (2), (4) àñèìïòîòè÷åñêè óñòîé÷èâî è
x(t) → 0, η(t) → 0, ξ(t) → 0 ïðè t → ∞ òî ïðîáëåìà Àéçåðìàíà èìååò ïîëîæèòåëüíîå
ðåøåíèå â óêàçàííîì ñåêòîðå [α∗, µ1(α∗)], µ1(α∗) = µ0 − ε1, ε1 > 0. Òåîðåìà äîêàçàíà.

Òåîðåìà 10 Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ ëåìì 1, 2 è òåîðåì 5, 7, è ïóñòü,
êðîìå òîãî:

(−Λ1 − Γ1)−
N1

N0

(−Λ0 − Γ0) > 0,

· · · · · · · · · · · · · ·

(−Λn+2 − Γn+2)−
Nn+2

N0

(−Λ0 − Γ0) > 0.

(48)

Òîãäà ïîëîæåíèå ðàâíîâåñèÿ ñèñòåìû (1), (2), (5) (ëèáî (14)) â ñåêòîðå [ β

1−βµ−1
2

, µ2]

àáñîëþòíî óñòîé÷èâî. Åñëè β = β∗, âåëè÷èíà µ2 = µ2(β∗) = µ0 − ε1, ε1 > 0 � äî-
ñòàòî÷íî ìàëîå ÷èñëî, òî â ñåêòîðå [ β∗

1−β∗µ
−1
2 (β∗)

, µ2(β∗)] � ïðîáëåìà Àéçåðìàíà èìååò
ïîëîæèòåëüíîå ðåøåíèå.

Äîêàçàòåëüñòâî. Èç φ(σ) ∈ Φ3 ñëåäóåò, ÷òî φ ≥ βσ + βµ−1
2 φ. Ñëåäîâàòåëüíî, (1 −

βµ−1
2 )φ ≥ βσ, φ ≥ βσ / (1 − βµ−1

2 ). Èç íåðàâåíñòâà φ/σ ≤ µ2 èìååì σ/φ ≥ µ−1
2 . Òîãäà

σφ − µ−1
2 φ2 ≥ 0, (σ − µ−1

2 φ)φ − β(σ2 − µ−2
2 φ2) ≥ 0, ∀φ, φ ∈ Φ3. Èç íåðàâåíñòâ −I3 ≤ 0,

−I5 ≤ 0 ñëåäóåò, ÷òî
∞∫
0

{[(−Λ1 − Γ1)−
N1

N0

(−Λ0 − Γ0)]y
2
1 + . . .+ [(−Λn+2 − Γn+2)−

−Nn+2

N0

(−Λ0 − Γ0)]y
2
n+2(t)}dt < ∞.

(49)

Äàëåå, ïðèìåíÿÿ ëåììó 5 ê îöåíêå (49), ñ ó÷åòîì (48), ïîëó÷èì lim
t→∞

y(t) = 0, ∀φ,
φ ∈ Φ3. Òîãäà x(t) → 0, η(t) → 0, ξ(t) → 0 ïðè n → ∞, ∀φ, φ ∈ Φ3. Òàê êàê ðåøåíèå
ñèñòåìû (1) ïðè ëþáîì φ(σ) = µ(σ), µ ∈ [ β∗

1−β∗µ
−1
2 (β∗)

, µ2(β∗)] àñèìïòîòè÷åñêè óñòîé÷èâî, à

òàêæå â ñåêòîðå [ β∗
1−β∗µ

−1
2 (β∗)

, µ2(β∗)] � ðåøåíèå ñèñòåìû (1), (2), (5) àáñîëþòíî óñòîé÷èâî,

òî ïðîáëåìà Àéçåðìàíà èìååò ïîëîæèòåëüíîå ðåøåíèå. Òåîðåìà äîêàçàíà.

Ïðèìåð

Óðàâíåíèÿ äâèæåíèÿ ðåãóëèðóåìîé ñèñòåìû èìåþò âèä

ẋ1 = −x1 + φ(σ),
dξ

dt
= η,

dη

dt
= φ(σ), σ = 0, 9x1 − 0, 8η − 0, 1ξ,

x1(0) = x0, ξ(0) = ξ0, η(0) = η0, t ∈ I = [0,∞),
(50)
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ãäå φ(σ) = εσ + φ(σ), ε > 0 � ñêîëü óãîäíî ìàëîå ÷èñëî. Äëÿ äàííîãî ïðèìåðà: A = −1,
B = 1, D = 0, 9, E = −0, 8, F = −0, 1, n = 1.

