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THE CONVOLUTION IN ANISOTROPIC BESOV SPACES

We study the boundedness of the convolution operator in Nikol’skii-Besov anisotropic spaces B a.
These spaces are constructed on the basis of anisotropic Lorentz spaces Ly, where p u T are vector
parameters. The properties of anisotropic Nikol’skii-Besov spaces are investigated. The main goal
of the paper is to solve the following problem: let f and g be functions from some classes of the
Nikol’skii-Besov space scale. It is necessary to determine which space belongs to their convolution
f *g. We prooved the inequality of different Nikol’skii metrics for trigonometric polynomials with
spectrum in binary blocks in anisotropic Lorentz spaces Ly,. Conditions are obtained in terms of
the corresponding vector parameters «, p, q, 7, r, &, 3, 1, h, v, 7, £, which are necessary and
sufficient conditions for embeddings

BE « BYS — B4,

This statement is an analogue of O’Neil inequality for Lorentz spaces. In particular, the clas-
sical O’Neil inequality follows from the proved results. The obtained criterion is generalized by
the results of Burenkov and Batyrov, who considered this problem in Besov spaces with scalar

parameters.
Key words: Young-O’Neil inequality, anisotropic Besov spaces, convolution operator.
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Anunzorpontsl BecoB keHicTikTepinaeri yiiprki

Bepinren xympicra B anmsorpontsl  Hukosbckuii-Becos  kemicrikrepingeri  yHipTki
olepaTOPLIHbIH, IIeHe Iyl 3epTTenedi. Byn xenicrikrep Ly, anusorponTs! Jlopenn KeHicTiKTepiHiy,
Heri3iH/e KYpbLIFaH, MYHJAFbl P 2KOHE T — BEKTODJBIK Hapamerpiep. 2K YMBICTBIH MaKCATHI
Kejeci ecenti mrenty 60k TabbLIAGL alTanblk, [ koHe g Hukosbckuit-bBecoB keHicTiKTepiHiH
KaHgal jga Oip ImKajacblHAH ajblHFaH (yHKImsap 6osceiH. Onapabiy f * g yitipTkici KaHmait
KEHICTiKKe »KaTaTBIHBIH aHBIKTay KepeK. Ly, anmzorponTsl JlopeHI KeHicTikTepingeri exijik
OeJIIIIEKTeHY/Ie CIEKTPJII TPUIOHOMETPHUSJIBIK KOIIMYIIejgepre apHajraH HUKOJIbCKUIIIH op
Typyi MeTpuka TeHcizmiri mosesmenai. Coiikec o, p, q, 7, r, @, 3, n, h, v, v, £ BeKTOPJIBbIK
mapaMeTpJepiHiH TepMUHJIEPIHIE

BE1 « BYS — B2,

eHTi3yi VIIH KaXKeTTi »KoHe KEeTKIIIKTI maprrap aJbiHabl. by Ty)KbipbiM Jlopeni KeHicTikTepi
yurin  O’Heiin  Tencisairinin  anajgorsl  6osibin - Tabbuiaabl. COHBIMEH KaTap, JI9JIEJJIEHIeH
HoTHKeJIepaeH Kaaccukaablk, O'Heitn Tencizairi mbranpl. Aybiaran kpurepuii becos kenicririnne
OCBHI €CeNTi CKajsgp MapaMeTpjepMeH KapacThblpraH DypeHKoB meH BaTbIpOBTBHIH HOTHKeIepiH
2KaJIIIbLIa AbL.

