ISSN 1563-0277, eISSN 2617-4871 JMMCS. Ne2(106). 2020 https://bm.kaznu kz

IRSTT 27.39.25 DOLI: https://doi.org/10.26577/IMMCS.2020.v106.12.03

N.T. Bekbayev!'’, K.S. Tulenov?
nstitute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
2Al-Farabi Kazakh National University, Almaty, Kazakhstan
*e-mail: n.bekbaev@Qmail.ru

THE NON-COMMUTATIVE HARDY-LITTLEWOOD MAXIMAL
OPERATOR ON NON-COMMUTATIVE LORENTZ SPACES

In this work we study the non-commutative Hardy-Littlewood maximal operator on Lorentz spaces
of 7-measurable operators. Non-commutative maximal inequalities were studied, in particular,
in [1-3]. Another version of the (non-commutative) Hardy-Littlewood maximal operator was in-
troduced by T. Bekjan [4]. Later J. Shao investigated the Hardy-Littlewood maximal operator on
non-commutative Lorentz spaces associated with finite atomless von Neumann algebra (see [5]).
Namely, for an operator T affiliated with a semi-finite von Neumann algebra M, the Hardy-
Littlewood maximal operator of T is defined by

1
MA(x) = sup
r>0 T (E[z—r,ac-i-r] (|A|))

While the classical Hardy-Littlewood maximal operator of a Lebesgue measurable function f :
R — R, denoted by M f(z), is defined as

T (|A|E[17T7I+T] (|A|)) , x> 0.

1
Mf(a:)—i;llg—m([w_nx_w])[ /]If(t)ldt,
r—r,c+7r

where m is a Lebesgue measure on (—o0, c0) [10]. In view of spectral theory, |A| is represented as

Al = / tdE,,
o(|4])

and M A(]A|) is represented as M A(x). Thus, for the operator A, Bekjan’s consideration is that
M A(|A|) is defined as the operator analogue of the Hardy-Littlewood maximal operator in the clas-
sical case. Our purpose is to investigate the non-commutative Hardy-Littlewood maximal operator
M in the sense of T. Bekjan (see [4]). In particular, we obtain boundedness of the non-commutative
Hardy-Littlewood maximal operator in non-commutative Lorentz spaces.
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KomvmmyTaruBTi emec Jlopenrnl keHicrikTepinaeri Xapau-JInTTiaBy] KOMMYTAaTUBTI eMec
MaKCUMAJI OIe€PATOPHI

Byn xywmbicra 6i3 koMMyTaTuBTI emec Xapan-JIUTTIBY MaKCHMaJ ONEPATOPBLIH T-OJIEeHETIH
onepaTopaapasr, JIopeHrl KeHiCTiKTepiHAe KapacThpaMbl3. KoMMyTaTuBTi emec MaKcHMaJ
TeHcizaikTep Typaabl [1-3] kymbicrapbinan kepyre Gogainl. Xapau-JIuTTiBy| OnepaTOpbIHbIH,
backa nyckacoin T.Bexwxan [4] xymbicbinga kearipai. Keitinipek J.Shao Xapau-JIurtiasys
MaKCHMaJl OIePAaTOPBIH IeHesreH aToMmchls dou Heiiman asredbpachbiMeH acconualusIaHFaH
KOMMyTaTHBTI eMec JIopeHt KeHicTikTepine 3eprreren [5]. Aram afiTkan/a, >KapThlIaii MeHereH
M dou Heiiman anrebpaceiMer KocbhuiMma 1’ omeparopbl YImiH Xapan-JIuTTiByn MakcuMmas
OTIepaTOPhI

MA(x) = sup !

7 (Al Blp—r ot (JA]) , >0
r>0 T (Efg—r 1] (JA]) (41Bi—ren) (141)
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TypiHje aHbIKTa 8 Ibl. Jleber GoiibiHia esmeneTiH f : R — R QyHKOmsCH YIIiH KJIaCCHKAJIBIK,
Xapau-JIurrasyn makcumad oneparopbia M f(xz) men Gesriserr,

1
Mf@)—ig%m[ /+] |f(t)|dt

TypiHJe aHBIKTAMBI3, MyHIaFEl M — Jleber emmewmi [10]. CnexTpiiik Teopust GoiibraIIa

1A = / tdE,
o(1A])

