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IDENTIFICATION OF THE COEFFICIENTS OF EQUATION FOR A
VIBRATING ROD IN ACOUSTIC DIAGNOSTICS

The work is devoted to the study solving some inverse problem of identifying the coefficients of
Sturm-Liouville operator. Inverse problems in vibration are concerned with constructing a vibrat-
ing system of a particular type, e.g., a string, a rod, that has specified properties. During the
operation of the technical design, the dynamic characteristics can be changed by changing the
boundary connection. Often these compounds are not directly accessible and their states can be
judged from indirect information. In acoustic diagnostics, often the available information is the
natural frequencies. Thus, by the set of natural frequencies it is necessary to estimate the state of
the boundary connections. In this work an algorithm for constructive determination of coefficients
of Sturm-Liouville operator is given. A straightforward solution of the inverse problem for Sturm-
Liouville equation in a rod is presented.
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coeflicients, acoustic diagnostics, longitudinal vibrations, oscillator equation.
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AKycTUKaJIBIK, AUArHOCTHKaAa OijikimeHiH Tepbeliic TeHaeyiHiH Ko3(dduiineHTTEpiH
naeHTUPUKALISIIAY

By xywmseic lrypm-JluyBusias onepaTopbiabiH, KOIMMOUIUEHTTEPIH aHBIKTAY/IBIH KEPi ecenTepin
mreryre apuajran. Tepbemicke GaittaHbICTBI Kepi Mocesenep Oenrini 6ip Twumreri Tepbenmerti
JKYHeHiH KypbLIbIChIHA OallIaHbICTBI, MBICAJIBI, Oesriai O0ip KacmerTepi Oap cTep:KeHb, OiTiKIIe.
TexuukaaplK K00aHBI IafifajaHy Ke3iHJe JIUHAMHKAJBIK CHIATTAMAJAPIAbl KOCBHLIBICTBIH,
IIEKAPACHIH ©3repPTy AapKbLIbI e3repryre 0Oosmanpl. Kebimece Oy KOCBLIbICTapra Tikeseit
KOJI JKeTiMJIi eMec, OJIADIBIH JKarjaiiblHa >KaHaMa aKlaparT apKbLIbl Oara Oepyre OoJiaibl.
AKyCTUKAJIBIK JUArHOCTUKaJIa KWl Ke3jecerTiH akuapar Oap. Ocbuiaiiima, Taburu KULIIKTEp
JKUABIHTBIFBIHA COMKeC INIeKapaJIblK, OailJIaHbICTAPIbIH YKarJaiiblH Oarasay KaxKkeT. Bys »KywmbicTa
Itypm-JInyBuab ornepaTopbIHbIH KOI(MDOUIMEHTTEPIH KOHCTPYKTUBTI TYP/Ie aHBIKTAY aJITOPUTMI
yeombpural. bBimikmeseri [ rypMm-JlnyBrins Teneyi yIIiH Kepi €CenTiH MentiMi YChIHBIIFaH.

Tyitin cesaep: Irypm-JluyBumab Terzeyi, kepi ecemrep, Tabury XKuimik, kKoddduimeHTTi
UIEHTUDUKAIASIIAY, aKyCTUKAJIBIK, IUaTHOCTUKA, ODOMIIBIK, TepOesticTep, OCIUIISTOD TeHIeyi.
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Naentudukammsa Ko3¢dPuIineHTOoB YpaBHEHUA KOJI€0aHUHU CTPYHBI B aKyCTHUYIECKOMI
ANarHOCTUKE

Pabora mocssiena uccae0BaHUIO penrenns oOpaTHO 3a1a4un uaeHTUdUKAINNT KOIDDUIINEHTOB
oneparopa I[lrypma-JImyBusias. ObOparable 3amadn, CBsS3aHHBIE C KOJIEOAHUEM, CBS3aHBI C
KOHCTPYHUPOBAHUEM KOJIEOATEIFHON CUCTEMbBI OIIPE/IEIEHHOTO THUIIA, HAIIPUMED, CTPYHbBI, CTEPIKHSI,
KOTODBII IMeeT OIIpe/ie/IeHHbIe CBOicTBa. Bo BpeMsi pabOThI TEXHIYIECKOTO ITPOEKTA, IMHAMIIECKIE
XapPAKTEPUCTUKU MOTYT OBITh M3MEHEHBI IIyTeM W3MEHEHUsl I'DAHUIIbI COeJMHEHUs. 1acTo 3Th
COEJIMHEHUsI HE SIBJISIIOTCS HEMOCPEJCTBEHHO MOCTYIHBIME, W WX COCTOSHUS MOXKHO CY/IUTh
Mo KOCBeHHON wuHopManuu. B akycTudeckoil JMarHOCTUKE YacTO JIOCTYIHON uHbOpMaIuei
SABJISIOTCS COOCTBEHHBIE YaCTOTHI. TakmMm 00pa30M, IO MHOMXKECTBY COOCTBEHHBIX YaCTOT
HEeOOXOIMMO OIEHUTHh COCTOsSIHWE TPAHUYHBIX CBs3eil. B mamHOit paboTe mpuBeneH aaropurm
KOHCTPYKTUBHOTO ompejesenus Kodddunuentos oneparopa Illtypma-Jluysuins. [Ipeacrasieno
pertenne obpaTHOi 3a a4 A ypasHenus [Itypma-JIuyBusas faas cTpyHBI.