Tyitia cesnep: FOur-O’Heiin rencizairi, anuzorponTsl BecoB KeHicTiKTepi, YAIPTKI OlIepaTOpPHI.
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CBepTKa B aHM30TPONHBIX MpoOcTpaHcTBax BecoBa

B pabote wucciemyercss OrpaHMYEHHOCTH OIEPATOPA CBEPTKU B AHU3OTPOIHBIX MTPOCTPAHCTBAX
Hukonbckoro-Becosa Bp. JlanHble NPOCTPAHCTBA IIOCTPOEHBI Ha OCHOBE AHU30TPOIHBIX
mpoctpaHcTs Jlopenma Lpr, Tne p W T BEeKTOpHBIe mapaMeTpel. lcciemoBaHbI CBONCTBa
aHM30TPONHBIX TpocTpancTB Hukombckoro-Becosa. 1esibio paboThl siBJIsieTCs pereHne Cire Iy formeit
3afaun: mycTb f W ¢ (QYHKIUH W3 HEKOTOPBIX KJACCOB MIKAJBI IIPOCTPAHCTB HwukomabcKoro-
Becosa. Hy:kHO ompeieuTh, KAKOMY IIPOCTPAHCTBY MPUHAIJIEXKUT ux cBepTka f * g. JlokazaHo
HEPABEHCTBO PA3HBIX MeTPUK HUKOIBCKOIO JJIsi TPUTOHOMETPUYIECKHX ITOJIMHOMOB CO CIHEKTPOM B
JIBOMIHBIX MaYKaX B aHU30TPOIHBIX TpocTpancTBax Jloperna Ly, . Ilomydens! ycnosns B TepMIHAX
COOTBETCBYIOINX BEKTOPHBIX MApaMETpoOB &, P, q, T, r, u, B, n, h, v, v, &, asiaswomuxcs
HEOOXOIUMBIMHU U JOCTATOYHBIMU YCJIOBUSIMUA JIJIS BJIOYKEHUH

B2« BYS — B2

JlanHoe yTBepkKieHMe siBjisiercss aHaJioroM HepaseHcTBa O’Heitna nyst npocrpasncTs JlopeHa.
B uwacrHOCTH, M3 JOKa3aHHBIX pe3yJIbTaTOB CjeiyerT Kjaccudeckoe nepasencrso O’Heiia.
[Tosygennsiit kpuTepuit 0600AIOT pe3yabTaThl bypeHkoBa n BaTeipoBa, KOTOPbIE PaCCMOTPEIH
JIAaHHYIO 3329y B IPOCTPAHCTBAX BecoBa CO CKAJIIPHBIME IapaMeTPaMM.

KuroueBbie cioBa: wmepaernctBo FOnra-O’Heiina, amum3orpomHble mpocTpancTBa becosa,
OIIepaTOp CBEPTKHU.

1 Introduction and review of literature

Let I be either a n-dimensional torus T" = [0,1)", or a Euclidean space R". Let f(z)

/f@—yM@My

In this case, it is said that the convolution of these functions is defined

U*muvzjfu—ymwmy

The classical Young’s inequality [1, 199] has the form: suppose
1 1

1
1§p,7‘,q§oo, _+1:_+_'
q p T

If*gllzgy < Wfllz,ollgllzo-

We write this statement in the form of a relation

Lyp(I) * Ly(I) = Lo (1)

and g(x) be determined and measurable functions on I with respect to the n-dimensional
Lebesgue measure such that for almost all x € I there exists an integral

(2)

If f e L,(I), g € L,(I),then almost everywhere in I there exists a convolution fx*g, belonging
to the space L,(/) and the following inequality holds

(3)
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These inequalities play an important role in harmonic analysis and in the theory of partial
differential equations [1-3].
It
1 1

1
1<p,T,q<OO, _+1:_+_7 (4)
q p T

1
then for go(r) = —5 the inequality holds

|z

1f * goll,) < CllfllL,m)-

n
T

This inequality is called the Hardy-Littlewood-Sobolev inequality. It does not follow from
Young’s inequality, since ||go|z, (1) = 00. Generalization of inequality (3) obtained by O’Neil
[4] (see also [5,6]).

1 1 1

If (4) is true and 0 < $1, 89,8 < 00, — = — + —, then
S S1 S92

Lyps, * Lysy < Lgs (5)

and in particular
L, * Lo — Ly, (6)

where L, is Lorentz space.

Note that in relation (5), condition (4) is essential. The limiting cases of the O’Neil
inequality with condition (2) were considered in [7].