Ïîñêîëüêó ôóíêöèÿ φ(σ) = εσ + φ(σ), òî îòíîñèòåëüíî z ïîëó÷èì ñëåäóþùåå óðàâ-
íåíèå

ż = A1z +B1φ(σ), σ = Sz, z(0) = z0, t ∈ I = [0,∞),

ãäå

A1 = A1(ε) =

−1 + 0, 9ε −0, 1ε −0, 8ε
0 0 1

0, 9ε −0, 1ε −0, 8ε

 , B1 =

1
0
1

 ,

S =
(
0, 9, −0, 1, −0, 8

)
, z(0) = z0 = (x0, ξ0, η0).

1. Íåîñîáîå ïðåîáðàçîâàíèå. Âåêòîð θ = (θ1, θ2, θ3). Ïðîèçâåäåíèå θB1 = θ1+θ3 =
0. Ñëåäîâàòåëüíî, θ3 = −θ1, θ = (θ1, θ2,−θ1). Ïðîèçâåäåíèå θA1B1 = −θ1 + θ2 = 0. Òîãäà
θ2 = θ1 è âåêòîð θ = (1, 1,−1)θ1. Ïóñòü θ1 = 1. Òîãäà θ = (1, 1,−1), θB1 = 0, θA1B1 = 0,
θA2

1B1 = 1.
Õàðàêòåðèñòè÷åñêèé ïîëèíîì ìàòðèöû A1 èìååò âèä

∆(λ) = det(λI3 − A1) = λ3 + (1− 0, 1ε)λ2 + 0, 9λε+ 0, 1ε.

Äëÿ ãóðâèöåâîñòè ìàòðèöû A1(ε) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû (1 − 0, 1ε) > 0,
0, 9ε > 0, 0, 1ε > 0, (1− 0, 1ε)0, 9ε− 0, 1ε > 0. Ýòè óñëîâèÿ âûïîëíåíû äëÿ ñêîëü óãîäíî
ìàëîãî ÷èñëà ε > 0. Ïîñêîëüêó A3

1 = −A2
1(1 − 0, 1ε) − A1 · 0, 9ε − 0, 1εI3, òî âåëè÷èíû

a0 = 0, 1ε, a1 = 0, 9ε, a2 = 1− 0, 1ε. Äèôôåðåíöèàëüíîå óðàâíåíèå (8) çàïèøåòñÿ â âèäå

ẏ1 = y2, ẏ2 = y3, ẏ3 = −εαy1 − ε(1 + r)y2 − (1 + εr)y3 + φ(σ).

Ìàòðèöà

R = ∥θ∗, A∗
1θ

∗, A∗2
1 θ∗∥ =

 1 −1 1
1 0 0
−1 1 0

 , detR = 1 ̸= 0,

ðàíã R = 3, ìàòðèöà R � íåîñîáàÿ.
2. Òîæäåñòâà. Òàê êàê S∗ = (0, 9, −0, 1, −0, 8), òî

φ(σ(t)) = ω + 0, 1εy1(t) + 0, 9εy2(t) + (1− 0, 1ε)y2(t), t ∈ I,

σ(t) = −0, 1y1(t)− 0, 9y2(t) + 0, 1y3(t), t ∈ I,

σ̇(t) = 0, 1ω(t)− 0, 1y1(t)− 0, 9y3(t), t ∈ I.

3. Íåñîáñòâåííûå èíòåãðàëû. Íåñîáñòâåííûé èíòåãðàë

I1 =

∞∫
0

φ(σ(t))σ̇(t)dt =

∞∫
0

[N0ω
2(t) +N1y

2
1(t) +N2y

2
2(t) +N3y

2
3(t)]dt+

+l1 = c1, |c1| < ∞,

ãäå N0 = 0, 1, N1 = 0, N2 = 0, N3 = −0, 8.
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Íåñîáñòâåííûé èíòåãðàë