Kurouesbie cioBa: Ypasuenue Illtypma-JIuysumnss, obpaTHuble 3a/1a49u, COOCTBEHHAS TaCTOTA,
unenTuduKanusa  Ko3(MMUINEHTOB, aKyCTUIeCKas AWArHOCTHKA, MPOIOJbHBIE KOJeOaHuUs,
yPpaBHEHUE OCITUJLIIATOPA.

1 Introduction

The Sturm-Liouville equation can appear in three different forms. The one
(S(x)u'(2))" + p*S(2)u(z) =0, 0<x <1 (1)

occurs in the longitudinal or torsional vibrations of a straight rod of cross section S(x).

The work is devoted to the study solving some inverse problem of identifying the coef-
ficients of Sturm-Liouville operator. Inverse problems in vibration are concerned with con-
structing a vibrating system of a particular type, e.g., a string, a rod, that has specified
properties. During the operation of the technical design, the dynamic characteristics can be
changed by changing the boundary connection. Often these compounds are not directly ac-
cessible and their states can be judged from indirect information. In acoustic diagnostics,
often the available information is the natural frequencies. Thus, by the set of natural fre-
quencies it is necessary to estimate the state of the boundary connections. It turned out that
the problems of technical diagnosis from the mathematical point of view are the so-called
inverse problems of mathematical physics. The question of identifying the coefficients of the
of Sturm-Liouville equation has been studied widely in the works [1-3]. Different approach to
the reconstruction from the spectra is discussed in the works [4-9]. In this work an algorithm
for constructive determination of coefficients of Sturm-Liouville operator is presented.

We consider the oscillator equation of vibrating rod (1) with boundary conditions

uw(0)=0, '(I)=0, (2)

where [ is the length of the rod. We denote by A(z) the cross section area of a rod. And
by u(x) we denote the longitudinal deviation of the point x. And parameter p describes the
natural frequency of the rod:

™
0:,00<p1<...<pn:2—l.
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We study the longitudinal vibration of uniform rod that has three parts. We identify the
cross section area of the any part of the rod by the given natural frequency of the rod. In
this case, each parts of S(z) satisfy the following conditions

[
S(z)y=95, for 0O<uz<—,

3

[ 21

S(x) =Sy for §<x<§,
21

S(z)=293 for §<x<l.

Hence, we write the vibrating rod equation for each part of the rod as follows
" 2 l
Siu"(z) + p*Siu(z) =0 for 0 << 3

[ 21
Sou” () + p*Sau(x) =0 for 3<z<3,

21
Ssu" (z) + p*Ssu(xr) =0 for 3 <e< l

Lemma 1 The equation (1) is equivalent to the system of equation

= Gy e ®)
V() = ipS(x) - u(z).

Proof. We introduce the following notations

S/ (x) =ipv(x) L
{ ipV'(z) = ipSiu(z) for 0<w< 3

Sot/(z) = ipv(x) L 21
{z'pv%x) —ipSu(r) 3T

Ssu'(z) = ipv(x) 2l
{ ipv'(x) = ipSsu(z) for 3 <z <l.

We will rewrite the last system of equations in the form (3) or

d .
——u(x) 0 2T ()
a = S(x)

gv(z) —ipS(x) 0 [ v() }

The proof of the lemma is complete.
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Lemma 2 The following boundary value problem

U'(x) = ipU(x),
V() = —ipV(x) 4
U@©)=0, U=

V(0)=0, V()= ©)

on the interval 0 < x <1 is equivalent to the problem (1), (2).

Proof. The function S(z)u'(x) will be continuous on the interval [0, ], since there exists
S(x)u'(x)
i

o [ [ 2l 2]
Therefore the conditions v 3 0)=w 3 +0),v 3~ 0)=v 3 -+ 0 ) hold.

The function u(x) will be continuous on the interval [0, [], since there exists u'(x). There-

fore the conditions u <§ — 0) = (é + 0) , U <2§l — O) =u <2§l + 0) hold.

Now we introduce the following substitutions p? = S(z). Then

(S(z)u'(x))". Consequently, the function v(z) = is continuous on the interval [0, {].

~2U(z)  2V(x)
u(z) = p +

i
v(x) =2uU(z) — 2uV (x).