The O’Neil inequality for anisotropic Lorentz spaces was studied in [8-10]. In the case of
n > 2 these results are extended the inequality (6). In the one-dimensional case, the O’Neil
inequality was extended in [11,12].

There are generalizations of the Young and O’Neil inequalities for various functional
spaces: weighted L, spaces, classical and Lorentz weighted spaces, Hardy spaces, Wiener
spaces, Orlicz spaces; see [5,6,8,13-18|, and references therein.

Convolution operators were studied in spaces of smooth functions in [19-24].

V.I. Burenkov and B.E. Batyrov in [21] received the following statement: Let —oo <
li,la,l3 < 00,0 < p1,p2,p3 < 00,0 < 01,605,035 < oco. In order for there to exist a number
c3 > 0 such that for any f; € BIl}lel (R"), f, € B2, (R") such that Ff, and Ff, are regular

D202
generalized functions and their (pointwise) product Ff; - F'fo € S(R™), the inequality

||f1 * f2||BL?;03(Rn) < C3||f1||B;1191(Rn) |f2||BL2292(Rn) (7)

it is necessary and sufficient that the following conditions be fulfilled:

1) p13 > p11> s 12 Po;
) —+——-——-12>0;
D1 D2 P3
and one of the conditions

1 1 1
3a)l3<l1+l2—n(——|—————1)
or b1 P2 D3
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1 1 1 1 1 1
Sb)lgzll+lg—n<—+————1> —_—
b1 P2 D3
where F'f is the Fourier transform of the function f:

(F1@) = 2m)F [ e pe
R

For po = p3, 0 = 05,0 < Iy < I3 < oo inequality (7) and some of its generalizations
follow from the results obtained in the works of K.K. Golovkin and V.A. Solonnikov [19,20]
and [23].

In [24] we investigated the boundedness of the norm of the convolution operator in Sobolev
spaces, with the dominant mixed derivative and anisotropic Nikol’skii-Besov spaces. For
Sobolev spaces with the dominant mixed derivative, an analogue of Young’s inequality is
obtained, namely, relations of the form

W3« WP — W (8)

are proved when the corresponding conditions on the parameters are satisfied. Using relation
(8) and the Nursultanov interpolation theorem for anisotropic spaces, an analogue of the
O’Neil theorem was obtained for the Nikol’skii-Besov space scale By, , where a, p, q are vector
parameters. Relations of the form BJ BrﬁS2 — Bgs are obtained, with the corresponding
ratios of vector parameters.

The theorems obtained in [24] complement the results of Batyrov and Burenkov, where
similar problems were considered in isotropic Nikol’skii-Besov spaces, that is, in spaces where
the parameters are scalars.

2 Material and methods

Let o € R* 0 < q = (q1,¢2), 7 = (11, 72) <00, 1 <p=(p1,p2) <00, T>=1[0,1)%
We denote the space BS3(T?) as the set of all trigonometric series f = Z an (f ) €20 0%)
meZ?

(generally speaking, divergent) for which

0o 00 a2/
£l peaerey = | Y (Z (2°”k1+a2k2HAkf)HLp,T(T%)ql)

k2=0 \k1=0

1/q2

is finite, are called as Besov type spaces Bg‘f}(T2), where

Aflona) = 3 Do am (e,

2k2= 1< |mo|<2k2 2k1 =1 <|my |<2F1

k € N. In the isotropic case, these spaces were investigated in [25|, where the interpolation
properties were studied.

We define the concept of convolution for the elements of this spaces.
oo o0 [e.e]

Let f — Z Z ak17k2627ri(k1x1+k2x2) and g = Z Z bk17k2627ri(k1x1+k2x2) be

ko=—00 k1=—00 ko=—00 k1=—00
trigonometric series. By convolution of these series we mean the series

(F+ 9)(y1.v2) Z Z Uk by ([ Dk ey () 2T 11202, 9)

ko=—0c0 ki=—00
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Note that for the "good" functions f and g, the convolution defined by equality (9)
coincides with the classical definition (1). If the functions f and ¢ from the corresponding

spaces in (3), then f(x Z F(k)e*™ %) and g(x ) Z §(k)e2m ik and

kezn kezm™

(F+9)a / Fo = u)g)ay™ Y F50e )

kezn
Here, equalities are understood in the sense of the corresponding metrics.