GoslaThIHABIFBIH Oalikayra OGosainl, conbiMed kKarap M A(|A|) oneparopbin M A(z) Typinge
kazambi3. ConbimeH, A oneparops yurin T.Bexxkan TyxKbipbivbl Goiibama M A(|A|) oneparopst
KJIACCUKAJIBIK, JKarJaigarsl  Xapan-JIuTTiBy MaKCHMaJ OIEepATOPBIHBIH, aHAJOIBl peTiHje
aHbIKTaIabl. Bisnig makcarbivmbis — T.Bexkan [4] xxymbicbiagarst M Xapau-JIurtiasyn Makcumad
omnepaTopbiH 3eprTey Oosbin Tabbuiaael. HakThipak aiiTkauma, 6i3 komMmyTaTuBTi emec Jlopenry
KEHICTIKTepiHJe KOMMYTATUBTI eMec Xapau-JIuTTABYl MaKCUMaJl ONMepaTOPLIHBIH, MIEHeTeHTiTH
AJIAMBI3.

Tyiiia ce3aep: Yesapo omneparopsl, Xapau-JIuTTaBy 1 MaKCUMaJI oiepaTopsbl, JIopeHI| KeHicTiri.
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HexoMMyTaTUBHBIN MaKCUMAaJILHBINA oneparop Xapau-JIUTTIBya B HEKOMMYTATUBHBLIX
npocrpaHcTBax JlopeHna

B nmamnoit pabore MbI nccaeyeM HEKOMMY TATHBHBIN MaKCAMAJbHBIN oniepaTrop Xapau-JIlurtisysa
B CHUMMETPUYHBIX ITPOCTPAHCTBAX T-U3MEPUMBIX O1epaTopoB. HekoMMyTaTHBHBIE MAKCHMAJIBHBIE
HEPABEHCTBA ObLIM PACCMOTDEHbI, B dactHocTH, B [1-3]. pyras Bepcus HEKOMMYTATHBHOIO
MaKCHMaJLHOTO oneparopa Xapan-Jlurtasyna npencrasiena T. Bexxxanou [4]. TTosxke Tx. ITao
3aHMMAJICS UCCJIEJOBAHUAMU MAaKCUMAJIBHOTO oneparopa Xapau-JIuTTiByna B HEKOMMY TATUBHBIX
npoctpancTBax JIopeHra acconuaiupoBaHHON ¢ OrpaHHYeHHOt 0Oe3aTOMHOI asrebpoit ¢ou
Heiimana [5]. A umenno, jyia oueparopa T, adbduimpoBaHHOro ¢ MOJyOrpaHUYeHHON aJarebpoil
dou Heitmana M, makcumaJibHBIH otepaTop Xapau-JIuTT/iBya onpeaeasercs Kak

1
MA(x) = sup
r>0T (E[z—r,ac-i-r] (|A|))

B 10 Bpems kak KiaccmuecKuil MaKCHMAJbHBIA Omeparop Xapau-JIuTTiByia M3MepUMBIX 110
JleGery dbyukumii f : R — R, oboznauaembiii uepes M f(x), onpenessiercs Kak

T (|A|E[I,T11+T] (|A|)) , x> 0.

1
R L

riae m—mepa Jlebera [10]. C Touku 3peHns: cneKTpasbHON Teopun, |A| npegcTaBum B BUE

1A = / tdE,,
o(14])

a MA(|A|]) wmpencraBum B Buge M A(x). Takum ob6pasom, g omeparopa A, paccyxjeHue
T. Bekxana rosopur o ToM, uro MA(|A]) ompenensiercs Kak AaHAJIOr MAKCHUMAJBHOTO
oneparopa Xapau-Jlurtasyna B KaaccuaeckoM caydae [4]. Hameit nesbio siBaisieTcst ncciie1oBaTh
HEKOMMYTATUBHBIN MakcuMmaJsbublit omepatop M B cmbicie T. Bexkxkana. B wactoocTtw, MbI
[OJIYYUM OIPAHUYEHHOCTH HEKOMMYTATHBHOIO MAKCHUMAJBHOTO omneparopa Xapjau-JIuTrisyma B
HEKOMMYTATUBHBIX IPOCTPAHCTBAX JIopeHIa.
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KuaroueBbie cioBa: Omeparop Yesapo, wMakcumMmasibHBIN —omeparop Xapau-JluttiaByna,
mpocTpancTsa Jlopenta.