I3 =

∞∫
0

[γ0ω(t) + γ1y1(t) + γ2y2(t) + γ3y3(t)]
2dt =

∞∫
0

[Γ0ω
2(t)+

+Γ1y
2
1(t) + Γ2y

2
2(t) + Γ3y

2
3]dt+ l3 ≥ 0,

ãäå Γ0 = γ2
0 , Γ1 = γ2

1 , Γ2 = γ2
2 − 2γ1γ3, Γ3 = γ2

3 − 2γ0γ2.
Ðàññìîòðèì ñåêòîð [α, µ1], α > ε > 0. Íåñîáñòâåííûé èíòåãðàë

I4 =

∞∫
0

{[φ(σ(t))τ2σ(t)− τ2µ
−1
0 φ2(σ(t))]− ατ2[(σ(t)− µ−1

1 φ(σ(t))σ(t)]}dt =

=

∞∫
0

[P0ω
2(t) + P1y

2
1(t) + P2y

2
2(t) + P3y

2
3(t)]dt+ l4 ≥ 0,

ãäå P0 = −τ2µ
−1
1 , P1 = −0, 01ατ2, P2 = 0, 01τ2 − ατ2(0, 83 − 0, 1µ−1

1 ), P3 = τ2(1 − µ−1
1 ) −

ατ2(0, 01− µ−1
1 ).

Îòìåòèì, ÷òî:

∞∫
0

φ(σ(t))σ(t)dt =

∞∫
0

[0, 1y22(t) + y23(t)]dt+ c11, |c11| < ∞;

∞∫
0

σ2(t)dt =

∞∫
0

[0, 01y22(t) + 0, 83y22(t) + 0, 01y23(t)]dt+ c12, |c12| < ∞;

∞∫
0

φ2(σ(t))dt =

∞∫
0

[ω2(t) + y23(t)]dt+ c13, |c13| < ∞;

∞∫
0

φ(σ(t))σ̇(t)dt =

∞∫
0

[0, 1ω2(t)− 0, 8y23(t)]dt+ c14, |c14| < ∞;

∞∫
0

[φ(σ(t))τ2σ(t)− τ2µ
−1
1 φ2(σ(t))]dt =

∞∫
0

[−τ2µ
−1
1 ω2(t) + 0, 01τ2y

2
2(t)+

+τ2(1− µ−1
1 )y23(t)]dt+ c15, |c15| < ∞;

∞∫
0

−ατ2[σ
2(t)− µ−1

1 φ2(σ(t))σ(t)]dt =

∞∫
0

[−ατ2[0, 01y
2
1(t) + (0, 86− 0, 1µ−1

1 )y22(t)+

+(0, 01− µ−1
1 )y23(t)]dt+ c16, |c16| < ∞;
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4. Ïðåäåëüíîå çíà÷åíèå µ0 îïðåäåëÿåòñÿ èç ãóðâèöåâîñòè ìàòðèöû A1(µ). Õàðàêòå-
ðèñòè÷åñêîå óðàâíåíèå ìàòðèöû A1(µ) ðàâíî

∆1(λ) = det(λI3 − A1) = λ3 + (1− 0, 1µ)λ2 + 0, 9µλ+ 0, 1µ, 0 < ε ≤ µ < µ0.

Äëÿ ãóðâèöåâîñòè ìàòðèöû A1(µ) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû (1 − 0, 1µ) > 0,
0, 9µ > 0, 0, 1µ > 0, (1 − 0, 1µ) · 0, 9µ > 0, 1µ. Îòñþäà íàõîäèì çíà÷åíèå µ0 = 80/9 =
8, 888....

5. Àáñîëþòíàÿ óñòîé÷èâîñòü. Èç óñëîâèÿ òåîðåìû 9 èìååì

(−P1 − Γ1)−
N1

N0

(−P0 − Γ0) > 0 : 0, 01ατ2 − γ2
1 > 0;

(−P2 − Γ2)−
N2

N0

(−P0 − Γ0) > 0 : −0, 01τ2 + ατ2(0, 83− 0, 1µ−1
1 )− γ2

2 + 2γ1γ3 > 0;

(−P3 − Γ3)−
N3

N0

(−P0 − Γ0) > 0 : τ2(1− µ−1
1 ) + ατ2(0, 01− µ−1

1 ) + 8(τ2µ
−1
1 − γ2

0) > 0.

Ýòè íåðàâåíñòâà âûïîëíåíû ïðè çíà÷åíèÿõ: α = 0, 01, τ2 = 10001γ2
1 , γ2 = 2γ1, γ0 =

0, 25γ1, γ3 = 11, 124γ1, µ
−1
1 = 0, 1126, µ1 = 8, 881 = µ0 − ε1, ε1 = 0, 007.

Ñëåäîâàòåëüíî, â ñåêòîðå [α∗ = 0, 01, µ1(α∗) = 8, 881] ïðîáëåìà Àéçåðìàíà èìååò
ïîëîæèòåëüíîå ðåøåíèå.
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