Lemma 1

Ax(f *9)(y1,92) = //Akf(zlalé)Akg(yl — X1, Y2 — Ta)dx1dTs.

1 1 1 1 1 1
Lemma 2 ( [10]) Let1 < q,p,r<oo, 1<h &, n<oo,andl+—=—+—-, — =<+ —
g p rh & n
Suppose that f and K are respectively measurable on [0,1]* and [—1,1]* functions such that
fe Lpg([(), 1]2) and K € Lr,,,([O, 1]2). Then fx K € th([(), 1]2) and
1f * Kl g < 4100 (1l e 1 K 2y - (10)

Lemma 3 Let0 <h &n<oo0,1<p,r,q<o0

1 1 1 1 1
1. [f +l=—+—and — = — —i— —, then the following inequality
q1 P N hy &1

1 #1911 L 0y a0y ) < C||f||L<m,qz),<51,hz)||g||L<r-1,qz),<n1J»2>

holds for the transformation
(f *1 9)(z1, 22) = /f(y1,932)9($1 — Y1, T2)dy1.

1 1 1 1 1 1
2.If —4+1=—+—and — = — —l— , then the following inequality
2 p2 T2 hey &

Hf *2 g||L(q17¢Z2)v(h17h2) < CHfHL(qLPQ)y(hLéz) ||gHL(¢Z1’T2)7(h1m2)

holds for the transformation

(f 2 9)(x1,22) = / f(x1,y2)9(21, 22 — y2)dys.
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Proof. The proof of the lemma is similar to the proof of Theorem 3.1 from [10].
We note here that the application of the classical O’Neil inequality in one variable does
not give the statement we need.

Lemma 4 Let
Tk(x1,$2) = Z Z am17m2e2ﬂ(m1$1+m2w2)'
2k2*1§|m2‘<2k2 2k171S‘m1|<2k1
Let1 <p,q<oo, 0 <7< o0,
1 1 1 1 —segnb;
91:___207 _:7g7 7;:1727
Pi G t; Ti
then

|1 Ticllzq, < C280HE% T,
Proof. Let 6; > 0, i = 1,2. Note that for Ty there is a representation
Tx(x) = Ty * Dk,
where Dy(z1,x5) = Z Z p2mi(mizi+maxa)

2k2 =1 <|my|<2k2 2k1 1< |my |<2k1
Using Lemma 2, we have
1Thcl| Lgr < O] Ly [| Dxc|
1 1 1
where — =1+ — — —.
r q P
We also note that

1 1
Dyt t2) < C'min (2‘“, F) min (2’“2, t—)
’ 1 2

and therefore

Lr-r Y

1Dl = 28 (i) el —a)

Let now 6; > 0, 5 = 0. Then

Ty (1, 72) = / Ti(y1, v2) Dy, (21 — y1)dyn,
where Dy, (1) = Z emimm,

2k1=1<|my |<2F1
Further, applying the Lemma 3, we derive
1T < CN Tl Ly, 0y ooms | Dii |2y 2, = 29| T

”L(ql,@),m,m) =
1 1 1
where — =1+ — — —.
1 VAN | ) ) o
The case 05 > 0, #; = 0 is considered similarly.

The case 6, = 05 = 0 is obvious.

[[ZMPRYSE
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1 1
Lemma 5 Leta,3€R?, 1<p,q<o00,0<7< 0. Leta——=0B——,a—B=60>0,
q p
then
By - B
1 1—sgnf
where — = ————.
t T

Proof. Let 6; > 0,1 =1,2. Let f € Bg. Using Lemma 4, we have

1/s2

o0 o 82/81
||f||B€.,S- = Z (Z (261k1+62k2||Akf||Lp,_)81>

ko=0 \k1=0
1/s2

e ] o) s1 82/81
<c Z(Z (2Crramis ) g, ) )

k2=0 \k1=0

=Clflsg-
Other cases are checked similarly.