1 Introduction

The Hardy-Littlewood maximal operator M is an important sub-linear operator with numer-
ous applications in real analysis and harmonic analysis. It takes a locally integrable function
f :R? — C and returns another function M f that, at each point z € R%, gives the maximum
average value that f can have on balls centered at that point. More precisely,

1

M) =sup e [ £y o
B(z,r)

where B(z, ) is the ball of radius r centred at z, and | F| denotes the d-dimensional Lebesgue
measure of £ C RY. There is an uncountable number of papers devoted to investigation of
the Hardy-Littlewood function defined by the formula (1). For instance, see |7,8, 10| and
references therein.

2 Materials and methods

Let (R, m) denote the measure space R, = (0,00) equipped with Lebesgue measure m.
Let L(R,,m) be the space of all measurable real-valued functions on R, equipped with
Lebesgue measure m i.e. functions which coincide almost everywhere are considered identical.
Define S(R;, m) to be the subset of L(R,m) which consists of all functions x such that
m(t: |x(t)] > s) < oo for some s > 0. For x € S(R;) we denote by u(x) the decreasing
rearrangement of the function |z|. That is,

pu(t,z) =inf{s > 0: m({|z| > s}) <t}, t > 0.

We say that y is submajorized by z in the sense of Hardy-Littlewood—Polya (written
y << ) if
t t
/u(s,y)dsg /,u(s,x)ds, t>0.
0 0

Let M be a semifinite von Neumann algebra on a separable Hilbert space H equipped
with a faithful normal semifinite trace 7. A closed and densely defined operator A affiliated
with M is called T-measurable if 7(E)4/(s,00)) < oo for sufficiently large s. We denote the set
of all T-measurable operators by S(M, 7). Let Proj(M) denote the lattice of all projections
in M. For every A € S(M, 1), we define its singular value function p(A) by setting

plt, A) = inf{[| A1 = P) ||y P € Proj(M), 7(P) <1}, t >0,

where the norm || - ||z_(m) is the usual operator (uniform) norm. Equivalently, for positive
self-adjoint operators A € S(M, 1), we have

na(s) = 1(Ea(s,00)), u(t,A) =inf{s > 0:na(s) <t}, t >0.
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An operator in S(M, 7) is called 7-compact if p(oo, A) = 0. This notion is a direct generaliza-
tion of the ideal of compact operators on a Hilbert space H. For more details on generalised
singular value functions and 7-compact operators, we refer the reader to [9] and [13|. Let
L1,c(M, T) be the set of all T-measurable operators such that

T(|A[E4(I)) < +o0,
for all bounded intervals I C [0, +00).

Definition 1 /4, Definition 1]. For A € Li,.(M,T), we define the mazimal operator of A
by

1
MA(z) = sup
r>0 T (E[gc—r,m—l—r} (|AD)

(let 3 =0). M is called the non-commutative Hardy-Littlewood maximal operator.

7 (|AlE-rasn (1A]), 220,

MA(|A]) is represented as M A(x). Then for A, we consider M A(|A|) as the operator
analogue of the Hardy-Littlewood maximal operator in the classical case. Hence roughly
speaking, M A(|A|) stands in relation to A as M f(x) stands in relation to f in classical
analysis, i.e.

MA(A]) = / MANE(|A]),
a(|Al])

where o(|A]) is the spectrum of |A].
Define Ly (Ry) = {f € S(Ry) : suptu(t, f) < oo} equipped with the quasi-norm
>0

[ fl1,00 = suptpu(t, f).
t>0

It is well-known that this space is a quasi-Banach space (see [8]).
Let C: Li(Ry) — Ly (R4 ) be the Cesaro operator defined by

(Cf)(t) = %/f(s)ds, feLi(Ry), t>0.

In [14], it was proved the following result.
Theorem 1 For every A € L,.(M,T), we have
p(t, MA(JA])) < 16 - (Cu(A))(t), vt > 0.

Definition 2 [6, Definition 1.1, p. 49]. A function ¢ defined on the semiazxis [0, 00) is said
to be quasiconcave if

(1) ¢(t) =0 &t =0;

(ii) ¢(t) is positive and increasing for t > 0;
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(11i) @ is decreasing for t > 0.