Y

The following equalities

1

Ulx) = 5 u(x) + Ev(:):) :
1 1 (6)
V(z) = 5 { mulz) - Ev(if)

1 1 ' 1
Ulz) =< | mu'(z)+ —2'(z) | == Mlzpv(:)s) + —ipSiu(z) ),
2 1 2 S M1
1) i 1/ ipo(z) 1 (7)
Vi(z) = 5 \ Hr ) — EU (z) ) = 5 \ M1 S IZPSW(?C)

Since S; = p?, then the last system of equations can be represented as follows

U(z) = %i,o (% 4 ,ulu(x)) i,

V(z) = %z’p (”fjf) _ ulu(x)) — iV,

l 21
By arguing as in the previous computations, for 3 < x < — we have the following

equations

U(z) = %z’p (”(“") 4 M(I)) i,

2
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V(@) = i (“/i) - u2u(x)) — _ipV,

where 5 = v/Ss.

21
In a similar way for 3 < x < [ we have the following equations

U(z) = %z’p (ﬁ—? + ugu(x)) iU,

where i3 = 1/Ss.

Noted above equalities imply that the system of equations (4) is equivalent to equation
(1) for all parts of the interval 0 < x < [. Thus, equation (1) is equivalent to the system of
equation (4). And if we substitute the boundary conditions (2) into the equations (3), (6),
(7), then conditions (2) can be rewritten in the following form

U©) =0, U@ =0,
V(0)=0, V() =0.

Thus, the proof of the lemma is complete.
In the case then the interval [0,(] is divided into three parts, we state the connection

between two boundary values
U(+0) U(l—0)
{ V(+0) ] and { V(l—0)

of the interval [0,!] in the following theorem.

Theorem 1 For the boundary value problem (4), (5) the following equality
l [ [

U+0)] e o e "3 0 e 3 0 UI-0)] g
V(+0) | U LT Ll Lvi-o
0 e 3 0 e 3 0 e 3

holds.

Proof. As shown in the proof of the lemma 2 that

l .
Ul5-0)=U0)es,
1% é —0 ) = V(40)es.

Consequently, it follows that

l
U 5_0 [eipé 0
V({--0

3
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Equality (9) implies that

oI

L

3

: . (10)
3

In a similar way we write
o(E o) wu (o)
21 l —ip£
V(g_o)zv(§+0)e 3.

The last system of equation we rewrite as follows

21 [
21 1o e~ iP% [
V{i=-0 V{iz+0
3 3 i
By arguing in a similar way for we write
21 ‘
U(I=0)=U(5+0 e'rs,
21
V(iIi-0)=V §+0 el
21
- —ipt )
V(l — O) 0 e '3 % 2_l 10
3
On the other hand the following equalities
" 1
1 1 e
U+0) 1 _1 N (12)
V(+0) 2 " 4 v(+0)
H1
l 1 l
Ulz 0 1l — ul5+0
l -5 H2 1 l (13)
vz S -
30 e o vlzty
21 21
3 1 1] 3
2l =3 "1 2l (14)
V{Z+0 ps o~ — v +0
M3 3
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hold. Therefore, by applying the proof of the lemma 2, we obtain

[ 1 l
Ul=-0 - S0
3 = 1 & M1 1 ¢ 3 =
[ - [ -
V-0 - — -—0
3 . m “\3
1 l
i 251 1 l
H1 - v(-+0
H1 3
21 1 21
U5 -0 — ——0
3 — 1 e K2 ] ! 3 —
21 2 1 21 -
v(i=-o - — =0
3 e o “\3
1 21
—Z Ha2 .
2 1 (21
H2 - v +0
H2 3
r r
[U(z—owzg s m _{u(l—l—O)}:l Hs b _{u(l—O)
V(l—0) 2| 4 _ 4 v(l+0) 2| _ (
H3 H3
By substituting equality (13) into (15), we have
l 1 1 -1 l
; S H1 1 - H2 1 l
V(z-0 po - P2 o Vig+o
3 111 H2 3
here
1 1 -t
| | o Sy — S
_ — =Y = .
2 ,Ul — i 2 ,Ul — i Sl _'_ SQ
H1 H1
Also by substituting equality (14) into (16), we obtain
21 1 1 -1 21
9 =3 "1 e . 9
Vi=-0 2 H2 - K . V{5 +0
3 12 13 3
where
1 1 -t
[ KN [ R N o S3 — Sy
_ — = Yo = .
2 ,U2 —_ i 2 ,U3 J— i 53 + SQ
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Substitutions of (17) and (18) into (10) gives formula (8).
The proof of the theorem is complete.
By taking into account the fact exp(ipA) = 22, formula (8) implies the polynomial with

S.— 9. _
J J 1, formula p = 7T implies that the unknown

respect to z. By virtue of v, = ———>—
P Y g Sj + Sj_l 1 -7z

cross section areas Ap, Ay, As.
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