Lemma 6 Let a,a € R?, 1 <p,p<o0, 0 =a-a>0,0"=p-p>0,0<q,7< 0.
Then

&g aq
Bz — Bpr

1 1-sgn® 1 1—sgn@”
where = = ————— = = —— 2
q q T T

Proof. The proof follows from the embeddings lg‘i"' — lgt and Lgz — Lpr.

~ - 1 1
Lemma 7 Let a,aa € R?2, 1 <p,p< o0, 0<q,T <00, 8 = <a—:)—<a——) >0,
P
0 =a—a>0. Then

aa aq
13ﬁ§3 — lgpﬂ'a

1 (1—sgnd’)(1—sgn@) 1 1—sgnd'sgnb’
where — = , = = )
T t q q

Proof. Let the conditions of the lemma be satisfied. Then there are & and p such that

-~ 1
a—-=0o-—

p

, a>Za>a, p=>p.

T =

Moreover, for 6; > 0, 6; > 0, a; > @; > «, p; > p Lemma 6 implies the embedding

aq aq
Bpr — By s
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where

I 1-sgn(a—a)

)

1 _1-—sgn(p—p)

q q T T
Applying Lemma 5, we have
Bg2 — B2,
where
-~ 1 _ 1 1
aO—=—=a——>0— —.
q q p
1 (l-sgn(@-a)  (1—seu(@—a))(1—sen(p—p))
T T T ’
I 1 1-sgn(a—a)
a q q

We note that (@; — a;) > 0 if and only if §; > 0 u €, > 0, i.c.
sgn(@; — a;) = sgnd, - sgnb..

And a; — a; =0, p; — p; = 0 if and only if 6; = 0, 8, = 0, which means
(1—sgn(a — a))(1 —sgn(p — p)) = (1 —sgnd’)(1 —sgn@’).

Theorem 1 Let o, 3,7 € R?, 1 < p,r,h < o0, 0 < 7,u,v,q,&,m < co. In order for the
inequality

||f * 9||BS$‘([0,1]2) < CHfHBEJ([o,l]?)HgHBgE([o,l]?) (11)

to hold for f € Bf;]([o, 1]?) and g € B]ZE([O, 1]?) it is necessary and sufficient that the following
conditions are met:

0=0B+v—a>0 (12)

1 1 1
§=B+y-a+l+-—>—~— > 0; (13)

p r h
(1 —sgnd)(1—sgnb) < l_i_l; (14)

T [TV
(1 —sgndsgnb) < 1_1_1 (15)

q £ n
Proof. Let conditions (12)-(15) be satisfied. In this case, there are p, & such that 3+~ >
~ ~ ~ 1 1 1
a> o, p > pﬂﬁ+'y—a+1—i—:———ﬁ = 0. Moreover, if §; > 0, 6; > 0, then
r

p
Bi + 7 > a; > ay, p; > p. Applying Lemma 7, we have

& o
5 — Dpr
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where

1 1—sgn(<5z—%> —(a—%))(l—sgn(a—a))

-~ 3

1 _1—sgn((5z—%>—(a—%))sgn(&—a)
a q '

We note, that

(1= ((a-5) - (a=2))) 0 -ss(@ - 00) = (1 - s )1 - o)
— ((a— %) - (a— é)) san(@ — a) — 1 — sgn 8 sgn .

that is
1 (1—sgnd)(l1—sgnf) 1 1—sgndsgné
T T " q q ’
Therefore

17 gllsga < CILF gl yaa =

oo 00 N\ 2/a 1/a2
=C Z (Z (2a1k1+a2k2||Ak(f *g)HLﬁ;)ql>
k2=0 \k1=0
Using Lemma 1, Lemma 2, and Hoélder’s inequality, we derive
o o \ &/a 1/a
1fxglmge < C | D D0 (@70 Anf + AkgllL,;;)m)
ko=0 \k1=0
o oo N\ 2/a 1/a
S C Z Z (2a1k1+a2k2||Akf Len AkgHLh;)ql)
k2=0 \k1=0
0 [ee} ~ 772/771 1/772
<C Z Z (2ﬁlk1+ﬁ2k2HAkaLrﬁ)m>
k2=0 \k1=0
0 0 N\ &/& 1/2
£
<Y (Z (278252 Ay 1,,,) 1) = 171l gga llgl poe.
ko=0 k1=0 U