Observe that every nonnegative concave function on [0,00) that vanishes at origin is
quasiconcave. The reverse, however, is not always true. However, we may replace, if necessary,
a quasiconcave function ¢ by its least concave majorant ¢ such that

p<p<p

N =

(see |7, Proposition 5.10, p.71]).
Let © denote the set of increasing concave functions ¢ : [0,00) — [0,00) for which
tlir& ©(t) = 0(or simply ¢(4+0) = 0). For the function ¢ in 2, the Lorentz space A, (R} ) is

defined by setting

A,(Ry):=qz e SRy): /,u(s,x)dap(s) <00y,

R4

and equipped with the norm

el = / (s, 2)do(s).

Ry

Let ¢ be a quasiconcave function on [0, c0). Define the Marcinkiewicz space M, (R) by
setting

My(Ry) = {f € S®R) : |z < 00}

equipped with the norm

1 t
1l eey = ilig Wofu(s,f)ds.

The space (L1 + Le)(Ry) = Li(Ry) + Loo(R4) consists of functions which are sums of
bounded measurable and summable functions = € S(R,) equipped with the norm given by

%] (214 Looy®s) = Inf {[|21]| 2y a) + |22l w®y) @ = 21 + 22,21 € Li(Ry), 2 € Loo(Ry) }

For more details on Lorentz spaces, we refer the reader to |7, Chapter I and II| and 6,
Chapter IIJ.

As in the commutative case, for a function ¢ in  define the corresponding non-
commutative Lorentz space by setting

ApM) = d A e SIM, ) - /MS,AW(S) coo b,

and equipped with the norm
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1Ay = / (s, A)do(s).

R4

3 Main results.
Let ¢ be an increasing concave function on [0, 00) such that ¢(+0) = 0 and satisfying

o(t) > ctlog(l+1/t), t > 0. (2)
The following is the main result of this paper.

Theorem 2 Let ¢ be an increasing concave function such that p(4+0) = 0 and satisfying (2)
and let ¢ be an increasing concave function on [0,00) such that 1»(4+0) = 0 and

[ (s)

ds <
52 -

‘pff), t>0. (3)

t

Then the non-commutative Hardy-Littlewood mazimal operator
MAC) s A, (M) = Ay(M)
15 bounded.
Proof. It is known that if ¢ satisfies (2), then Cesaro operator (see [11, Proposition 4.4|)
CAp(Ry) — Ay(Ry)

is bounded if and only if (3) holds. Moreover, A,(Ry) is minimal among such symmetric
Banach function spaces. That means, there exists a constant ¢ > 0 such that

1Cfllay®y) < cllfllapey), Vf € Ap(Ry). (4)

Hence, by Theorem 1 and by (4), for any A € A (M) we have

IMA(AD Ay = (M A(AD) 4, @) < 16Cr(A)]a,@y)

< 16C||N(A)||Aw(R+) - IGCHAHA‘P(M)’

where ¢ is an absolute constant independent of other parametrs. This concludes the proof.

Corollary 1 Let ¢,(t) = tlog® (1 +t_1/°‘) ,a > 1. Then the non-commutative Hardy-
Littlewood maximal operator

MA() : Mg (M) = Ay, (M)

18 bounded.
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Proof. It was proved in [11] that the function ¢, (t) satisfies

/ —‘pa(;)ds L“(t), £>0.
S t

t

IA

Therefore, the assertion follows from Theorem 2.
Moreover, we illustrate two examples of Lorentz spaces which the Hardy-Littlewood max-
imal operator bounded on.

Example 1 Let ¢(t) = maz{1,t}, t > 0. Then

MAC) : Ap(M) = My(M)
is bounded, where (t) = log(1+1t), t > 0. Here

My(M) ={A € S(M,T) : n(A) € My(R,).}
Indeed, the Cesaro operator C' is bounded from A,(R.) into My(Ry) (see Example 2.9 in
[12]). Therefore, by Theorem 1 we obtain the desired result.

Example 2 Let ¢(t) = tlog(1+ 1), t > 0. Then

MA(-) : Apy(M) — (L1 + L) (M)

is bounded. Here, (L1 + Loo)(M) ={A € SIM,7) : n(A) € (L1 + Loo)(Ry)} As in Example
1, it was shown in [12, Example 2.10] that C : A,(Rg) — (L1 + L) (Ry) is bounded. Hence,
the assertion follows from Theorem 1.

4 Conclusion

In this paper, we investigated boundedness of Hardy-Littlewood maximal operator (in the
sense of T. Bekzhan) on non-commutative Lorentz spaces. As an illustration we showed
several examples of non-commutative Lorentz spaces in which the maximal Hardy-Littlewood
operator is bounded.
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