Whereﬁzu,ﬁzv,ﬁzn,gzsand

1 1 1 1 1
::t—i—:é——f——,
T QB vV pov
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1 1 1 1 1
—==4+=<—4—.
q n I3 n v

And therefore, considering that

B/377 P Bﬁ?, B‘)’E P BZE’

we obtain the inequality (11).
Conversely, we show that the conditions (12)-(15) are necessary.

Let (11) hold.

Let k € N2 We consider the functions fi(zy,a5) = X @1742272) g (4 2,) =

2mi(25171425272) ey

(fl * 91)(:61, [1,"2> 627rz(2k1ccl +2kaw2)

From the inequality (11) we have

! k1+azks < 0251 k1+B2ka+v1k1+v2k2 )

Given the correct choice of k € N?, we derive
a; < B+ i (16)

Let k € N2. We consider the functions

2k2 1 2k1 -1

p2mi(2m1T142m272)
f 331,36’2 E E ( )—92($1,$2)-

mo= 2k2 177’1,1 Zkl 1

Then f5 % go = fo = go. Using Hardy-Littlewood theorem, we have

oo
||f2 * 92||B,§',‘3 = 2a1k1+a2k2HAkf2||LpT - 2<0l1+p,1> 1+ a2+p,2 2
B +%>k +<6 +i>k
||f||Bﬁ? = 2< e 2T 2’

1 1
||gHng - 2<’Y1+h,1>k1+<w2+h,2>k2'
hv
From the inequality (11), since k is arbitrary, we have

1 1 1 )
G- <l+t—————, i=12
Di T hi

that is, the condition (13) is necessary.
From (13) and (16) follows (12).
The condition (15) makes sense when §; = 0 (¢ = 1,2). We consider the functions

2k 1

S (21, 2) Z Z < +5@> e2mimai

kOkal
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N 2k—1 _< 1 +'y->k
93(251, ,],’2) = Z Z 2 \ N 27rzmmi7
k?:O m:2k71
then
N  2F_1 _(<L+L>+(ﬁ-+~/~)>k
(.f3 * 93)(I1, 1'2) = Z Z 2 vy b v e27rzm:ci.
k=0 m=2k—1

Then we have

(-
/\
[\)
7N
8
+
=
3
i
2
N—
N
SN—
a
v
—
~
A
Il
o

ruwmyx<

1
17l g = N

1
lollspe < V.
v

Therefore, 1 < 1 + fl follows from (11).
7_. .

z M i
The condition (14) makes sense when §; = 0, §; = 0. This means that o; = 3; + i,
1 1 1

I+ —=—+_—.
Di T; h,
Let &k € N.
2k—1 N
f4($1, x2) = 2_Blkl Z (m _ Qk_l) rg 627”777'552"
m=2k—1
2k _1 B
ga(xy, 1) = 277k Z (m _ 2k—1) B p2mima;
m=2k—1
Then
1
2k_1 i

g = [ S| =,
m=1

1
Il e = k7.

1
Hf*gHng = ki

1 1 1
Therefore — < — + —.
Ti m; v;
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3 Conclusion

In conclusion, we note that in the article we investigate the boundedness of the norm of the
convolution operator in anisotropic Besov spaces. We proved a criterion for the fulfillment of
the inequality

1S = g||Bg$l([o,1]2) < CHfHBEJ([O,l]z)H9||Bg§([o,1]2)

in terms of the corresponding parameters. The resulting theorem:
1) summarizes the result of Burenkov and Batyrov [21];
2) it implies the classical O’Neil inequalities.
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